
Symmetries ,

Fields and Particles

1. Introduction toSymmetries

Defe (Symmetry) Invariance (of physical laws) under some set

of transformations.

Example N2 : m = E simplifies in cases

E() = F(r) E
,
with r = /)

,
E = /r., then

* + f =
myx]

is conserved.

Example Lagrangian mechanics (L/fi ·git) = T- v)
Principle of least action : minimise

S : Jedt ((g , g it)

=>-0
Noether's thm : invariance of Lunder some trans"

implies an associated conserved quantity. For example,

L = [mx" - ULAL

· = 0 ,
invariant under +-> t + St

=> Hamiltonian H Stotal energy) conserved.

Recall :

conjugate momentum

pi: = mi

H(x pit) = Xi -L = 0



· L invariant under x x + Sx

Ex = 0= cost .

=

p

=> man . in X-dir conserved .

· Linvar . under rot"about z-axis
,

then z-cpt

of ang. man. X Py-YPx ,
conserved.

~

In QM : States in Hilbert space I .

Symmetry : 7 investible operator U :I -> 7) which

preserves inner products , up to an overall phase.

Let IE)
,
187 5 72, write (UET = VIET

.

U is a sym . toans"/operator iff KUIUE)) = KIIE

# (Wigner's thm) : Symmetry trans"/operators
are either (a) linear and unitory ,

(b) antilinear

and antiunitary .

(a) : USCIE) + PIE) = xUIE) + BUlE) .

LuluE= <IIE) .

(b) : U(xIE7 + PlE)) = <
*
UIE) +

p
*

UIE)
.

CUEUE) = <ElEY" .

Suppose we have Hamiltonian H . Jindpt-of t)
,

then

Time evolution 1 E (t) = EiHt(ISO) (t= = 1)
.of state



Suppose U is linear and unitary
,

[UE)yElt)= < GIEIt)]

= (E) e-iH +
/Eros] .

Equivalently,

<UEIUECt = CUE/eiHtIUEIO

= (e) U
+ Eit UlElo] .

=> eiHt = y
+
q
-Ht

U

= [H , U] = HU - UH = 0 .

Example If [H
, p) = 0

,
then Hindpt . of X

,
ie

,
invar .

under <+> X + & .
since [Xj , PK) = iSjk.

A
const

Unitary operator : eig - f
.

ang ,

men.

-

Example IfH is not invar
., then I /or 1) commute

with H.

· Set of U's from a

group
.

· Actions of U's an IE7's form a group representations

2. Lie Groups and Lie Algebras
2 .1 Le Groups
# A group is a set h with binary operation . st .

(i) Closure : Vg .. gztG , g ..gzEG .

(ii) Assoc: Vg .. gr , gytG , g .. (gnogy) = 19. · 92) · g3 .



(iii) identity : JetG s .t. VgtG , e .

g = g . e =g

jir) inverse : VgEG , F g
+G St . gog" : g" · g = e.

Defi Agroup G is abelian if EgrigG , gigz = gag ,

Pef
: A manifold is a space which look like Euclidean

space ,
like RR"

,
on small scales.

&In A differentiable manifold satisfies certain

smoothness conditions. Notions of differentiability in

IR" extend to open subsets of our manifold.

Def" A Lie Group consists of a differentiable manifold

6 along with a binary operator .
S . t

.

o and

the inverse operation ) ("are smorth.

Matrix hie groups

The general linear group is
# = M or K

.

I
G(In

,
#) := /ME Matal) I det M + 0 l

dm GL(n , IR) = n2
,

dim GL(n , 4) [andreal dima

Important subgroups of GLIn , #) :

1. Special linear group

S (v . Ht) : = (MEG) (n . #))det M = 1 1 .

2. Orthogonal group
O(n) : = (MEG((n . (2) / MTM = = 1

↓
det M=



SO(n) := 1 ME O(n) /detM = Il

3. Pseudo orthogonal group : Define 2 (n+m) x (n +m)

metric matrix

(nin)
0(r , m) : = (MEGL(n + m , 1)) MTqM = 1/
SO(n

.
m) = (Mc 0Sn . m) /det M = 1 ) .

4. Unitary group

Us) := ( MEG3/n , c) 1 MTM : Il

SUc) := (MEU(n) / det M = 1 /
5. Pseudounitary group

Ucnom) := 1 Me alchem , $)/MtqM =y
SU(n .m) := ( ME YCn .

m) 1 det M = 11

6. Symplectic Group. : Define a fix antisym znx2n

matrix ,0 -f.

r = () ~ 5 :(
Sp(2n , 1) : = (MEGL(2n ,1) MTRM

=1 or

IMTJ M = J

Can show detM =1 using the Pfaffian .



& Given a znxan antisym matrix A
,
its Pfaffian

,

is given by

Pf A :=z , ... in
Apic Aisix --- Aizn in

a
antisym with E,p ....n

= 1

Group elements as transformations

We can define actions of group elts of h . gEG ,

on a set X .

Refu The left action of G on X is a map
L : GxX -> X St · (Je , x) = x XxeX

.

and
L1g2 , (/g .. x1) = L(gzg .,

x)

VxX
, gi , gzG
.

More usualrotation : FgzG ,
associate a map

9: X
-> X ct . g(x) = gx

Bo The right action of Gm X

g : X + X

- xgt
Vy X , geG.

92(g , (x) = x gig = (gag ,
) (x)

.

Defo Conjugation by G on X is defined by

g(x) = gxg
-

VxeX , geh .



Def Given a group
h and a set X ,

an at of

an elt .
XeX is the set of elt in X which are

in the image of an action of Gan x.

Example For left action
, for XX .

Gx : = (g + /g = G)
.

Matrices -> linear operators on vectors.

The matrix
group introduced above represent important

operations in physics
· Olm) : not"/ refl" in IR"

Let V ., VEIR" ·
Define /12

, (1) : = 1 11 .

For RE OLn)
,

JRE
.
RF) = UTRRK1 = VzV1 = (2

,
(1)

· U(n) : preserves (v/v) = E
+
VI

Example SOC2) : (D(O) : (CSO-SIG) /otToD)
Can show RLP2) RIP.) = R10+ 1) = 1-dim diff. manifold .

