
Waves

Part I : Sound waves

1
. Motion of inviscid composite fluid

Consider a fluid : inviscid (r =0) ,

and compressible.

Now we have
egus for

u( , t) 3

p(y , t) I I 5 egus.

P(X , t) I

1.1 Conservation of mass

Consider a fixed volume V , surfaces ,
outward normal

A
.

1
Mass in V is A

m = (vidV V

Mass per unit time crossing S into V is
S = -V

- I, predS.
So

=Supdr--S
,
pands ·

Imass cannot be created or destroyed

=> In dv = -Suc - (a) dr

But V arbitrary ,
so

+ 0 -put
: mass for

=> + 1·--p(
If P

: cust => T . y = 0



There is always a need to determine BCs.

At atationary rigid boundary,

1 - n = 0 (kinematic BC)

At a moving rigid boundary.
1 . n = 46 : 1

.

Fluid is invisions -> no conditions on 111
.

-

Incompressible flow is a special case =0 -* 1 = 0.

1 . 2 Momentum Conservation

Momentum in V is

Supadr

Change with time due to

(i) flux (strictly transport) into V

- (s P4(4-1) dS

(ii) Surface forces on S
inviscid, so tangential

- Sspads.
stress has no effect.

(iii) Any body forces in V

SeEdr (or JePfdr)
-> /PdV = - ( , pa(y .n)dS- Sspads + JrEdV.

= (py) + 1 . (pyy) = - Jp + E

Apply conservation of mass

= p = -Op + E lEuler's equl



BCs : Atastress) free boundary , p = 0 (NP = Pa)

At interface between 2 fluids,

[p = = (4x if there is no surface tension.

if there is surface tension.

I
iT] =Fun

1
.

3 Equation of State

Assume p = p(p) · In general , p
= p(p ,

T).

For a perfect gas,

p = pRT
We would need another egn for Tht).

We assume that the timescale of motion is much less than

the timescale of thermal diffusion , so that the "heat

content" (entropy) does not change.

Entropy
The classical interpretation

S : Heat content divided by instantaneous temp.

lunit : JK" , kgms"k")

Isentropic motion : entropy does not change ,

i

. e. reversible

adiabatic (no transfer of heat or mass) motions.

I = 0.

A further special case : homentropic motion ,

i

. e. Sust

everywhere and for such motion.



p(p ,
s) = p(p)

Homentropic : the reg'd approximation is line for sound for /kH2
,

period-10s ,
1 = 30 Dm,

triff = = 10's

-

diffusivity

For homentropic motion of a perfect gas,

p =

po (f)V
where Po . po are reference values

V= =

S . h
.

c
. at constant p

swe at constant V.

= I
- for monoatomic gases

I diatonic
3

1 .4 Energy equation for a reversible adiabatic motion

de == pdV = +d)
since V =- specific volume

e internal energy per unit mass.

For a perfect gas,

(revers
= e = t, + cust . (chosen to be 0)

Also for Part V , enthalpy is

H = = e + pV = e +t = E, t



2. Linear Sound Waves

2
. 1 Linear wave equ

Assume E = 0. Consider a base Crest) state :

1 = 0
, p- po , p = Po (spatially + temporally const .)

Consider a small perturbation
y = 0 + u(] - t)

p = po+(, t) , 11/pol smooth

p = po + j(X ,
t)

· 1P1 Po

↓
S= So const.

Since we consider homentropic flow plp. 5) = p(p)

[p) = Enc = MLT [p] = ML-3 ·

=> [P/p] = 1'T

:
from Taylor expansion about po and po.

conservation of mass and then linearise + 1Jp = - pT . 4

+5) - 1 . 8 (itsmorhens aju
=> +

p.
= 0

Conservation of mom. guad
.

(p+. u = --p +)

=> p=- =-

= -p. (1. )= = 654



Also, - cop
where cop =po

For adiabatic motion in a perfect gas . p : Pole
=> C=

· air : G2 = 340ms

· water : =1500 ms"

2 .
2 The acoustic velocity potential &

Consider the curl of the Euler equ.

- (p. ) = P. ( ry) = - Jn(5p) = 0

=> (14) = 0

So if >14 = 0 at to. Try = 0 Xt. KEEP
The velocity remains irrotational -> velocity potential

From

poop = -Xp = Po = -p +p(t) .

but -> 0-fpdt doesn't change -P ,
So WLOG po .

=> =- =-
=> = 6 p .

p= y = -p , j =-

Ne equs for p . P , 1 . 0 are linear
,

so sol" can be superposed.

9I sol" ,
then 16 ,

+u for scaler you is also a sol" .



When weincased , kept Po ,

threw away poy .Jy

11/wU varies over some length L ,
[8]-1/2

,
and from wave equ,

- ,
so

T
ie

. fluid speed is much smaller than C.

= M

is the Mach number.

# In steady flow , from Bernoulli , p-IPU".

=> density variation scales like foll ,
ie. IP

2 .
3 Plane Waves

Recall P(x , t) = (x , t)
,

ie. = 0.

=> =c
has general sol"

P = f(X-cot) + g(x- cot).

·
More generally , if I is a unit rector

,

then

p = f(b - X - ct)

satisfies the wave egn. This is a plane wave.



It propagates inI direction at speedCo independent of f.

Note u = -p = Ef = /E

p = - Po = Pocof = PoC - E .

and so pressure and velocity fluctuations are in phase.

P/11) is the impedance (here it is pocol .

These waves are called longitudinal (unlike a wave in a string
Y

C
-> T

III-III I I
p .5 H L L

-

22. 4 Harmonic Plane Waves

The special case f : A explick - x-w+ l) .
(real part understood).

is a harmonic plane waves.

· A : complex amplitude · T = z : period

·

w : frequency · r= : wavelength

· ↳ :
ware rector

· IkI : wave number.

· box-cot : phase
· c = c/lb) : phase speed

For the plane wave to satisfy the wave egn ,
co ,
k must

satisfy the dispersion relation

w = c ·
.

w = Co(k)
·



For acoustic wave in a stationary medium,

(1) The dispersion is isotropic . co depends only on 121
, not the

direction

(2) The waves are -dispersive. The phase speed c= = C

is indpt - of free /or equivalently wavelength/wave number

from dispersion relation).

(3) By Fourier decomposition in I , any disturbance can be

written as the Sum of harmonic plane waves

14) Two roots/equ has bi+ IVP needs two ICs
. e .g 0.

Get as ECs.

3. Energetic

3 . 1 Energy density and energy flux

Total energy density of the system (per unit volume) is

E = pluR + j]
f

↑
K (KE density ( W (internalenergydesta

E + T . (E + py)

= pre 1

- (E(y . 4)

+ pu · J(P(k) + Eu.p /v . Je

+ y . Xp + p5 . 4 13 . (a) .



-
-> 0

->O
= 0

Therefore
,

in a fixed vol . V
,

exact result :

) Edv = -)
,
EandS-S

,
PundS

↑ ↑ ↑

change in energy
advection of rate of working

in V energy into of pressure on

the surface of W
.

33. 2 Acoustic energy egn for linear sound waves

For such waves , the energy equ is more straightforward to

derive
,

because we can use the linearised mass and mom.

egn.

Remember

225=
and

~ (p + 75)+p . 4) = 0.

-

linear conservation linear conservation
of mom

of mass

=> (zp(2n ++ + 7 . (4) = 0.

↑ ↑ ↑
acoustic wave

KE W IPE due to energy flux ,

compression
or acoustic intensity I

N : U . JE is third order



=> (k + w) + 5. I = 0
-

Acoustic energy

density

Comments :

() E = Fy has units Whit
. (power per unit area

~ Loudness in decibels is defined

120 + 10 log· IE)

I = 10- Whil (odB) : limit of hearing
I = 1 Wm' (120dB) : threshold of pain.

Acoustic intensity of voice in conversation ~ 10.5W.

· depend on distance like :

(2) Remember 1 : - p · % =-P , :- in terms of f.

K = Epoloph W= :-

(3) For any plane wave , p = flE . X-cot)

=> u =p = Ef
, 62 = p = -po = Pocof =

P. cl ·E

=> k = EPA" = EPof" = -W .

Instantaneously ,

there isaquipaction of energy between

KE and PE.

E = pu = Poc (f) = ( = (k+W)6\

ie acoustic energy is transported in the direction of the

wave at velocity Eg = Co2



The groupvelocity is the velocity at which energy

propagates.

# KEg) + Co for all kinds of waves , ie . group and phase

velocity are not always the same.

14) For Harmonia plane waves
, f = A explik - X-ct)

*

Realpart
must be taken ere calculating quadrais

Define a time arg . over one period of the wave T=

( . ) :=
Note (cost) = (Sinut) = t

,

<sinct coscut) = 0

<k = EPolAKk2
Consider Agint

.

Beint
S

A = Ar + :Ai
.

B = Br + iB ;

) (Arcost -Aisinct) /Brcost - Bisnat)7
-

Re(Aeiwe) Re(Beine)

= ArBr + EAiBi

= Re(t (Ar + =Az) (Ai -i Bi),
ie

< Re(Aeint/Re(Beint)) = RelAB * )·

Similarly
[W) = EPoEIAl .



(5) Derivation of acoustic energy egn from the full energy

egn of 3
. 1 is tricky because internal energy has to

be calculated to2nd order
,

and in particular , egm

energy needs to be shown to be conserved.

4. Examples and applications : transmittion + sph . Sym .

Transmission
a

bouncing off a "thin" wall (x) between two

rooms. WLOG normal incidence

In X10 : ↑p = A eiwl
+ -

*(c)
+Reiw(t + X(c)

*10 : = Teiw(t-X(c)
a rea m

We assume no waves < eiclt +X(c)
in X70 .

x = X(t) = 0
.

This is
a "radiction condition' due to causality

.

amplitude of the incoming wave is given ,
and exponential

are in a convenient form for the BVP. Note

= -

p.. 4 = 59.

For example in X30 ,

4 =-
p.

Teir(t - X(c)

↑

and

u = po [Aeiw(t-X/c) - Bewle + x(a)] x

u =p Teiwlt -X(c) X > 0.

Kinematic b
. c .: X(t) = u(X+. +) = u(X-

· t).

=> u(0+, +) = u(0- , t) by linearisation



Dynamic b
. c .: my = plo- , +) - ploxit) = - [B]

Assume X(t) = Xoeict. Then

iwpoCoXo = A-R = T (kBC)

- mc2Xo = A + R - T (DBC)

= R=
222

T=
where C =-Pofgo pera

Check m = 0 => C + P
, Rto ,

T - A

m -> n = < + 0
,

R+ A
,

T+ 0.

low free Ismall a) = large 2- good transmission

high free (large 2) -> small <- weak transmission

Exercise show that
-

I
in XCo

SPUL-A inx > 0

Note:
-

· "-"Sign is because reflected waves send energy
to the left

· Energy flux indet of X.

Sphericallysymmetric waves

In spherical polar cordinates,

- ==
Then

= (p)=



ID wave equ for up

=> p = / f(u - ct) + + g(r + at)
-

-

outgoing incoming

There is often a radiation condition requiring outgoing waves

=> g = 0
.

Conventionally
.

↑r=

=> p =-
Recall 1 = x)=

=(i)
-

dominate for dominate for
large r in small r in

"far field" the near field.

~ is large or small relative to wavelength

Mass transport out of a sphere of radius r is

4Trpo (ncrt)) = g(t= +c) + g(t-r(c)

~to
, then mass transport tends toglt) ,

so glt) is

the mass flux from a point source at the origin.

4. 3 Example : solution for a pulsating sphere.

Consider a sphere performing small amplitude
radial oscillation on the surface of the Face
sphere



r = a + Geint

The radial velocity
U= wee

int

Taylor :

u(a+ bein
,
+) =

nat+-
Apply B

.
C . ona. . Expect wave like sol" and the

forcing dependence.

P = -einitral
Easy to apply B

.
C.

u =-(+ eiw(t-cr-a)(c)

At r = a.

iwa--ar(1+
= A =-I

F = irpop = -So t
s

a
Noting sound has wavelength 1:

Sphere is large if a E , ie. kal

small if acie. Kal .

"Small" sphere are called canpact sources. They are

inefficient. (Ex . Show p and i are close to out of phase and

so I is small - can't propagate much energy into far field .) .



Part I : Elastic waves (in solids)

5. Equations of linear elasticity
5 . 1 Deformation of solid

We make the continuum assumption average over volumes large

enough to contain many molecules but are volumes smaller than

the scale of interest .

We can this define PlX,t) .
As a body

is deformed , a particle move from its reference position I to a

new position X(t).

Elastic solids remember the original configuration &.

Conventional rotation.

Particle displacementLxt) = X(t) - 1 - *
velocity Y(X,+)=

↓

NB In solid, +
liquid, E = + 1 - 5

.

acceleration & (x,t)=
It is still convenient to use Eulerian notation/position *

not the initial position I.

# In solid
, I is displacement not velocity .

5.2 The Stress Tensor

The forces acting on a material can be either

1) Podyforce acts on and is proportional to volume ,

E or Pf



12)Surface forces (traction/stress) acting on and proportional to

faces
.

The farce exerted by the outside on the solid inside of the

element is assumed to be surface force [K , t . 1)

1T(-1)

"Clearly" by N3
, [C-1) = - [C1)

·

The traction (or stress) I acting on edS
-> A

L

depends on the orientation a
(h)

# [E] = Force/area

In an invisaid fluid
,
I = -p(1).

In general , E(tie) is linearly related toa via a second

rank tensor E .
Consider a small material tetrahedron with 3

faces alligned parallel to Cartesian cords with area E2 and

normalA.
221

Top sloping face" of area E2.

The other faces have area d ni . Ite<
The surface forces are OEY

,

-

il
I 7

El

,
Body forces and inertia O(E3).

23 [l-er)

So surface forces must balance asa-> 0
·

E(ECAS - n . G, (E) - 12 E2(en) - 13Es(es)) = Old3)
.

=> Ti(kit . 1) = Fijn; ·

where Ej(xt) = [ (z , + , ej) .

The traction I elected by the outside on the inside of

a surface with unit normal A is given by



- = E-

E is the Cauchy Stress tensor.

5.3 Conservation Laws

5.3 . 1 Momentum conservation

An arbitrary #terial volume Vit) ,
with surface S ,

outward

normal 1
. Integrate E = ma over all particles in V.

& plat)a(xit)dV = Je Elit)dV + Sy Elit)ondS (** )

Use dir
. thu .

and arbitrariness of V
,

mom equ righ;
pac = Fi + (Wij) (k)

Exercise check this is consistent with mom . budget for a fixed
-

control vol.

If there are no long-range forces which may impose body couples

on the material /counter-ex : magnetic field) ,
Conservation of

angular momentum proves E symmetric.

5. 3
.
2 Angula momentum

Take moment of (* ) about
1
.

Jup = radv = JynEdV + Sy = 1 E - AdS

poth component :

SpqiXg (pai - Fil = (EpqiXq Wij)

= EpiXqs + Epic His
Use (k) for LHS

Epqi Xqs = EpiX Epi
=> Epjidij = 0



=> Wij = Oji,

i

. e. E Symmetric-

3. 3 Energy
As usual

,
contract mom . egn ( * 1 with V:.

via: ) . (pV) = 0

uHS :

vj)-

- IVicij) -+
So change in KE : rate of work by surface

L forces

· Ju PIEV = (Edu + JgF - FondS

↑
rate of working

- In Vij . E +*) dr
by body forces

rate of release of internal energy
NB .

We will return to the 3rd term but remember for simple

case of a gas of part I.

Tij = - pSij

so this term is just + Sept . -dV adiabatic decompression

of a gas.



6
.

Stress

stress : restoring force due to strain (deformation of material).

6. I Strain and the infinitestimal strain assumption

Elastic stresses result from the change in separation between

material particles.

X + SX
·

y(x +fx)
· x +S

[Sx - SX] :
= [f(x + Sx) - 2 (x)] :

= [(Sx - 1)u] :
+ HoT

* y(X)
"

x S

From now on
,

assume deformation is small (infinitestinal strain).

ie . (8-S1)(S)
, so l .

For hard solids /metal
,
rock) a small deformation produces a

very large restoring force , e .g. (Dul-105-10
* (not true

for rubber

write= )+

= lij+ Eijk Wh

where eij: strain tensor
,

w = J-1 rotation

For small deformation , the 2nd term only gives a rigid rotation,

So

Sx = SX + =1 SX

and hence 10 elastic stresses
.



Whe Difference between solids and fluids :

· Solids : 1 . 0 , E displacement , rotation ,
strain

· Fluids :

1..: velocity , vorticity ,
rate of strain.

E is the Kanchy) strain tensor which gives the stress.

Ne From deft , E symmetric

Exercise Show that with small deformation,-

ISx)" - 1SX)" = 2SX · E · SX
.

Consequence of infinitestinal strain

ID() = (1)=+* and we can neglect

convective derivative

=> Vi :=d and

12volumechanged
(3) Y = -PJ. p = density changes can be ignored in the

mom - egn.

0 := 7 . 4 = Tre

is the dilitation (in general#0

E : = z(0y + (x2)T)
is the Cauchy strain tensor

6 .

2 Constitutive equ for a linear elastic solid

This is the relationship between stress and strain.

For a linear elastic solid , we assume that the const · egh is



(1) Local + instantaneous (ie. E does not depend on T.

(2) linear : Since 11,
-

5:j(x .
t) = Lijke exe (x , +)

whereIs a property of material.

Lijkl Sym in i .j and k.l 36 independent parameters in a

general aistropic material.

(3) We will further assume material is unform and itpic.

Then

Cijkl = X SijSke + M SikSjl + M'SilSjk · (isotropic

uniform - X
,M ,M' indpt . of X

,

t.

Finally , symmetry of E M
=M' ,

hence

Tij = ↓ Sijk + 24 tij

whereIn are called theLame moduli.

Ne T = (3x +2) exk

=> ej=n(tij - Sij (k)

6 . 3 Simple deformations

(9) Can define pressure
p := ->Tak

In general,

Wij
= - pSij + F:g7

devatoric stress

(changes shape

hydrostatic
stress

(changes volume

In "hydrostatic" Situations (Fij = 0)

p =
- ko ,



with K = 1 + & the bakmodulus (KC0) . This corresponds

to compression for $ > 0

(b) Simple shear u = /Vy ,
0

.
0 M

Tz
T

( I >E =v (
where
M is the searmodulus . (M20).

In an elastic inviscid fluid , M = 0

(C) Uniaxial extension
E =, 1+ E

E- A stress free(
I

8
(=>=(M

where E =M is the Young's modules,

v=M)
is Poisson's ratio.