Example 50(3) : Axis of rot"nES" unit rea in M

and angle & (magnitude of rot"about 1) . Manifold

is a ball of radius it in IR3 /with antipodal points
identified

,
Th = -b) ·

Rotation by PGETI , of about 1 is

equi- to noth by OEC
,
i) about - 1

,
so take OETO ,M) ·

Depict manifold of 50(3) as a ball of radius it in IRS

Each pointOn correspond to an elt of 5013)-



Note : The points on the surface must be identified

as ITN =
- T1 ,

ie- antipodal points are identical
.

Let BE SO(3)
.

have

Rij =

coso Sij + 11-cosp) Millj -SinPijk UK .

Lef"A manifold (e.g. Le Group) is compet if it is closed and

bounded , i
.

e. every limit point included in manifold and could lie

in bounded intervals. O , noncompact.

Example S0(z) and Sols) are compact .

~ Soln .
m) act on rectors in I"m and preserves Scaler

product Vayr , for V
,

VER* y
: (in) .

Example So(1 . 1) = ((hSi)(4eR) 14:apidity).

SO (1 , 3) o So13 , 1) in SR
.
These are noncompact

groups ,
since

,
↑ unbounded.

Parameterisation ofhe Groups
At least locally ,

we can assign a set of conds to

group elts
. Assign counds

X = (x)
,
x) , . . .,

X")Eimh

Idimension of manifold/group is dimlR") = n) S-t . gixieG .

Closure &

gly) g(x) = g(z)
Smoothness :cpts of z are its diff .

f's of Xandy .

zu = y - (x , y) ,
v = , ..., n



Choose cords St . origin -

group identity , gool = e.

Then glol g(x) = g(x)

=> y(x . 0 = X
~

and y "Jo ,y) = yo .

Inverse : 7 < S.t gix) = g(x)
Y

~

( ,
x) = 0 = yo(x ,

x)

Assoc .: 4" Jy(x ,y) ,

z) = 4
" (x , Y(y , z1)

from glzi[glyig(x] = [g(z)giy)] g(x).

2 . 2 Lie Algebras

hie groups can be complicated. Things are simpler if we

"linearise" the Lie group looking at small ubds about any

of its points .

A be
group is homogeneous :

every point looks like

another· Take gr . gatG ,
Take UEG in ubd of 9I

h
-

six 19
.
gih

So we linearise the he group near its identity the Algebra .



Refu (Lie Algebra) A Lie Algebra is a vector space V

which additionally has as a vector product the Le Bracket

[0 .. 7 : VXV - V

possessing the following properties ↓ X
. Y ,
ZEV

1) Antisymmetry [X
,
Y] : [- Y , X]

2) Jacobi identity [X
, [Y .23) + [Y

.
[z

, X]) + [z
,
[X, Y]] = 0

Creplaces assoc . )

3) Linearity : For <IBE#(1RmC)
[cX+ py , E) = <[X , z] + p[YiE]

Example Matrix commutator [X
,
Y) = XY-YX .

Let's choose a basis for V : /Tal
,

a = 1, . . .

,
dim

The basis rectors are also called generators of the he algebra

Their Lie brackets

[Ta
. Tb] = f cbTo (sum c

with fab2F called structure constants.

Antisym of bracket => fab : -f ba
Jacobi with X= To

, % : Tb ,
z = Ts = f

..
f. ff + ff = 0

General elt ofLie Algebra

X = X
&
Ta

,

with X*eF coeff .

Then

[X . Y] = Xay
3 fab To



2.3 Le Groups and their algebras

&aim : The Lie algebra of a he
group G

is the tangent

space to G at its identity e.

Example S0(2) : g(p) = (SO-S) , g : R-SOL

The identity glo : e = 12. Near the identity
,

g(0) = 12 + 0(%) - E I +...

= e +0100 +...

galoo is tangent to the manifold at identity e.

*p=0 Te(S0()
.

= ((a) (a) = LJsoca

Take SO(n) : dim d = An
,

MTM : I
,
defM = 1

·

cords X = /X , , . . .,
Xd)

·

Consider curve xCt)= (X- (H), . . .,
Xd(t))

and M(xCt1 = MIt).
M= 1Rd -> Solu)

·

=
Orthogonal- MTCt) M(t) = 1 Xt

=> o = -Mich M2H)

= MTM + MTNi

Fo t = 0
,

M = I ,
have

↓M =-dto
,

=> LISOsull :Te (SOculle Skewn = (XEMate(1)) XT = -X)
.



Unitary Group (SU(n))
Let Mit be a curve in SU(n)

,

with M10) : I.

For small t
, write

M(t) = I + EX + P(t)
·

where X= o

Have I = MtM Xt

=> I = (1 + +X +
... )

+
(I+ +X + - .. )

-I + t (X + X + ) + 0(t+

=> Xt = - X autchermitian .

&aim : Tr X = 0
.

P : Write tXz
not = )'e +x

--- (
Jet M2t) = 1 = 1 +t +rX + . . .

=> tr X = 0
.

A

Note : Jacobi formula

* def(Mct)) = det Mct) To (M2t)")
For t= 0,

0 = Tr(X)
.

S L(SMCs) = Te (SU(n)) & (XMath(4)(X*
= -X

,
TwX = 0)

.

For U(n) , def M can be2 phase e0
,

trX need

not be 0.



Le Algebra of a matrix he group

Consider 2
groups through the identity of G

, g.
llt) and

92(y(t) · Product is

9) (EL) = gz(y(t)) g 1 (x (t))
·

with X .
= gilt ,

X- = galto

=>g(+== (g2g ,
+ grg)(t= 0

= Xa + X / = Te(a)

Anothervector in TefG)
,
hence closure -

hie bracket from group commutator.

Defi The group
commutator of g.. g :

EG is
-

[g ..g2]a := gigi'g ,g
=: h.

let g . It) and galt be 2 curves through the identity,

for i = 1
,

2,

gi (t)
= e + + Xi +t Wi + 0(t3

.

Then

act) = [ga/ti g . (t)] "g . (t) goith

= e + +2 [X +, X2] +...

↑
= X .

X2 - X2X
,

Can reparameterse Sta ,
then

hitieG E [Xc
.
X2] E LIG)

So also closure under Lie bracket .

Tangent space to matrix (ie group at general elt g.

Consider Curre C = g(t) .

C =g(t)
⑨Tangent space at point p

. -
p =g(to)



Expand g(to + s) = g(to) + <g(to) + PJS2

Given g(to) , g(to + 2) -> G ,
thus Jhp(s)EG S-t -

9) to + 2) = g(to) hp(s) ·

For small &,

hp(s) = e + XpE +...

for some XpE((G) := TelG) · Neglecting Ola2)
.

2 + Xp5 = kp() = g(to) "gSto + a)

= g(to)" (g(tol + < g(t))

=> Xp3 =2 g(tol
+ g(to)

=> Xp = g(to) "g(to) .

So we can map
vectors Tpla) to rectors in LJG) = TeJG)

by multiplying by gsto)" .

Conversely , for any XELK1 .

J a unique curve gith s .

t.

gltl "gLtl = X

and g(to) =

go.
Existence and uniquences follow

from diff-egn.

Sol" : g(t) = g(tol expltX) .

where exp(tX)= (tX)"
·

One param . subgroups
Green X & ((6)

,
the curve gyst)

= eexpltX) .

forms

an abelian subgroup of G "generated" by X.



Note gyltilgy(tzl = gyltite) .

9x (t) isomorphic to I (IR , + ) if only gybol-e

Si if gy(to = e for some to 0
.

2.4 Lie groups from algebras

Given a he algebra (12) of a le group G
, we can

define the exponential map

exp : ((a) + G

for matrix his groups,

X + expX=

locally ,
the map is bijection . Globally ,

the map is

generally not bij.

Example UC1 = (ei0) PETo , 2) I
((U(1) = (ix/ X FIR)

.

explix) is not bij · since elini = 1 UnEE.

Emple G = 0Cu)
·
Let X = (0(n)) = Skewn(IR)

Let M = exptX .

Then

MT = (exp(tX))T
= exp)tXT)
= exp) - + x) = M

+

·

So MMT = MM- = I
,

so ME O(n)
.

WIS : TrX = 0 -> det M = 1
.

Let .. . ... In be eval of X
.

then eths,
...,
eth are

eval of M = exptX => detM : Yeth : 1
.

j = 1



So ME Socn).

OSn) is sconnected

det = 1 det = - 1

an &
SOCn)

-

Claim
-

For AESkewnlIR) = AtLJSOCu1
.

Pf : Define VH) : = expltA) curve of matrices on some

manifold . We have JrCtsT Wit = 1 and det UCt = 1.

=> UCte SO(n)
·

By construction ,
A = VII to · tangent to the curve

at identity ,
So AELJSO2n)

·

A

↓ = dim SO(n) = dim L(SOn)) = dim Skewn/IR)

M(n- 1)
I

2

Group product from Lie bracket :

· Baker-Campell-Hansdorff JBCH) formula :

&im: For X , YE (1G) ,

exp+X exp +Y = exptz for ZELIG) .

with +E = +X+ + Y + E [X , Y) + E ([X , [x , y)) + Ty, Ty , x]))
+ OJE4)

.



3. Representations
3. I Lie Group Representations

Group : transformations -> symmetries

Representations : How group actions transform vectors in

rector spaces.

We've seen GL(4
. /) as a group of invertible matrices. These

matrices are invertible linear maps on vector spaces
If

GL (n, ) : IF -> IF "

More generally ,
GL/V) is a group of automorphisms on

restor space V.

GLV) = v -> v

A representation D of G is a group homomorphism

D : G -> GL/V)

from G to the
group automorphisms on some vec space

V , called the representation space associated with D
.

that is , YgEG , D1g) : V-V is an invertible
, linear

map s .

t.

~ DIg]v V veV
.

Linearity : D(g) (xv , +Vc) = c DIg) v=
+ BD/g) va

.
Va ,peFF .

vi , VzEV

Group hom" : D1g2g 1
) = Diga) DIgi)

=> Dle)= idro
, idover VueV ,

and

Dig") = D/g)" V geG .



Def"The dimension of a rep, is the dim of its rep space

# basis rectors)
.

If V is finite-dim , say dim V = N
,
then

G L(V) = GLJN
,
F)

Def"A rep, is faithful if D/g) = ide only for g : e
,

ie .

if KerD = heh .

Ref: The Kemel of a map consists of all elts of G

mapped to identity ide
.

Can show faithfulness- D injective ,
i
.
e.

Dig . ) : Diga) => g.: g2.

Examples With G = /1
,
+ )

,
< ,PEIR .

(a) For some fixed KEIR
,

DJC) : = ex
,

· D() D(p) =
ek +P)

= Dlatp)
If k * 0

,

this is faithful rep . D(x) = 1 = X = 0 only ·

If k= 0 unfaithful -
"Trivial"

rep.

(b) Another 1-dim example on I' rep .
D(6) :eil

· Unfaithful : Ker D = /* /ne -1.

(c) 2 d
rep on IR

D(a) := (cosk-sn
Unfaithful -

~
Fer

(d) Infinite-dow
rep

: Let V = / f/f : /R+ IR) ·

and

D) k) f(x) = f(x-c)
.



and Dkif = f Of <= 0 = Ker D = 10)

So faithful-

Defi Thetrivial rep .

Do is where Do(g) = 1 FgEG.-

Quantities which are invar - under group transfu transform

in the trivial rep .

In physics ,
call these singlets.

Def"If G is a matrix he group ,
then Jovel fundamental

or the defining rep. . Of is

Delg) = g FgEG .

Only Pflel = e => faithful. If GEG((n , # ) , then dim Dfin .

Let G be a matrix Lie group
and consider its he algebra

as a vector space V = ((G)

Def the adjoint rep .
Dadi : Ad is map

Ad : G +GL(((all.
-

S .t . FgeG , Adlg) = Adg : LJG) -> LJG)
.

With

AdgX := gXg + <Xe(/2)
·

Check adjoint rep . properties :

·Closure : For XEL(G) ,
E curve g(t) = e + tX + . . .

.

Er

any
beG

,
we have another curve

5 = hgct) h
+

= e + thXh" + .
.

So AdaX = hXh"eL(G)

· Group operation :

AdgegiX = (9eg , ) X (gag ,
)" = Adge(Adg ,

X)
.

· Lie bracket :

Ad
,
[X , Y] = [AdgX , Ads Y] .