Young's modulus is a measure of tensile stiffness/strength.

We Mo in anxetic materials (e
.g . open crystaline),

i

. e .
materials that expands in the direction

perpendicular to the load. T



7. Wave equations for elastic solid

7
. 1 Equations

Consider E = C ,
or consider perturbations about static egm.

Remember momentum egn

pa- ,+,
E = XJE + ze , E = +(31 + 131)T)

.

=> Po = (x+r) +(0 . y) + My2 (A)

Recall for a general o

-q = J(7. q) - 5 - (7-g) .

Then

p. = (1 + 2r) +(704) =uTr(Tru) .

(B)

270
7. (A)

,
0 = 0. 4 = 2t - 50=-

Exercise %. /B) shows same result.
-

Writing E = J-4 .
J+(B)

=>o =
-MTn(714)

Because Jn(J(5 . 2 1) = 0
.

Note that (Jr(5-c)) :
= Eijk 2; EkemGeWm

= (Sie Sjm-SjlSim) 2j0r Wm

= (517 · (1) :
- 15:0)

,
== (5w) :

-
= O -

=> = J=

Exercise Show with Jx(A).
-



7.2 BoundaryConditions
There atLeast 4 different natural choices of BCs.

11) Rigid boundary Y = 0

(2) (Stress) free boundary I =

E - = 0

(3) Solid-solid boundary :

->
3 conditions

· Its displacement [n]] = 0
-

-> 3 conditions
· ets Stress/traction [Eor]] =

0

(4)
. Solid-invisid fluid / condition
-

· no tangential stress in fluid (Mf = 0) = [1 :1) = 0

· cty of normal stress/traction n . E . D = - P
/ condition

·1 Ern = 0 on normal

'T 2 conditions
stress

.

7
.

3 Energy

Assume E = O
,

v= = i

Remember from G 5
. 3,

Epidvd-(
Tijlij = (t Sijlkk + &Meij) eij

= Xekken + zejej =jlj -(jei))

Tij bij = Edexplee +nejty = W /elastic polentaety)
Since volume arbitrary,

* Ju (k+w) = )
,
i . E - dS



=> E(k+W) + J . E = 0

energy flux ,
not identity matrix

where K = EPoli CKE)

W= X eklee + 2u(yjij = 1 Tjtj Celastic PE)

I = - 1 . E (energy flux rector

Exercise Let tij = big-5ekSij .
Show WO iff

-

x = 1 + EM0 and M20 .

(Remember p = -10 , 0= ·u).

7 .4 Elastic Waves

2 different classes

zo = 30 · Cp = (A) ,
D = u

Primary waves Cp > Cs
.

Also called pressure/compressional waves.

= C50( = (f) w = 04

Secondary waves/sheer waves

· P-wave speed > S-wave speed

· In an inviscid fluid
, M= O

=> S-wave don't exist

· P-waves are sound waves

B =
- 45 . 4

.

In mantle
,
1 = 450GPa

, M
= 250GPa

+ 1 = 5x10 kg m
>

=> C-13kms" ,
Cs-7kmS"·

7.
5 Plane Waves

Look for sol" u = f( *** - et) ,

I unot rector I k



Substitute into (B)

-
p -

= ( ( ) + (7 · 2)- -( - 1)

=> cE"= E E f" - c In (E-F") ( * )
.

Sub into (A).

pol = (x+u) +(
- x) +MJ

=> poC"f" = (x+u) E E of" + PoCsE" (** )
.

I . (*) = = · E" = CpI . E
"

(I)

En (** ) = c"I-f" = c E -F
"

(H)

Exercise show analogous result to Ev( * )
,
E : ( **) .

-

(1) : If c = p ,
ErE" = o -"IIE

WrOG E = Ef(E-X-cpt) , Of ,
w = 0

& scaler

Plane P-wave is Ingitudinal.

(1) : if cc
,

B · F" = 0 = &"E .

WLOG u = g( X- yt) , 0g = 0
,
0.0

,

w = Big ·

A plane S-wave of arbitrary shape is transverse ~

If the direction of g is fixed ,
waves areplarised.

7 . 6 Energies of Plane Waves

Consider P-waves. =- CpEf
K= pluk = Epcp (f

E : E E f' , E = IXE + zuEElf'
W = (Xefee + zuey (j) = &(x +2u)(fY" = Epcp21f



E = - v · E
= Cp(x + ym)[(f(2 = (p(p()(f)2

So equipartition ,
ie .

K = W
. E = Ecp(k +w) . Energy propagates in

direction of wave at speed up.

#ercise Check for S waves
.

K= W
,
I = EC(K+Wi

Both S & P waves are non-dispersivee.

8. Harmonic Plane Waves + Polarisation

Harmonic waves are a special case of plane waves.

P: = A ei(kox -cot)
· All , 2/12) = C .

S : 1 : Be"(ox-c
+ )

· B1k
, W/kl = Cs.

8 . 1 Polarisation of S-waves

Suppose we have a plane boundary at z = 0 Chorizontal

WLOG
, assume I in X-z plane.

Z

k = k (sinc ,
0

,
cost H

&
YO is the angle of incidence

,
k = 11) . Su

i[k(xsin0 + zcosp) -wot]
P-wave : U : Alsing , 0

,
coso) e

.

AEK
.

S-wave : E + k . So gives direction of polarisation. Two diff . types.

(i) Purely horizontal.

y = By(a ,
1 ,
0)e" BHEK .

SH waves are called "horizontally polarized"

(ii) A part that lies in the same plane as k and it's "vertical"
,

:e .

↓ direction with non-zero E-Cpt .

? = Bulcoso
, 0-sinde" 1 Bre.

SV waves "vertically polarised"



8 .
2 Reflection and Refraction of harmonic plane waves

A general disturbance contains P
.

SV
. SH waves

Consider a wave K = K (sino , 0 , coso) incident on an interface at z= 0

Cty of displacement [U]
-

"
= 0

p' , x' -M!

↑
1p . Cs

sty of traction [E . 1] = 0

P .,,
(i) In general we have 6 conditions to determine op , as

3 transmitted and3 reflected amplitudes.

(ii) Upper layer is invisid elastic fluid,

· only P ware In>0

· 4 conditions
, so still ok

.

(iii) For free or rigid boundaries
.

3 conditions for 3 reflected amplitudes.

Ne Only SH wares contain My ,

hence zSH waves

are decoupled from P/SV waves
,

ie .
SH waves only excite SH waves,

PISV waves only excite P/SV waves.

9. Examples on reflection and transmission

3 important examples of non-dispersive waves in elastic solids

9 .
1 SH waves

p' . Cs' ,n'
In zo !

z = 0

u = (0 , 1 ,
0) jBexpizi ↳ pe

In z30
,

u = (0 .
1 ,
0) [Texplik')xsind' + zcospl - in't)]



Angles

At z = 0
,
[Hy]= = 0 = [Tyz] : = 0 Xx ,

t.

=> the factor eikxsmp-int must be the same for all waves

=> W = W = w' and Ksino-k'sing' = Tsing,

So in the lower half plane ,
w = w + k = k =) 0 = 5

Considering upper half plane ,
KCS = K'C's

=>> Isnell's law)

So we have

k'coso' = 1(1-snosno
If Cs > C

, possible that sino>/C's no real sol "for 0 :

m' = im 'Lo ,

'EIR.

Then the "transmitted wave" is

(0 . 1
. 0) T exp(i(kx sing-cot)/ exp)-m'z) ,

i

. e
. the wave is evanescent in z30· Amplitude decays so

-

that the wave only penetrates O) "m).

Total internal reflection for OCPc ·

Critical angle

Sin Oc=

9 . 1 . 2 Amplitudes

[Uy] = = 0
.

> B + R = T

[*] = 0 = [u] iM KCSO(B-R) = uk'cosO'T

=> B- R = ZT .

z=coscs



= r=B. T= B.

(c . f· acoustic waves impedance p ,
C ,

etc: when impedance is

matched( Z =/E B = 0
,

ie
.
total transmission).

9 . 1 . 3 Energy Flux

Expect (12) to be const · with E.

Iz = - ly Tzz = -Mi

(Iz] =
- [ Re(u InWe wikcosOIB1

e
incoming

(Iz)r = -&RelieMr : - WMK COSO IRR

reflected-

(12)+= -&RelieMr

-'Con'k'cosp'IT coso' real

I ⑧ coso' imaginary

: If cost' red ,
IBP-IRK = ZITI

coso' imaginary .
IRI = 1B1

9 . 2 P/SV wave

Note Os < Op O Y
9. 2 . 1 Angles

Op - PT

BCs true Vt = w same for all modes > z= 0

--
I

VX = Shell's law
,

ie . o Op = 0 .

-

Pr- ~

SVr

Many possibilities for evanescent waves/entical angle etc.



&22Amplitud
a

4x4 matrix for the 4 amplitudes.

· (stress) free/ rigid boundary # no waves in30

·

M
- 0 and/or M =0 make SV waves disappear

· Both M and Mare zero , recover acoustic wave.

9. 3 Note on Evanescent waves

WEIR
,
I can be complex ,

write 1 : Er + ils:

=> ye
-ki giltr : -cut)

Propagation in kn direction. Attenuation in $ ,
direction.

Dispersion relation =
= Cis Lok = <pis(kkr-kik +zikr · (i)

Wer E kroki = o = c := =Cs)1-H caps

i

. e. propagation along a boundary isAtower than through the

interior (important in sensitivity

SH waves require either forcing (as discussed in 9 . 1) or

actually 2 boundaries (see pat #II) to be sustained near a

boundary
.

A particular combination of P/SV waves can combine

to be sustained near a single boundary.

9 .4 Rayleigh Waves (Actually an esgenmode)

consider a particular combination of evanescentp wave and

evanescent SV wave in the vacinity of a stress free boundary
.

and exanescent in solid so to as z+
-0 .



↳p = k(1 .
0

,
- ia) .

C=* = C1-a4 vacuum

E. = o

↳ = k (1 .
0

,
- i b)

..
ch = c511-b"). Z = s

k , a . b all zo .

solid X
u , p . Cp , C

ik(X-ct) + kbz

kaz
ave + I

BCS :

· Exz =/ + ) =
0 at z

=> M((2iaA + (b) + 1)B) = 0.

· z = /( ++ = (x +2) - 4 -z 0

X
2 Y

pap PCs
recall J . U = 0 for SV wave (exercise).

=> pk[c(a" - 1)A - 2() - A + i bB)) = 0.
-

= cj(b2- 1)

=> (b)( =
Note a:D- " b = )1-b +12-

=> 4ab = b+ 1 for a sol"

4)(l-:(2
A cubic with one real root in occrIJCs < Cp

,

v =M Poisson's ratio

Ne c= colk is indpt . of K .
Wave is non-dispensive.



Part III : Dispersive waves

10 . Examples

10 . 1 Acoustic Waveguide

Rectangular duct. Consider linear -
acoustic wave egn in part I. ·-----
22-c .

u = 3

= on z = 0
,

b

o on y = 0
, a I => -0 on solid boundary to

Try p = ei(kx - wt)

f(y ,z)
.

=> - cf = c(-1f +E
Eval problem

fin (y , z) = Amncos() cos()
,

minet.

and frequencies own must satisfy

Wm(k) = co2 (1 +m
This is dispersion relation. Except for the case men = o,

w

IF const.

F

and waves are dispersive-

Cut-off freg are since I M w = colk
=

w = Co(
If we attempt to excite min modes with freg .

WeW

=> K imaginary so exponential decay , as x+0 (of evanescent



-
w wh

...
W -

-

-

w -

-

-

-

< k

10 . 1 . 1 Energetic

Consider cross-sectional averages

=de dz ·

<Ex = Ip. <EARL

- p[etp. -p *]

= PolAmR(e
where Xmn = /2- Smo) (2-Sno)·

(i)=J
=

=A
-

(Ex) = < pUx)

=fun Pocok(Amal?

+W

Energy is transported at speed

Cgx = Cok=



10 .

1 .
2 superposition of plane waves

Simple case when MFO
,

n = 0 Dispersion relation is

-
Sin8

=> PC exp[(xcosp + ysind-cot)] + exp[(xcosp - ysind -cot)]

Note that
rent phase speed in x-dirie

- -

--4 = c, -

- =

but >
=- -

-

Cax = Lo = CCSPCo.

= (k +m
= C )l+

=
So if m

.
n = o

, -C=Cp

C + 0 ask- 0

G -- ---------

Cg = 0 at k= 0 =g

k

10
.
2 LoveWaves

Elastic SH waves trapped in a layer ,
wave guide

Consider free surface
z-
-
M = 0

propagating M .. CC,
slow

T z = 0

[My]-[u]o jevanescent Mc , Cg : (c) C
, fast



Look for SH Waves U = 10
.
f(z) eikl-ct) .

0)
. trapped in low

velocity layer OcZK .

Wave egn

For OcZCh - cif = cif" - lif)· o on z = h

↓
=> U.

= A eik(x - ct) cos(m , Th -z)
. m

.

= k(-1)
For ECO ,

-clif = c (f"- kf)

=> Uz = Beik(x- (t) + 2 mu = k)1 - E)
(
-> 0 as z-> -u

For the regid form of the sol" must have c.cc
,

ie .

horizontal wave speed in between the layer speed.

BCs at z = 0 yields the dispersion relation.

[n] = 0 = . A cosm,h = B

[n] = 0
E Au .

m
, sinmil = Blam

Combining,
M . m

,
farm ,

h =

Mr Ma

=> tan(h)=
Implicit fr c(k) = co(k) /k

d



Ne : (1) There is always at least one sol"
12

(2) Geta sol" if (n-1 +< kh(-1) nit

(3) Ask
,

tan curves squash to left t each sol" has alk)t appears

at C
,

ie . for n31
,
and decreases C .

C2

-
we= 1) C

C

c
> k

(4) Freg is in a range between wat and cik as k-0.

wa

-
3 k

Ercise <q(k) = 2wek
,

W = <k
.

11
. Dispersive Wavepackets

11 . 1 Beats and modulation

suppose a linear problem . Suppose gives sol of the form eikx-w(t)

Consider two sols of superpositions of two waves of equal

amplitude, and nearly equal K
,

0.

9 = cos(k , x =
co

,
t) + cos(k2X-(2t)

S

where kak= k2,= Wi(k) =Walk) · Could write

k
, x = Wit=- + --

2

kaX-Wit = Ex-At-Lkx+



Then

p = 2 cos(X - (t)cos(X

modulation
T

m
I Xkz

it

2

kz Carrier wave

So we have a modulated wave in which individual wave crests

more at the phase speed

c
=WW

The envelope and each pulse within the envelop moves at

group velocity
Cg=

11 . 2 Sol to IVPs by FT

Consider a system on-* X* With W(K)
. If there is no

disturbance at or arriving from 10
, how does an initial disturbance

evolve ? Key idea is to use superposition based around Fts.

Letdext = S% jlkt) eixakkit) = i p( ,+evikxdx
.

Ne (1) If & real tC-k)=
* (1)

.

12) Ifa real
,

even in x .
ie. #) = 01 -x) = G(K) also real.

Thus
, o can be split into many

waves of the form eikx with

varying k.
.

Each of these waves can evolve in time like e-ccolkt



So by superposition ,
can obtain the time evolution of if

have enough BC.

(1) First order in time. ie. , we only need

1 initial condition
,

i

. e. P(X I 0).

At t=o,

↑ (10)= x , % eikx dx

At time to

5(k + )= (k
,
ol e-icoll +

=> q(x , t) = J Elkt) eickx-w(k)
+ )dk

(2) Second order in time.

=
Need 2 ICs

, ex . ol. x . 0)

The dispersion relation has the form

202 = f(k) => W = [f(k)]'

So a disturbance ei gives rise to waves

eilkeFet
where= F .

Hence decompose

f(x ,+) = 1% Alk) e

i(kX-20(k)t)
+1(k)e

i(kx+ co(k(t)dk

A
amplitudes

"

ICs => A + B= (P(x , %) evikx dx

- iwA + iwB= (x , 0) e- Tkxdx

If (x , 0 = 0 => A = B = (k ,
0).

9 (x , 0) + 0 E B = - A=



12
. Method of Stationary Phase

12 . 1 Stationary phase

Suppose
q(+ ) = (Alk) gikx-iwikt dk .

What is seen by an observer moving at speed V at large t ?

Consider the limit as too with x = Ut for fixed V(V = 0(1).

Then

↑ (vt ,+) = 3% Alk) eidk
,

where O-0(k) = [kV-colk)] + is thephase.

Notice = (V-t
and remember large to

(1) If du/dk V , then phase changes rapidly. The integrand

oscillates rapidly. There is so much cancellation that the

integrand is exponentially small .

(2) If w' = V
, K = ko(V)

, we have a point of stationary

↓base and the cancellation is much weaker near kilo.

(3) Near Koko ,
O

9 = [koV-c(kol] + + (k(V-ckol) +

- [ (k-kol" 10" (ko) + +...

=> O changes rapidly withIs agains for 1k-ko) (c
*+"2

The dominant contribution only comes from

1k-kol = Of t

as + - A
.



a
Entegrand

-

Mil
-
- >

O't)
.

OLN).

Suggests :

~ Alko) eickov-w(kot gktkiko) (k-kot]dk
k-ko

-D

The upper and
lower limit on the integral are initially

Somewhere ↳ E Yet but are then replaced by 10. The

best proof uses steepest descent in the complex k-plane.

Now from complex methods that

18 e-as d5 = Fla VazK
, Rela) 20

.

for cty for the conditionally converging case
. With Rela = 0·

=> PIVt
.
theAlko) eilkoV-clklWilko) = v

as +-> x

12. 2Observations

11) We have assumed there is a single point of S. P.

ko
.

If there are more
, they each give contributions ,

which

must be added together. If there are no points of

S
.
P
., o is exponentially small.



12) For 2nd order egn , E need to add contributions from

waves eillxwtl from dispersion relation involving
2.

(3) If Wilko) = 0
,
need to include HOT in Tayler Series

If 1"t0
,

then HoT give P(t-11) correction.

(4) ↳ &

=>=egn

=(Utit) Alko) Fexp(ickov-w(kolt-Esgu(w") (**)

(5) Similar ideas apply in 2D/3D.