3.2 Lie Algebra Representation

Refh A representation d of a Lis algebra LIG)
.

(or Y).

is a map from (a) to a set of line maps within

yl(V) = L(aL(u)

d : ((2) + z/V)
where yl/V) = LJGL(VI) is the Lie algebra of GLIV).

and where the He bracket is preserved ,
that is,

↓ X < (1) , d/X) : V->V
,

a linear
map /not necessarily

invertible) s .

t. v = d(X) v FrsV
.

· Linear

· hie bracket preserved : d[[X , Y]) = [dIX) , diY1]

Nee dim of rep = dim V.

Def" (Trivial representation) do (X) = 0 V XEL/G)
,

i

. e .
d/X=0 EveV

.

Reth(Fundamental rep . ) For G(GLSn , F)
.
VXELSG)

.

↓f : <(4) -> MatulF)

X It df(X) = X

Left /Adjoint representation)
ad : ((G) +()(((a))

↓ XELJG) , adx : ((a) -+ ((G)

Y adx(Y) = [X , Y]
·

Representations ofU6) from repr . of G

Curve in group near identity
9(t) = e + +X +

...
G

.

Given representation D)(git)) = I + Ed/X) +
. . . defining d/X) ,



Check that the he bracket is preserved .

1)(gig: 9 : 92) = DIgi) "DIga)" D1g . ) DIga) .

(↑)

Write i : 112
,

gilt) = e + -Xi + +Wi + ...

g .
(t)" = e - tXi - t (Wi - Xi) +

.. .

LHS of (A1 = DJe - th [X, ,Xe] + ... ) = I + t d/[X , X2]) +. . .

IHS of (x) = 1 + +
*

[d(X1)
,
d(Xe)] +...

=> d)[X ,X2]) = [dIX1)
, d/xe)] as regid

Example Adjoint repls) : adx from Adg .

Adg Y = gYg

= (1 + tX)Y(I-tX) + P(t)

- y + + [x . Y] + 0(t4

= Sl + tadx] Y + O(t2)
.

consistent def" .

Representations ofa from repr . of LIG) ?

Given d osp . of (1G)
,
let g : expX , X56(9) , ged,

and let expd(X) =

D(g) .

Is Da rep. of
G ?

Can use BCH formula to confirm

D(gzgi) = Digal Digi)

However
,

this is not necessarily a repr . of the Le

group G , since exp may not be subjective.



& IfG simply connected ,
then DIg) = expd(X) is a rep

of G.

Ref : A Lie group is simply connected if
(i) Group G is path-connected ,

i

. e-

any
2 points can

be joined by 2to path .

(ii) All closed curves can be shrunk to a point .

3
.

3 Useful concepts

Deft(Exqvalent (or ismaphia] rep) D , and Dr of G or

↓ and d2 of (16) are equr if I investible linear maps R

andS Sit.

Dalgl : RD . Ig)R " FgeG

d(x) = Sd , (X)S"VXEL(G)
.

Defi A rep .

d of UG) with corresponding rector space v

has an invariant subspace W & V if dNXweW New,

VXL(G)
.

Expla V = IR"
. If d/X) = (ABIX) ,

then W = (w= inve

Example Alloep ,

have 2 torially invar . subspace ,
W =)

,
W = V

.

Def" An irreducible rep. "irrep") is a rep with no non-trivial

invar
, subspace . Ow , the rep is reducible.

Defi The direct som of rec
spaces

Hand W is

How = I saw or nor I well , wow



and

· CIOW) + (020 Wa) = funtual - (W . + Wa)
.

· Xcutw) = An Xw

· dim U + dim W = dim HOW .

Refl A totally reducible rep .

d of LIG) can be decomposed into

irred. Pieces ,

i

. e .,
we can write its rep , space as a

direct sum

V = W
,

0 ... WK

8.t
. d/X)WitW ; XX = (a)

, WitWi .

Then I basis

S-t . d/X) is block drag.

d . (x)

↓(X) = ( 8 ↓2(X) (x)&
Example G = (IR

. + ) · Rep · space V
= hall 2it periodic frfR-Rh .

With (D()f((x = f(x -c)
,

X,EIR
-

Not faithful since Ker(D) = 12nk /ke *h

Inwar · subspaces

Wa = ) ancosnx + be Sinnx/an . buEIR)
.

V = WotW ,
D ... = We

with fix) = do + Cancosux + bu sinux) .

Unitarity of representations

Def"Given a Le group
G and a rep .

D whose representation

space
has inner product1... )

,

D is unitary if



> DIgin , Digi , w>= <v
,w)

VgzG , n ,veV

⑳ Corresponding algebra rep. to Digi is antihermitian (skew-

adjoint)

Ne Adjoint operator + is defined w. r.
t . inner product

& v
,
Atw= < Ar

, w]

Rop If dimD = N is finste ,

then

DIgie UINI YgzG

d(X) < L(u(N)) X X - ((G)

Thm (Maschke) A finite-dim unitary operator is either irred.

or totally reducile .

Pf (Sketch) : For
any

invar
. Proper Subspace WCV,

its
-

othogonal complement WI is also invar . So V : WOW

Similarly , reduce Wand/or WL if either has invar · subspace,

dimV finite -> process terminates A

Maschke's the can be extended :

1. All fute-dim reps
can be "made" unitary and are irred o

totally reducible
.

2. If G compact Lie group ,
can find unitary finite-dim reps .

Tensor Product

Defi Given Vec
. Spaces VandWover F ,

the tensorproduct

space VOW is spanned by vectors vow with veV,

we W. with



(i) (v) w = vokw) = c(vw)
,

#

(ii) (v . +V2)Q = (0. 0W) +/V* W)

(iii) v@ (WitW2l = NOW
,
) + NvWeS

If Svil and Swjl basis for VandW , then /V: w; ) a

basis for Vow

=> dim VOW = (dimUS /dim W)

D)f"A product vector/state It VOW can be written

as E = VOW for a single VEV
,
WOW

.
The apts break

down
:=

a
= Va Wa

.

A linear combination of product states is entangled state.

tensor product allow one to combine rep.

Let DI) and D1 be reps of G .
with rec spaces V,

W.

D)"Ig) : va t Douglas Up veV .

Drg) : Wa i D
*

Ighab Wh new
↑

Tenso prod . Dep .
D"O DK acts an VOW s .

t .

(D( x DR15g) na
,Bb

: Dir (g) ap
D (glab

-

A
+ *

B

#a
it D" Iglap DhYglab Eph

If Exa = Valia
,

ED (D) SDW)



Group -> Algebra

Let g(t) = g+ EG be a curve in his group st . goie

and go = X = L(G)
·

Find action of tensor prod . rep.

of algebra representationd41(X) ,
d'/X)

.

(D" O DM) (g+ ) (vow) = (D" (gt) v)@(D" 19+ )w)

↓E [2D" O DM) (g+ ) (vow)]l = 0

-[ D" (ge) v] to * w + v [D*
(ge)w]

=0

.

=> (d** (*)(x) = (* (x)@idw) + (id@d
*

YX))
.

UXeL(a)
.

Important cor. to Maschke's thm.

Car Rep of d"and I " can , if finite ,
be written as a

dreat sum of irreps of LSG)

↓ ( = [0
...0=

↑

irrep .

"Decomposing into irrap .

"

4. Angular Momentum

4) Relationship between 5013) and SUc2(

Lie algebras :

50 (2) = L(SU(21) = (XeMata(e)(Xt = - X
,
TrX =ol

Choose as a basis

Ta : J ,
T Paul , matrices



Using Tat : Sabl + : Gabe W

=> [Ta
,
Tb] : EaboTc

,

i

. e . fab :Eabc .

Structure coust .

5(3) = L(SO(3)) = Skews = /3x3 antisym matrices

(
- ( (

0 - 18

(↑ = (00 % )
.

Fr : %0. Yz = 1 - E

-100 000

in
.

(Fa) be = Eaba

=> [Fa
,
Fy] : Sabota

,

fab : Eaba

S L(SU(2)) ELLSOL3))
.
isomorphiz Lie Algebra .

Group Manifolds

· S0(3) in $2 . 1 : S-ball
, radius it. Of with unit rec.

with antipoles identified

· SU(2) : Let AESU() can be written A = Gol + id . E
.

with 90
. 9;
EIR

,
19012 + 191 = 1

.
So manifold is S3.

Group Theory Aside

Ref Let H = G
,
then FgEG ,

can form a ltcoset of

H as

gH : = Igh/her]

andoughtcoset
Hg := /hg/heH)

Defi HEG is a Namalsubgroup if gH-Hg EgeG .



Def For G and H*G
, define

2/H = (gh /gza)
Define coset multiplication

(g2H) (g .
H = 1g.g . ) H

Thm For H*G
,
G/H is a group under coset multiplication

with 11 = et
.

Def" Such a group G/H is a quotient group.

Refl The Care EG) is z(4) = (xxG/Xg =gxVgeGh .

Thm (2) G .

I

SUca) manifold : S : Ao

190k + 191 = 1
1
- a

Have ZJSUC1) : 11 IS ·

look at cosets AZJSUC2) = (IA) for any AESUC)

set of all cosets form a group

SUCa) /22
↑

IthE42
Manifold of SUC21/E2 is A = arl + ig · F with antipoles

identified.

We can draw the manifold of S'1920) as upper

hemisphere
Ent

surface

-

↑
antipodal points
identified



Flatten to form a disc
.

Restore dimension
, so it is

a ball in 3-dim
,

so manifolds 5013) and Suc2)/42

are isomorphic

Explicit map : P
: SY(2) -+ So(3)

·

A = P(A) = R ,

where Rij = [ Tr)CATjAt) , iij = 1 , 2 . 3
.

This map is 2-to-1
,
with PSA) = PC-A) ,

is called a

double covering of 50(3) by SU() .

Suce) is the

double cover of SO23).-

Prop Every Lie algebra is the Lie algebra of exactly
one simply-connected Lie group,

SUC1 is simply connected ,
while S023) not simply

connected.

X

So(3) : curves between antipoles are

closed but cannot be shrunk

to a point

4. 2 Representation of LJSU(2))

Let V be a real vector space

V = SxaTal X& IR/

The complexification of V is the complexSpan of Itch

Ve = <xTa) X*/



Swin) = <XeMata (k) /TrX = 0
,
Xt = - X (

5w(n)
c

= (XMatr(()) Tr(x) = 0(E31(n . () = (JSL(n · (1)
·

Let ly = ((6) be a real be algebra and denote its

complexification by Sc : (Jale

Representations of- ya
have dix

=> d(X + iY) = d(X) + id(y) .

where X . Yez
,
X + :Ye Je

.

Conversely , if have a

repo da of 11a)
y

= Ja ,

then

we can restrict it to 5 , 2 .8.

d(X) = de(X) . Xez < Ye

Ref A real form of a complex he algebra ti is a real

Lie algebra b with Jan
NIS A complex Lie algebra may have

> I real form.

Now
, SUca = Spane) Ja la= 1

.
2

. 3/
More convenient basis (Cartan-Weyl basis)

H = + = (0 = 1)

Er = (r, + i t) = (b)

E
-

= I (5
,

- it)
.

= ) % %)
These satisfy

[H , EI]=2E , [Ex
·
E-] = H

-



Recall adxY = [X , Y]

[H
,
EI] = adEl = 12 El

-

Also know [H , H] = 0 = adv H ., so H ,
Es are evec

of ady with eval 0
.

12
.

These /0 , 12) are the

↑

rook of SU()c evals

Let d be a finite-dim irred . rep - of SUC2) W/ rep.

space V .

Write an eval dCHS as VEV .
Sit.

d(H)vx = XVx .

Def"The eval I are the reights of d.

We Roots are weights of adjoint rep.

&aim : The operators E are ladder traising /lowering)

operators (step) ,

Since

d (+1) dIEF)Vx = ( dLE)d/H) + [dCH)
, dEeth ux

· (dJE) X 2 dIEE) (vx
= Jazzl

DEN
with eral 412

or d(EE) vy = 0
.

Finite-dim space- finite #evals and evers
.

There must be some 1st.

d(+ )Y = 1v
and

d(E1) V = 0



We call A the highest weight of d.

Apply d(E) n times

re-zn = (dCE-1) "ve

Process must terminate for some n =N
. Suggests a basis

far v

SVn
, Verz ..... Varzal

Chesk that dLE+ ) does not give new LI vec
.