8)(it) = J Alli)e *

de

then at X = X+, ++ p
, see waves

# (k . U - w(kl = Q
.
1 = (g(k) · Eg== Th W

-

(6) The radiation condition is that enogy propagates outwards

from a source..I that the crests do. E.g . if a source at

& starts emitting waves at t=o
,
with wave vec b and group

velocity Eg(t) ,
the disturbance reaches I = get at

time -

12.3 Interpretation of (**)

An observer moving with speedV will eventually see only

those waves in the initial spectrum . Alk with waveno .
(ko)

S.

t.

Cg(kol=ko
= V.



The local amplitude decreases like "oft due to dispersion

of nearby waveno.
and conservation of energy .

Waveno ,
in the

range [ko
.
ko + Sk] have group velocities in the range

[W'(ko)
,

W(ko + Sk)] = [Wilko)
,
Wilkol + S10"(K017

=> separation like Sk co" (t)
·

(V+ Skwilt

EnergyC (ve #"dx => const.

=> edit .
whos wiso

.

12 . 4 Elastic Beam equation (e .g . tranged ruler

+ V = 0

(x , %) = 0

4) (x . 0) = f(x)
·

Sol : dispersion relation : CF= U k4

=> p : 1
.

3F([kekd. .

= 4 + + 0-

Put x = Vt

·o has Spatko
, where V-20k = 0 =Ko=

koV-VKE= Clko = 25

· o- has Spat-ko ,
and sincea real

,
[F(k]

*
= F(t)

=> I-has complex conjugate contribution to t to the

overall integral.



↑-F"
Ne If f(x : f(x) = F(k = F(k) = [Y(k1] *

↑ - F()()" cos(-)
as X + + 1 with Ye fixed.

13 . Linearised water waves

13
.

1 Problem description
p = Patm

invised
,

inot-

fluid
= i =39 z = o-/

incomp. T. U = 0 z =y(X, +)
.

= j7y = 0
z = -h

11110621/

I

= 0

Surface tension in the interface

4) DBC : Plzzy- = Patm-Tk
coeff. of -

- curvature
surface tension

S

Force/unt length ,
or

energy/unit area

(2) KBC : + wat zg

Unsteady Bernoulli

=> p +* 15012) + - Patm +pgz = f(t)
.

wow fit =0 · o P + JfE)dE ., E = -J(pgz)
.



13 . 2 Linearized Problem

3-p = 0

= 0 ath

-at z0 (kBC)

+ pay -Tyxx indpt of x ( =0) (DBC)

Try a solv 4 =
Heilkx-cut)

. p : Beilkx-cot) f(z)
.

7 = 0.= =E f(z) = coshk(zth)

BCs at z= 0 :

KBC : - icoA = kB sinh Kh
.

DBC : -ico(coshh) B + 1g+ A = 0
-

=> 22 = gk [1+ ] tank Ih
This is disp relation for capillary surface gravity waves

Note ↓= Figp is capillary length . · For waterlair interface,

at 20
%

C
,
1 = 2

.
Imm

13 .
3 Limiting Cases

Rewrite
w2 = gk tanh kh(1 + 12 (2)

Exercise show that

Cg=))



(a) Shallow water (1kh11)

tank th= sinh kn = kh
.

1 : ) Difficult to also have 11k
*

(3)
,
Since this means

hxx Sc

=> ↓ < Imm

(ii) Much more common to also have lok" I
, ie

.

that surface

tensio doesn't matter ble. This is a long (surface

gravity wave. Non-dispensive with phase speed

c = =5 = G

2
. 8 . Hides/ Tsunami ,

12100km ,
he /km t C-100ms

(b) Deep Water (1khic>1)

tank kh= 1,h -0

(i) lik
=

(1 (12cm) -
short capillary

wave

=> w = = (13)
/k

= = (gk(k)))
112

=> Cg = = c
.

Crests would appear at the front of wavepacket.

Shorter waves have a higher phase speed

than longer waves. !
(ii) lak

=

x)

= · G=

Deep Ocean waves - crests appear at the back of

wave packet .
Shorter waves has

->

Es
-
T

smaller phase speed m



wr

long grantly
waves

short waves

( ?)

-k

· JK , Sit
. Gg minimum

,
so co"=o

,

so Stationary phase
breaks down

·5 krvk ,
st phase speed minimised.

14· Internal Gravity Waves
z

A fluid that is lifted up above its

egm position will fall back under

f
=-g .

and overshoot due to inertia

=> wave mechanism

S

14.

1 linear Theory for Incompressible Fluids (Not acoustic) Po

e- g. Ocean llakes
.

In the atmosphere , we need to take into account

pressure effect. They can be dealt with straightforwardly using

C .8 . potential temperature :

So 3 egus : & = 0 (cms
- of mass)

pu = -Xp +

pg (cons - of mon.

%.

y = 0 (incomp.



linearize the system about a state of rest v = 0
.

Background density distribution P =Polz) .

Hydrostatic pressure Po = Pref-1
*

Pogdz ,
ie.

do = -polz,

So we get 5 equ :

Pw

② p

③ P =-

① p = --gp - [PFP
⑤ +3+ = 0

-

=> p+ )=-[ )) = -556

= + G

=> [P) =-=-

=>/[p+p])-gG

G using ⑪

=> (w+/ ⑧

Remember dPoldz < o.



Consider a situation where we have motion st. w varies on a scale Iw
,

po varies on scale (o.

We want ptdow and that occurfit

En La (po
i

. e . velocity varies over much shorter distances than the density

field -

Boussiness approximation . (BA).

BA assumes that density variations are only important in the

"buoyancy term" . ie . When multiplied by g. Formally , equivalent

to 1Pref-pl + 0
, g -0 S i

t. - and gp' remain fintea

Then⑧ reduces to

-

=> +N = 0 ⑨

Note NEIR since doldzco. N is the Buoyancy frequency
(frequency of vertical oscillation of fluid particles in a linearly
stratified fluid) .

aka
.
Brunt-Vaisala frequency.

N2 = -9
Typical period of oscillation in the atmosphere + ocean-minutes

Ne The derivation allowedpo premultiplying etc to be fof z.

BA equivalent to makingPo on
US of E - & coust

,
so

N2 =-



14
.

2 Plane Waves Sol" of &

Such sol exists for wland by back substitution for all variables
ilk . X - wot)

for const
.
N

.
K = (k

, lin), = /11 with We

We then get dispersion relation

-
Y

z1
1k

or Id
W = IN COSP N40

>
X

Note for coust . N
-

Comments :
-

(1) From ⑤ , 7 . u = 0
= k . = 0 - Waves are transverse

1-Ju = @ => monochromatic waves are exact non-linear
-

sol"

(2) For real E
.

1 wl-N
.

As 2 - 0
,
1 point straight up,

and a purely horizontal
.

As +N
,
↳ horizontal

11
-> w- 0 ↑ 151k W+ W

.

--

Y

Forced waves with W(N are evanescent.

13) Sharp change in environment : [W]
, [P] = 0

,
and

so [FW/2z] = 0 also

14) Co is independent of 161 = 1) but depend on direction of I .

Exercise Eg
=-E= (km ,

(m .
-k -1)

E Sind (sino ,
o

. -cl
in 2D if1 = 0



We have ocg = 0 -> energy propagates to phase

Also see phase velocity and group velocity Eg have different
-

vertical direction.

Ne Vertical opt of C = W/m
.
Remember radiation condition

energy propagates outwards.

We oscillate to source at fixed CCN . Disp . rel . fixes [

but not 11 = 1.

Exple In 2D
,
b = 7 /coso ,

0
, SID)

,

coso = ICO/N
.

-& Sing
Eg

= I Sind (Sid , 0
, -cost

-

Take + roof , then & Los Og
CO<N fluid motion

Los Og = sinO I

Sin Og = -SinD cosp ⑭ phase 0 +O
I

PC0
=> Cost

,
cosO + Sing Sing = 0

· .-=> coslog-of o

= Og =
+ O

. *
energy -

15. MovingSources of Waves (Waves in a uniformly moving medium

15 . 1 Dispersion relations and
group velocity with moving source/media

Consider waves of form explickx-cot)) in a uniform
, stationary

medium with pos -
rector X.

Consider an observer or a source

moving with coust - velocity U .

In the observer's/source's frame

of reference ,

the medium moves with velocity -1 and the position

rector is X1 = X - Ut .



Thus the wave becomes explic . + 1 · Ut -w+l]·
y

so freg, in the frame of observer/frame y 1
I

X >

iS X

w = w - k .. It CX
&

The dispersion relation for medium with vel . >
x

- I is

w = R (k) = holk) - k . U
↑

drop prime
where hold) is desprel for the stationary medium .

Gold is

often called the intrinsic frequency ,
&(1) is the extrinsic freg

.

The group velocity is

Eg(k) = Th(hold)-h - 4) =

Ego
- U

Nes

1. Even if Roll) isotropic (f((k)))
,

&(b) is not
,
because I

introduces a direction.

2. Group velocities behave as expected under Galilean transformation,

But phase "velocity" does not ,
as I: E is not a line velocity.

15 .
2 Doppler effect

Source freg . col and wel . A in a medium with sound speed co.

In the moving frame, 7
col = col)-Uk =co(1-Mcosp) , IP 3

->

where M=UI/C is the Mach no.

=> w=us



We If source approaching fixed observer
. COSBLO = COCW'

"receding Cos So EWCW'

16 . Steady waves from moving Sources

In general , waves are unsteady because of the e'int factor.

However
, they can be steady in the frame of reference

of a moving source (or equivalently when the medium is moving

uniformly) .
-

Intrinsic freg ,
in a stationary

medium

Since W = Ro(k) -Lok = 0 ck

↑ P
=> <polk) = Ucosp .

> A
extrinsic

frog

16 . 1 Capillary Waves in ID

Consider a cm-size object moving at speed & in deep water.

If IWI large enough , we will see a steady wavepacket in the

frame of the object.

Consider ID case for simplicity·
w(k) = = (g(k) + E1kP)"2 - UK

look for colk) = 0
.

a Ro

Note that (5) = + log - Cp) ,
od

So Chin = Cg
, -Can

c =q = (+ k)" >
k111



=> = ( + Ek)
*

(- + #) = 0 when k= = t

So no sol" if Us Min E = (2g(c)" = Chin

tsor if U2 Cri (with sol" in all other quadrants)

Cg=-U

and information radiates outward.

For point O , 1gco E no good in Xco E long waves bed in XC8.

point O , 1930 =f no good in XO - Short waveshead in X30 .

-
/ I

long gravity waves I short Capillary waves

in front (8)

16 .
2 Supersonic boom and Mach comes (M)

Consider an aircraft with velocityU = Mc(l , 0) .
11

In the frame of ref- of aircraft,
P

W = Colk) - 1 : k = colk) (1-Mcosp) >
=> steady waves if p = arcos /'/) = unique angle indpt of 11)

=> & =( .
(1 - m2)"2) = (cosp , simp)

For these waves,

Eg
= Cok- U

=> Eg = (t-Mc , c(1-
= (1-M2 ,

(M2-1) ) = ColM-1)")- sing , cosp)
.



-

-
- U

C=
- 1x T

sound

only G

iP U x( if 7

here up
- E ~

Y
--

-

/ - U

mach some

Hence
, steady waves (boom ! ) on Machcome (green lines

behind aircraft of semi-angle

-
= arcsin(YM)

Unsteady waves (sound are found within theMash cone

(pink regine) because

Eg = ck - 4 VE

Ne For real sonic booms
, non-linearity matters

16 .
3 Kelvin Ship Waves

Consider a ship/duck with steady velocity & ,
With U = UL . 0) in

deep water (ignore surface tension).

In the frame of the ship, -I

=-U-k iP
⑫

Steady waves if

cosp-

N <po = (g/k)" in stationary fluid



For these waves,

Eg :E -U
.

= EUcsp(cosp , sinp) - U(l
,
0)

-(cosaB , sinzp) - Z (1 , 0
.

Therefore
, energy propagates in a direction

- E

Eg = (-cost
,

sinc
, tana-sansee E

2( B
U U

locus of Eg lies on a circle of radius I centred

at(24
,

%)
.

Max
.

Over X :

seidon=2) (3202p - 1)

max when cossp = " , sin20 = 81s

=> tand= 3
I

↓ L

=> d = arcsin(st = 190 I

Interpretation : While a ship / duck moves a distance UT
,

waves

emitted at +=o travelled a distance (goT , where

Ego= K

Ecoss
Es

B 111
I

iP E-B)
,
729

I
2/

>

O Uti Wel UT

1
3UT/4

S
>



shape of have crests

Idea : at position I = (X ,y) = r(-cos
,

Sina).

We know G -> know p + know Ikl - phase . O= / : *
.

(because w = 0 )

0 = k + x
= (kIr cos (t -X -b)

Recall coss= Ikl-.

-Ococtana
s

=cos
+

sinl-2
-2 cosp

= X= cos 13-2cosp,

y = - X tanx = - U coss siz.

mi
Unsteady waves overlying this pattern.



Part IV : Ray Theory
17

. Ray Theory
17 . 1 Introduction

Ray theoryCake geometric optics).

WKBJ method is an asymptotic approximation for long distance/time

propagation through slowly varying media ,
ie

.

media which change

on length scales 1) /k and /or timescales 2.

Motivation is waves often transport energy/momentum over distances

->l/k and times al/w into regions of different properties,

e .g. Waves on beaches generated originally by storms in deep ocean,

clear air turbulence due to breaking waves or shear

instabilities associated with IGW from low levels.

Q : How can we use local sol (on the wavescale) to find

behaviour on much larger scales Cover which medium changes

17 . 2 Multiple Scales

Assume medium varies on 011) scale (length and /or time

wavelength (period) Uld) scale
,

Ec .

The isue is that wavelength varies across medium
,

so can't

ik -X

just assume e are 011) scales · Key idea is to focus on

↓thase ,

i

.e .
look for soln

↑ (xit) = Alx ,+) e
:Plet1/g

(1) Variation in phase Old rapid

(2) variation in A slow.



Remember we assumedeillox-ctl for uniform media.

Defk(x ,+)== = 50

(0(Xit) i=-

Note Both I
,

w large,
and may still vary slowly with it.

Similarly
,=

Both at 01/s)

So locally ,

i

.e. On OE) scales
, of He'll

- -cot)
with coust

.

values

of A. B
,

10
, where I , w are l wave vector and frequency .

Similarly
, /-ic p .

and so for of to satisfy wave egn ,
a local dispersion relation

must apply
W = X(Eiw ,

+)

with local properties N(z), h(x) ,
etc.

e

buoyancy freg.

17
.
3 Phase and wave crests

From def's
. O-1 = 0- (1)

=- x wit (2)

natural generalisation

do = Elbodx-codt) = at fixed t PC eilkeike dependenceover an Oll)

lengthscale



These
equs lead to an interpretation in terms of conservation

from 111 and Stoke's thm.

-Ink = :
C --

=> Jgb . de = 0
. -&Xi

O(x1)-0(xi) = &bod indpt of path > # crests between

XI
,
X also indpt of path.

From (2). # = w-w 1
Change in # of crests in the region

#entering the region-#leaving the region

18 . Ray Tracing Equations

18 . 1 Evolution ofK ,
co

As a warepacket moves through medium
,
I

,
a must vary

smoothly and slowly in order to satisfy theleal dispersion

relation.

colx . +) = M(k(* + ) i < , +)
.

Apply chain rule,

↳.
(,(2)i



=> (e + (g):j)k =-

=> E + .xk = --
.

~ Moving with the group velocity Eg ,

b of the warepacket

changes iff medium varies with X
.

Similarly, =
& + 2g . xw=

: Moving with group velocity Eg .

W of wave packet changes

iff medium depends on time.

18.
2 Ray tracing

we defineay as a trajectory : Alt) of a wave

particle which satisfies

* = Eg .

We then obtain the ray tracing equations.

(1) : E =

eg = = Th

Let Elg := E +

Eg.x ,
is the time derivative moving

along a ray

.

(2): lg =

(3): = -- Th
14): g = -w + Egok



Given 2 and IC ko
,

wo and to at position to
,

we can

integrate along a ray to calculate the evolution
&

T

Do this process for every ray (ie
lotsoftagst ,

bo + se.

①initial positions andko - had b
, w

Xo
, ko.

everywhere).

18 . 3 Comments

1)For a uniform , constant medium (PartI)
.

- = 0, = 0 = Wik are const on rays .

=> Eg= cust
. on rays

=>

rays are straight lines

2) RTE have 1st integral W : /k
, x ,+)

,
can be used to

solving one of (1) to (3) .

3) Rays in a wind (moving medium) .
Recall if will for a

stationary medium
,

then for a medium with velocity -I

=> w = Rolk) - k . U
.

If UK) is slowly varying , equ for a ray (1) is now

* = E(ro - 4 · 1)=
e velocityIntrinsic

eg

* 4) The
egus (2)

,
131 for , w are Hamilton's egn for a dynamical

sys- with generalized cords
q=X , p = / .

Wave packets

behave like particles with Hamiltonian H = 1(kixit)



Action is S : P (i. e . phase is action).

H-J egn
: + r(TS)

* 5) In general ,
the
engydensity is not conserved

.
Instead

,

the wave action
-

I = Ele

obeys the conservation law -

* + J . (2g]) = 0

In special case where 22/2t = 0

= g = 0

then conservation of I egu . to conservation of wave energy E.

Ex /ARC2 -- IC IAkw
.

19 . (Isotropic) Ray tracing examples

19 . 1 Isotropic (local) dispersion relation

A dispersion relation is isotropic iff it is afof the waveno .

12 = (k ,

2
+k + km)"2

i

. e. W = &(2) and so does not depend on E = /12 ,
ie. direction.

Rays are defined by

==
.

For isotropic relations,

= T

=> (Eg) := = I .



For isotropic dispersion relations
, rays 11 tob.

Actually ,

the
equ for a way,

#
Wavecrests

Remember lines of constant phase (WWGx .

y plane),

Ox dx + Pydy = 0

=>-
i
.

e . in general ,
I always I crests.

Since crests are lines of const phase ,
so normal is given by

1- 02k.

For intropic dispersions relations .
Since rays 116. rays + crests.

19 .

2 Waves on a Beach

Stationary water U : 0 ., slowly varying depth his prescribed.

NeglectSurface tension. Y
-

=> 22 = g(k) tank ((k)h(x). k = (k ,
l) !

T

Far from the shore
, assume her. &

=> K : 161
,
%0 : /K +/) as X-> -D

,
i "
↳ - k0

=> w + wo = (gko)" X= p

X -> - i

↓ = 1 + 2 . 5) w == 0 => w custom rays .

=> w= wo everywhere

= - & = 0 = 1 =10 everywhere



=-0 k will vary on ray

can avoid solving this by using the first integral w =-

=> WE =

g (k* + 15)" = g(k "

(x) +1)"tanh()k(x" + 18)" h(x1]
.