↓ (E+) Veran = d(E+ )d(E- ) Vanth

= Id(E- Id(Et) + d(t)] Van + 2

- IdCE-IdLE + ) + Arc + 2) Vernth

Recurrence relation
.

Consider

n = 1 : d(E+ ) Un = 0 + 1v

A = 2 : d(E+) Vera
= (21-2)

Unz
.

In general
d(E+ ) Veran

= Na Valents

With

Un =

On-1 + (Aventa) , r = 1

=> mu = (1 + 1 - n)n
.

Finite # of evals - for n = N
, we require

↓ SE
- ) Vzw = O

=>
N+ i

= 0

=> (1+ 1 - (N +1)) Sa + ) = (1 -N)(N + 1) = 0
,

Then N = 1
,

a norney integer.



Conclusion : the finite-dim irrops of SUIg are labelled
-

by 16 0
, dr ,

with weights

S = 1 -1
.

-1+ 2, .

. ., 14
.

Non-degenerate weights

dimdn = 1 + 1

· do is trivial
rep.

· d
, is fundamental rep.

· de is adjoint rep.

In QM :

ang .

mom
. I = (5 1,Ja , Js)

estates ↓ m) with 2j6Ezo .

Im st
,

-j < m = j ·

Translation & (H)
.

= 2 Jy j2jm) = j(j + 1) /jm>

1 = 2j Jelijm) = m /jm>

X = 2m

dLE) = J
, I iJa

4 .3 Representation of Suc) and 5013)

SUCa) is simply connected
, rep do can give rep . Dr

using expo map.

For 50(3) E SUCI) /E ,
an elt - of SO13) -> pair

of elts in Suca) 1-A
.
Al

.



&aim Dn is a

rep of SOL3) off it respects this

identification of pairs A and - A.

# : Idea : need DIA) = DnCA) · find this iff / even

Sufficient to check DrJI) = Drll)
·

For H = E (C-W basis)
, we have

- I = exp(iTH) = Suce)

their DnJ-1) = exp(iTidCHI) , InSH) has evals sweights)

x = ( -1 ,
-1 +2

, ..,
1 - 2

, 13
.

Evals of Dnl-1) are

einx = ( -1)
*

= (- 1)
+

So Dn]-= ) = Dn(f) only if I even

↓ even - S0(3)
.,
Xdd = "Spiner representations" of SUK) .

4. 4 Tensor products of SU(2) irreps .

Frreps : de and dy with N ,
11tzo.

spaces : V and V ,
UnQV = Span (VerJVER , vehil .

For XESUCI)
,
the tensor product repo

(dodn)(x) (v 0 vi) = (d (x)v) @ v + v@(dn(X) v)

dim (d dnl = (1 + 1))n' + 1)
.

Decomposition :

↓ &= d.
Where(1" (L-R coeff) are non-neg integers or multipliers.



For Succ)
,

we have bases for V, and Vi

Svxh : X = Se = S-1
,
-A+z

, ..., 1)

Sot .

↓ (H) V = X vx
.

and

(vi) = x = Sp = ( -1) - 1 + 2
, ...,
11

.

dn + (H)vx = XVy .

Basis for tensor prod · space is

/VQVI XeS
,
Ne Sul.

What is the result of I m tensor product basis ress ?

(d *d) (H)/v@vx) = &(H) 0Vx + v@dy(4)Vx

= (x+ x) YQVx
.

The new weights are sums of Xe1 , X'e1

The weight set is

S = (x + X- 1 XS
, xES1 . %

.

The highest weight 1 +1 has multiplicity 1 . L = 1
.

dredn' = datnie In
, ni

-

remainder

Remaining rep . Jul has weight set Suns Sit.

Saini Satel USrini
The highest weight in Sm is 1411-2

,
with multiplicity /.

Repeat...
↓ dr = dat #datn'-2.... dinanci



Example 1 : 11 = 1 (corresponding to j = j' = 2)
.

S = 1-1 , 14
.

S... = 1-2 ,
0

,

0
, 2)

Highest weight is 2 : S... = S - 2
,

0
, 21 V(0)

.

= S2 U So
.

=> ↓, &
,

= da ① do

(j = 102) = jj = 1) + (j =0

use dimensionality to label sreps.

202 = 31
.

5 Relativistic Symmetries

5
.

1 Coventz Group .

X m + X m
, m = 0

, 1 ,
2 , 3

.

which leave scaler invariant XMynux invar ., where

Mr := diag )1 .
-1

.
-1

.

- 1)

Let 1 denote such a transf : XM = 1-X.

Invariance of scaler product

=> XMYX = 10 X "

Gr 1x0 .

=> Yop = Mr &p You .,
or =Syd . *

So 10(1 ,
3) - Pseudoorthonormal group .

&) = 10 constraints
·
1 is 4x4

,

So 16-10=6 d
.

o .f .

The Lorents group consists of 4 disjoint manifolds depending

on det 1 and Sgn (1%

)
.



From (* 1 ,

det 1-y1 = det 1
=> det 1 = #1

.

Sat P = T = 0 in (A).

10 you 10
=

%00 = 1.

=> (1% )" -11is)" = 1

=> (1% )= 1

= 1021 or 18 -1
.

The case def 1 : 1
,
121 contains the identity.

and forms SOSI , 3)9
, theproper ,ahochnous

Loverth group.

Other part of OC1 , 3) obtained by application of

T= (" 1

..
) and or p : )- - .

-,)
time-reversal parity .

specialsaces of SOC1
.
3) T

· Rotations : [J1r)" ] := 0 R) .

RESOL

· cormte boost : [Ms)Mn] : = (cosh4 -ntsinhp
=rapidity

using4 I-ant(cosh4-11)
.

snot a subgroup : not closed)
.

3 param for roth ,
3 param for boost

↑
· S011 , 31 is not simply connected .

· so (1 , 311 = SL(2 ,)
./ The



5.2 Le Algebra of the Lorentz group

Expand 1CSO(1 .
31" about the identify 1v = SNo

.

1Po (t) = SM- + twYn + Olt)

Insert into 1Th1 = n

=>
Mu - Scope-Cup) =

Yo + Oht2)
a

b 2

=> [Wpu] = - [WryT : food S
antisym matrix when indicies lowered.