Note If we know k(x)
,

we can find egus for rays ,
crests

,
etc.

As hto
,

I 3 + o
,

then

g(ki +10) " = g(k(x) + (b)h(x) .

=> kx2 +15"
Self consistent since implication is koh") as- o

[ J -Olh"2) => 0 as-> 0
.

#so
crests

#
to ->

h -> o

19 . 3 Snell's law

Here
,
and for $19.4

,

restrict attention to steady , slowly

varying media with non-dispersive waves (lody a special case

of isotropy) ,
ie .



w = ((X)(k) = 2(((
,
x)

Non-dispersive Cg
= ab E rays parallel to E

-
and there is only

One speed at each 2
·

Steady= + 0 = W ciust-on rays => a indpt . of to

Sellslaw then follows .
In a planar stratified medium where C = ((z),

the angle 4(2) between a ray and the Z-axis obeys Shell's law.

4) = cust.
Z

Ef : Since ↳11 ray , E,
: cost

Since 0
,

k caust. on a ray

.

= 0, I cust
. on a way

.

= 0 ,

W coust - on a

way 1 .

To find the equ of a ray
in a stratified medium. Whos ,

let us

assume k = (k
, 0

,
m)

& Eg = c*=

=

·=z1 = X(z)

Classic example

Summer nights , temp, inversion leads to sound speed increasing with

height
((z) = Colz+1)



=> rays are semicircles -

=> sounds travel far on summer nights .

T

& # 2

19 .4 Fermat's Principle

The tune of travel between fixed points A
,

B,

B
is stationary (usually minimum) along a way with respect to

variations in the path.

P : (for non-dispersive & ((x, ) = Ex
E-L :↓=
On a ray ,

X = c
.

/ = c. = = :k
.

= 1/0.

On aray , windot of time

=> L4s=
↑

at fixed I

RHS = cEx(t)=- =- =S I

Exercise Show that Fermat's principle in a stratified medium
-

implies Shell's law as RHS of E-Legu :E = 0.



Part V : Nm-linear ID Waves

20
.

ID Waves (in a perfect gas

Before ,
considered linear waves - small amplitude and smouth.

Now
,
consider non-linear waves in a perfect compressible gas or

-

in shallow waterr.

For the simplest ID Wave

Y(X,+ ) = (4(X , + ) ,
0

. 0)

Non-linear : no superposition/no Fourier/no dispersion relation/

no stationary phase/no rays.

20 . 1 11) waves in a perfect gas

Recall conservation of mass E + > · (p) = 0

~
mom + 1 . 0y = - T

In ID
, homentropic,

& = cap)

+ uk +p = 0 (1)

=> ++ (2)
-

(2) +<(1) :

( + (n+y) =)u + b( + (u+ )p = 0
.

For these to have same operator, ↓p= x = =
p

=> ( + (u+c) = )u ==( + (u=xz)p = 0

DefineQ:
=> (it + (n =x * )(u =Q) = 0



on
any path satisfying = UIC
I

L characteristics

RE = UIQ const
-,

Riemanninvariants

* R+
= (+ R+

= (b + (u+ 2)= )k+
= 0

.

20 . 2 Method of Characteristics

This forms the basis for the method of characteristics. If we

can find whichCand which Ce char · pass through a given

point p
,
and if we know U +Q on C+ and U-Q on C-le .g . by

following the char back to initial/boundary conditions at [A. BJ ,

then we will know u
. Alp at P

,

and hence we know
p , plp),

c(P) and so we know UEC
,
and then we can in principle

extend char· further.

ta

*
20

. 3 Issues

11) Char are not straight lines in N
,
t) plane.

e . g .

on the C-from B to P
,
U-C const ,

but u.
Q and hence

U-2 will vary if the +bring different values of ut& for initial

conditions in [A .
B].



(2) Hence
,

in general , simultaneous sof" along2+ and c-char-

is a difficult non-linear problems. Solvable problems usually rely
on a simple sol" for one set of char.

(3) The value of P depends on values in the finite interval [A. B].

14) Difficulties arise if two C intersect with contradictory UtQ.

values-shocks

20 . 4 Perfect Gas

For adiabatic changes in a perfect gas,

p = po(pp.)
U

Co reference sound

- speed at po. po
(

=> c==(p
Q =I

- E G((pp. )
(- 12

- 1)
.

=> Q : E(-c)
, p

= po(a)
Y+1

, p = po(a(c) 2 ·

20 . 5 Simple Waves

A simple wave is a wave which is simple , where one of RI is

uniformly const .

WLOG Re = 0
,

i

.

e. where U= Q or where UE-Q.

Consider the sol" for a perfect gas . Suppose the ICs satisfy
u(x . 0 = Q(x , 0 = E [C(0-c] XX

.

-

ic . R-

= O

Note This includes the special case of undisturbed fluid U = 0
,

C=Co.



u-Q = 0 XX initially => along every c
-,

n=Q everywhere Ex Ut.

= c = c + (z)u

Along any C
, u+ Q = const

·

= u + Q = zu = const

= u+ c = C+ u = const

=> C char- are straight lines of the form

X = Xo + [c + Eu(X ,0]t .

So given (x . t) , we solve this nonlinear equ for XolX,t) and UNXo
,
0

Const. on 2+ => U(X . +) = u(Xo , 0) .

A sol with UFQ (R- = 0) is a right-going simple wave (2+ char .)

"U = -Q (R+o) a (

left-going - (c- char. )
.

Note We sometimes speak of a simple wave within a certain region
-

rather than XX.

21
.
Shocks

, Pistons and Fans

2) I shock formation (in simple waves)

C+ char.:

* = co+

so larger values ofmix , o) propagate faster.

7
7

7

Xo

->

e increasing,



But ifO anywhere ,

then + will inevitably cross
, givinga

contradictory predictions for uxit). This is unacceptable : a

shock (discty in soll must form lat shock
.

We need new physics

⑥

Xo
X) X

u decreasing . * 10.

t 1

breaking wave - need new

- physics.

-

ts -T
-TC+

C+
C+- > x

UIXo
. 0)

At to,

ze
-> v

2x
=>=

Recall equ for C char is

X = yo + [c+ u(0
,0)]t

So X is no longer monotonically increasing inXo when

↳ = 0 first, 1+ + = 0

So a shock wave forms at



+ = ts =E(x0a)

at the XIXo
.
+) corresponding to the maximising Xo

,
t

2). 2 Simple Wave regions in IVP

As an example suppose at to ,
no

,
C : Co

, except in a finite

region [A . B). The pattern of char · defines 6 regions

tr slope
- a

slope
#

X
- Co

curved

In regions I,
I

,
II

, all stand c-originate in the undisturbed

fluid ,
ie . UEQ = 0

.

In these regions ,
U-0 , C-C

,
and Care

straight lines with slope = ICo
.

In region IV , every C- originates in undisturbed fluid to the

right of B - U= Q. This region contains a simplewave

u= u(X
,

%)
, C = c+ u(X0

, 0)

for some Xo(X . +)
.

The +char. are straight ,
but not

necessarily parallel , With slope in general Co.

Region V contains left-going simple wave
,

u =-Q
., with straight

C = with slope not necessarily -Co



Region VI is complicated.

,
pistes

2. 1
. 3 Pistons

Consider a piston with no
,

C=Co everywhere gas

at t =

o
, piston X(0) = 0· X(t) is

X = X(t) .

prescribed for +20 ·

-In : All C-
char originate from XCO ,

to
,

where U = 0
,

C=Co
,

Assume they reach the pistm.

⑪ "Ct

X(t) . arm ①
X

u = 0 C = Co

In region I,
C+ come from += 0 , x0

,
U = 0 = C=CoV+ 30 .

u=0 remains at rest.

In region I
,

at come from Aston .
At += T

, X = X (t)
,

C + has

u = X(t) .

=> x = [c+ X(t]( + - +) + X(+ )
. for t .

Given (X. t)
.,
this is an implicit equ for [W.t) can be solved

(in general

Exercise Find the exact sol for uniform acceleration XIt = Eath.
-

(select root Oct< +)
.



21 .4 Rarefraction (Expansion) fans

Consider X50 Ft
,

ie . piston moving away from gas and X is

non-increasing ,
So

c = c + EY(z) c ,
u + c = c+ X(t)

III dxydt on C+ decreases with t
,

so char · diverse -> no shocks.

dx(d+
= 0 if X can reach - >

(2)a decreases with
T

,

p = po(ci)
*r
+, p = po(c()

C= c(p/p-1/2 p decreasing with to

=> varefaction wave as gas expands.

(3) At X =& Go =

p , UIC = X
,
Ceand C are

parallel if XS-E ,
the gas loses contact with the

piston ,

and c-do not reach the piston.

This occurs at M25
·

(V = 1. 4 for air). This ispersonic speed.

14) Consider rapid acceleration up to a const speed - V.

x-
+ X

ta

to /..
P,pspo



2+ slopes are uniform in each ofI and II
.,
and range over

intermediate values in region It
.

We wish to take the limit to to
,

i

. e
. an impulsive start.

=> region It reduces to a wedge called an expansionfar

with manyC coming out of origin

slope : -U+c ,

⑪ ⑪
Cot

- V

↳ ①

X
crest.

The C + slopes are const -

because we are considering simple waves
,

and must be given by X/t in region It to go through the

origin- U(x, t) , c(x,t) calculate like C--

C-straight in I
,
II

,
and curved In II.

21
. 5 Shock formation

Shocks will form if piston moves towards

the gas whatever the form of XIt). ↑To no shock
.

& Char. have slopes to in region I (ie .

to right of X = cot)

and slopes C+ XIT > Co in region I.

=> inevitably get a crossing .

In fact.2 similar argument for successive shows that a

shock forms if XIt) >0 for any to



ta 1) cot ⑪ Gt
/

it ⑤
11

⑰

>

Char
. Start to cross when El = 0

,

but

X = (o + EX(=)(+--) + X(t)
.

= Y(t) (t -+) - (6+ X(t)) + Y(t) = 0

: the shock forms at

t = tc = min(T+
at the X corresponding to the minimising I.

22
· Rankine - Hugoniot relations for shocks

We haveseen non-linear waves can form shocks.

um um ~ um

~ = - Exts
, -

-
unphysae sol

Solve by "regularise" the problem by adding more physics.

We have neglected viscosity (internal friction)
,
which gives

an extra term re
,
where v is kinematic viscosity

.

~ of air-10-
*

mist.



In general , uUL &

a
lengthtypical

velocity
~0(107m)

0(10<
Ms+ )

.

Then virtually everywhere

-
But as the shock forms , a region with very large local gradient

appears , where ** E
Viscosity (thermal conduction) regularize

the shock when Urc . For air ruxx-uux when Ex-10fm.

=> entropy not constant (usually increases due to dissipation

radiation/diffusion). How can we understand ?

22- 1 R-1+ relations

It is still possible to understand how properties of interest change

lar "jump") across a shock without knowing the internal details

of the shock
.

2 key attributes :

11) p , g ,
U

,
T jump almost disctsly across shock

(2) Shocks in general more.

Consider a shock separating to uniform regions (the snock widthSx

is very much smaller than these regions in horizontal extent) .

↓

u= u
,

U = Ko

downstream p = P : "p = po upstream
p =P , P =Po



Mass
, mom

,
total energy obey egus of the form

= ( + 7 . (finx) = 0

if there is no external forces.

Switch to a frame of reference where the shock is at rest.

O

u =U ,
= u

,
-V u = 10 = 40 - V

p = P , p = Po

p =p, p =po .

Then fluxes of mass, man (and total energy to leading order) must be

the same on both sides of the shock.

Conservation of mass (more precisely the matching of mass flux

across the shock) :

p . U .
= pollo (massfly

p, + p , U ,

2
= Po + Pollo

? (Marifox+

Recall in $1 . 4
,
internal energy per unit mass for an ideal/

perfect gas is

-

u
. (EpRi + p, e ,

+ pi) = no PoloSo
=
p . U .(i++ ) = Pollo ++



=> tur+=+ (3)

lleading order total energy flux balance

Egh (1) - (3) are R-H relations connecting the variables across

the shock : Kolpo , po ,
U ,, P, p , V => 7 quantities of interest,

So need 4 further pieces of info to solve the problem . e .g.

from IC or B2.

Wh Across the shock
,

itisred
tit

This relation hold for perfect/ideal gas in homentropic flow ,
ie.

uniform and cost. entropy.
But entropy also jumps across a shock,

i

. e. Shocks not adabatic. There is typically both thermal

conduction because of largeJT and also heat generation due

to viscous dissipation because of large values of Ju.

Note velocity parallel to the shock is unchanged on either side

of a shock
. (If U

+
to

, oblique shock) .

U

~

uT Y T
UT

i Io
2

7

Un
4o



23. Shock example calculation

23 . 1 Shock invading a fluid at rest.

Y 1t

↑

papo p=po .

E cot

-1 >
X = 0

We have the RH relations
,

so to solve,

we can for example consider V

u= u, 7 U= 40 = 0

p .
= po(1 +b) .

p = P, P Y gena
& is the shock strength . p

=

p

· B1 : weak shock

· Pc71
: strong shock

.

Now can calculate u ., V , P1.

General advice : consider objective before calculation. Aimfar p , /po . pop)

As before , transform to frame where wave is stationary

8

RH relations :

u= u ,
-V

-

u = -V

P . (u ,
-V) = Pol-V)

E

Note u, V -

p .
+ p. (4, - V)" = Po + p. Va

=

P .
- po = pors-p . /ful)

2

= Co-ope = -Polv
=> v=-



Total
energy

:

#-) =-Nu
-

H
.
-Ho
= (i) (-9)

-(p)= -p.

So we have the Hugonist adiabatic :

*-) = (p-po) IHA

23 .

2 Comments

(1) RI relations are unaffected by the velocity flipped in sign-

but it is physically "obvious" that we can assumeNo if pispo.

i

. e . the shock compresses the gas as it crosses the shock.

This is true because
const.

·

entropy
S = Cvlog(P/pt) + C must increase across a shock

· The full egn for the shocks internal structure has no sol" ol.

· This makes sense of the char
.

as an EVP develops.

(2) In HAs let pi = (1+b) po .

-- +G

* ( +#) = (p -E

=> 1+p) = 1 +p
- Ep .

= 1 + E



= (A)
.

Ne Entropy S = Cr log(P/pV) .

+ C
.

-> E = 109 -1
= log() - vlog()·

= log(l+p) - - log
It can

be established that E 30
, ie. entropy of fluid

increases as it crosses the shock. Ear to showing

+

For weak shocks (B1) ,

#So
small compared to pi-po , P. -po ,

etc
.

This justifies approximations

underlying the RH relation for (total) energy.

For strong shocks (pul), remains finite

(3) Consider velocities

v=
Ne : C = VPolpo.



-1- (**

= v=()-
Fluids enter the shock from the undisturbed shock from the

undisturbed state personically.

(V - u ,
12=

·
=>(V-n)
= (V-ul = ci)arp-eve

= ci)1-n) ai
Fluid emerges from the shock from downstream with a relative velocity

V-u ,, that is subsonic with C,

* (4) Entropy is transported with the fluid velocity in adiabatic flow .

Adding this to G and C-char
, gives

~t

UI-V u. -Vec, - V
M ↑ C+

has slope
u.

-V -c
, r

M

-V- Co
-V + C

· Supersonic
&

> X

C-



Ne How the no · of characteristics approaching the shock matches the

no -of parameters lie - infol we were given (U0
, p.. po . p . = 11+p)p. ).

24. Nm-linear ID Shallow water waves

24
. 1 Shallow water waves

"shallow water" means wavelength > depth.

Flow is almost horizontal , soa indpt - of z . (effectively , n

is a depth-averaged quantity.

Hydraulics/ river flow : geophysical flow (in [B) (v = 0)
.

Mass conservation : 0
,

next g
= (ph) + * (phul = 0 21 111111111

>
X x x+ 5x

Vertical accel are negligible= > p hydrostatic

=

p = pg(h-z)

sideway pressure force is

F = &? pdz = Eight .

Horizontal man :

= (phusx) = Phulx - phulx
+sy

.

+ F(x) - F(x + Sx)

M &

transport in out

=> (phu)+ (phur) = - (Epgh) =
-pgh

=> ph + phux +1 hu



mass => => + uho

mom. => +u +h = 0

Remember +u +p = 0,
So shallow water egus are identical to ideal perfect gas egus

if
Shallow water Perfect gas

h P
R
=

.

U

9 cap

This requires C= rather than c = colppol , equ. to

varefied gas dynamics with V = 2.

So SWE can be solved with C+, C-char,

and can have shocks

due to wave steepening.

* 24 .
2 Hydraulic Jump

NL SW waves can form shocks calledhydraulic jumps or does

The extra physics controlling a hydraulic jump is different across

· gas shocked : P , p ,
n jump so that mon. , mass

,

total

energy are conserved. In hydraulic jump , only hand a can jump,

and so energy not conserved.

-- i-

u
,

E no



Jump in the frame where the jump is stationary,
U: = :-V -h , Un = hollo It mass flux).

Eghithili = Ight + hollo (f man . find

- ↑

force due to mom . flux.
the integrated
hydrostatic pressure

Example Assumeho
, no given and also one of the hiu

, ie.

h .
= holl +b) · Calculate V + U

,
·
Take the simple example of Uo

= 0
.

h, ( V +u) = hoV =V-u= V

EgChi-hor) = noV"-h(V-u .
)" = vho-)= (h-ho)

·

=> v" = Eglhothi)o ,
CV-Uil" = Eg (nothi

h = holl)-()() = (1 +b)(i+p) : )
.

i
. e . bore/jump is faster than the lmg wave speedho. The jump

is called=upercritical

= Fr (France no

On the other side
,

#=
-

ze , fluid behind jump has fluid velocity less than long wave speed.

Fr flow is suberitical -



* 24 .3 Energy
The energy flux is

& logh)v + uh /Epun + Epgh)
.

= publi +gh) .

- ↑ ↑

Pressureat kE GPE .

By conservation of mass , pul its , but tuitgh diste since

steady Bernoulli does n apply.

In fact , energy flux into the jump-energy flux out of thejump
:

upstream ho downstream h.

pUho (fV" = gho)-(EIV-ui +gh)=hog
i e.

. dissipation at jump

Two possibilities for energy loss :

· 20 .
5 - a turbulent bore : energy is lost to small scale

motion/viscous dissipation.

· P20 - 5 - undular bore : waves carry energy away
.

-~ Act