·
s ([cU - ] = [qPcpr) : (0 of

Basis for 5091 ,
374 is

[kMy : 128) ,
K : 1 : 8%. )

, "
[J] : 5: (0

·

%) · Je
, is

1 generates boosts
,
J generates rot's

Lie Brackets :

[J=. Jj] = EijkJk

[Ki
, kj] = Sijk Tk

[Ji
, Kj] = Sijk KK .

It will be convenient to write

Moj = kj ,

Mis = Eigh Jk.

S .

t.

SMO = qMa Sup-gMglp ,



and 1ESO(1 .
37t can be written as

1 : exp/EcourMMY) E exp(0 :
5
;

+ Pik; )
.

where pi , 4
: ER

, Copu =

-Coup ·

Simplify by complexifying

Li = = & (Ji + iki)

Ri := (Ji - iki)

The brackets will be

[bi
. (j) = Sijk( + Suc) Structure

const

[Ri , Rj] = zijk Rk- > 2 sets of sucel
algebra .

[l =, Bj] = 0
.

Look at linear combinations

0: J;
+4:

;
< So21

.
314 Oi

, 4: eR

Gili + piR; e Sol1 .3) ai , BED .

5 11 ,3, =St(2,) ⑦ (2.
()

=Sv(z) # gr(2) D
.

Recall : Any man.

5r()) = 50(2)@Su(3)
.

↑ C real form
keep real discord in

part

Representations of 51)1 .3) :

d(L + PR) = Gd)L)@I + BIQd(R) .

↑ i y

50 (1 ,37t rep . 5422)e 5r()D .

Since [1 ,1] = 0
.



Real form : J = Li + Ri
,
Ki = -iCLi-Ri)

.

↓ (Ji) = dJTi(@ I + 1@d(Ti)
.

d(ki) = - i)d)Ti)oI - [Qd(Ti))
.

Label these using highest 52(2) weights 1 on ang, man.

quantum numbers j. . ja .

· 2j ,
and 2js are highest weights of

5n(2) .

Examples (jo , j2) =

(a) LE ,
0 "Spinor" , "Fundamental" rep . of So (1 . 3) * =S1(20)

.

=> lefthanded Weyl fermian

2b) Jo , 2) conjugate to fund
rep .

"RH "Weyl fermio

() (EE) P-rec. rep . Under SO(3)
,

this rep is

reducible 2 * 2 = 1 3 dimensions

e-f. 4-rec decomposition XM= /X0 , 2)
.

under full group .

(E , 1) irred.

Whe Dirac Spiner is (t ,
01E 10

, 2)
.

5.3 Poincare group
and algebra

Include translations with rot's and boosts - isemetry group

of "distance" preserving trans" - Lorentz scalers are

invariant.

Lorentz translations

ISO (1 , 3) b 6

· Semidirect product group
: ISO11 . 3) = 0S1.

3) XT13



Defi (Semidirect product group) .

Let G be a group with NDS

and HEd . /not nec
,

normal). G is a semidrestproduct

8
G = HXN = NXH

: provided the following equiv

conditions hold
.

(i) N .H have trival intersection
.

and G is equal to

the subgroup product C-NH or HN.

(ii) Every elt ofG can be written uniquely aswhe Jarhul

for some NEW
,
ne H

.

let i be a group ham"

4 : H + Aut(N)
,

ie . VheH
,

we have

YSH) = Un : N- > N

St . Un(n) = UnhteN since N is normal.

Consider G' = (Sn . h) / new
, neth. With product

(nc
.
ha) (n , b ,

) = [ra Ymdrs
,
nahl) .

GEG with isom f : G + G1
, fig) = flab) = Juch)

.

The direct product group is a special case when

Yn(n) = n Uh
.

n
.

For
group elt

(14r
,

aM)E ISO(1 . 3)
,

with action on

4- vec
.

X ↳ 14-x + am



A convenient
rep .

in 5x5 matrices

(i) + (i)(Y) = / 1,+ 2)
.

Group mult :

(9)(i) = (v 'Mai + a)
In not "as before,

(n ., ha) = Jai 11) · (n2 . hu) = (a , 1)

(a
.1)(a 11) = (1al + a

,
111)

= (12 YaM )
,

Gabi)
,

with Up
,

1 . ) = 19.

Recoll the generators of Lorentz algebra MM
,

with Mo = K,

Mis : Sijk5k .

The generators for translators are JPC: not.

5x5
rep.

= (MM)
,

=(8)
=> 6 + 4 = 10 generators ,

basis for Poincare alg.

Then

exp (1
,
a) = exp(arPr) exp) cr MMV)

·

· Lie brackets :

[MM
,
MPU] =

g
Y MMO -

G MOO + yMUMU-yoUnM
IMMV . POJ = gor pM-qMopU
IPM . pu = 0 Stransh commute - flat spacetime) .



Later : proper def" of "Casimir elts/operators/invariants".

These are objects which commute with all generators of

the Lie alg.

#pe ph = PfpV is a quadratic Casimir
.

=ample Pauli-Lubauski preudorector

Wi = - Expe MVP po

We = WWM is a quartic Casimir

5.4 Representation of the Poincare group

There are no finite-dim , mentary rep of Poincare

Denote a unitary rep . of Poincare group by U.

U (1 , c) : V -> v

for any (1 ,a) - ISO (1 . 3)
.

Representations can be written

U (1 ,
0) = T(a) UN)

Defining shorthand

TC1 = USI, a)

((1) = U(1
, 0)

Note (1 .
1a) = (1 .

07 (Ica)
.

= (I
,
19) (1 ,

0

=> U(1)TCal = ·T(1a) U/1)

Translations generated by po

10 .
a) = exp(arpr) = ga-p



Let /p .
s)eV be evec of Tlab in a rec

. space

corresponding to a single-particle state.

The being a rep- of Jo
. a) ,

then

T(a) (p .
s) = gigop1p . s] ,

where ipO is an eval of Pr

s represents any internal discrete dof le.g . spin)

Covents transf" on evec :

Tras (UC1) /p . s)) = U(n) TStta) (p , s]
.

= eildia) · P(U (1) (p , s>)
↑ commutes

=> eval ea . Mp)
,
still an erec

.

with enal

p4 + p
- m

= 1
- ph

Lorentz transfe preserves/P112
= p2 .

For any led P2 ,
we have an equivalence class of

momenta
,
all related by Lorentz transf .

Choose some

standard/reference k *
s . t .

k2 = ph

Pr = (Jp)NoIs"
for any pr with pe = / is in the image of LT (lpi-
Erec

1p, s) = US((p1) (k , s] ·

Act with arbitrary1T &

U(N) (p .
s>= Uh14(p)) /k ,

97



- U (((1p) (*(1p) US1L(p1) /ks]
= UCL(1PD USL*(AP) 1((p)) 1k,s) ( *)

.

NoteLC1p)k = 1p = L"CMp) Sp = k
.

·im W( , p) : = 1"(1p)/LSp) is an elt . of the

Lorents group which leaves KP invar
.
Such elts form a

subgroup ,
calledathe group .

Let's assume we have a rep of little group

UCW) 1k , 57 = & DssIw) 1k , 317

The Iscaler) coeff . Dgiglit define the little group rep .

Then
, we can insert into (*) to induce

repo for

Poincare group .

=> UCA) /p .> = ((((p)) USCW(1 , p() /k ,
sh

- &Dsis(W(1 , p) U(/p)) /k , s]

=&,

Pss (WS , pl) (1p .
st

Remains to specify what are the physically interesting little

groups.

6 possibilities fookt . 4 of these not suitable for single particle

states .

· Spanlike 4-momenta pac0 , e .g .

k = 10,1)

· Negative energy poco
,

e
.g .

k = 1-k ,

0) K20
,

a

(-1) , 1) k" = 0



· pr= kN = 0 , vacuum .

· Massive states ph =m "10
. Boost to frame where

km = (m , 2)

This kM is invar
,

under 3-dom noth So the little group

is S013)
. Irreps are those of 50(2)

.

States characterised by

PM , j . is.
(1 ,
x)

· Massless states p2 = 0. Rotate to frame where

kM = Sa
.

0
,

0
,

w1.

for fixed wao.

2an Little group is ISORIESO(2) XT2
M &

rot" in plane translations (not physical)
.

Find generators :

E, == k
,

- Jz
[Js

,
El] = Ez

=> [E2 . Jy] = E ,

E : = k2 + J
, [E,E2]

= 0

6. Classification of Lie AlgebraJa subset) (Cartan)

6. I Definitions

Defi A subalgebra of a lie algebra it is a vec Space which

is also a be alg. under
the lie brocket .

Defi An ideal for invariant subolgebra) of lie algebra is a

subaly . LSD S .t . [XYJEL V Xey ,
Yeh.

Trial ideals are h = 10)
,

and (ith



Defi The deredalgebra of a he alg is is

i (j) : = [1 , 5) = spant([X , Y] IX . YeBh
.

with F = R or K . This is an ideal of B .

Pe The centre ofI is

J((j) = (X = y)[X , Y) =
0 Vyzz)

.

This is also an ideal of E
.

Defi A he ag is Adian if [X . Y] = 0 XX . Ye .

E JS1])=y
,

Whe For 17 abelian
,

i (5) = 0
.

Defe A Lie alg -
is simple if it is non-abelian and has no

nontrival ideals
,

it .

& simple #t J(y) = 0 ,
i (ly) : 15 .

Refu A lie alg ,
is semisimple if it has no Abelian

,

non-trivial ideal ,

Pop If by semisimple , i : A ,
+... + Ja , where By simple

6 . 2 The Killing Form

& Define an invar
. bilinear form on a die algebra . Use

this to define a 1-to-1
map from a rec space (heals . )

to its deal rec . space fronts and weights

Defi (Bilinear form) .
B : VxV - # (R & &) S. t .

linear in

both argumentsJeven for e)



BSu
,

<v + pw) = 2 B(u ,
r) + BBlu ,

w)
.

where <Bett ,

n . v
,WeV .

Sim for BKur, w .

Defo A symmetric bilinear from #)B/V . n) : Blu, r)
.

-

Nee : no condition on Blu,us generally.

Defi A bilinear form B is nondegenerate if KvaV(V#O)
,

= same veV S. t . Bir
, w) + 0

.

Defu The Killing form of Lie alg I is the sym .
bil

. from

k : i x 1 -> F -

( . Y) + 12(X . Y) : = Ev TrJadx : ady) ·

for some normalisation factor or Jused in physics appl . ) Take

N = I here

· ady linear => T bil
.

· To cyclic => 72 sym

· Usually we are thinking of real by , as a real form of

gc ,

so usually 12(X .Y)EIR .

Let Ital be a basis for ty ,
recall

adta Tb : [Ta
.
Ts] = fabTa

.

Finite-dim My allows a matrix interpretation

ladia)" b = fab
.

Example For 52(2) ,
[Ta

.
Tb] = EabaTa

.

adt
,

= (0 ( etc.



Then

(Ta ,
+b) = Tr [Ladic)a Jadis)da]

= fadfdb =: cab
·

For general X . Yet
,

2(X . Y) = X
&

Y
*
/Ta ,

Ts) = XaX
"
Hab

·

Claim : 1)AdgX , AdgY)= /X , Y) FgEG ,
X . Ye (1)

·

where AdgX = gXg".

Let g = c + +z + 01 + 3

12) AdgX , AdsY1 = x(X + tadeX ,
Y + EadzY)

= x(X . Y) ++1duXYXad
=> x([z , X] ,

Y) + 12/X
.
[z ,Y) = 0

=> < /Y
,
[E ,
X]) = ic ([Y , z] ,

X)
.

This is invariance of killing from

Put the Killing form to use

Thm (Carton) The Killing form of a hie algebra if is

nondegenerate iff i is semisimple

If (t) : Suppose by
is not semisimple ,

thenI non-trivial

abelian ideal2 25 .,
ie. [X . A] EJ FAEA

,
XEB

.

Basis for ideal 5 : /T: / i = , . . .
,
dim 7) .



Basis foriy : (TB) : Stil vSTa) < = 1
. . . .. din-dims) .

& Abelan = [TisTj] = 0 = f = 0
.

(1)

E ideal = [Ti
.Ta]eG -fi = 0 As

(1) ,
S23 - fir = 0 = Fi (3)

.

Consider (c(X .
A) :

B: X
& Ai

i = f BD fic
.

Have (2) : (j) v(p) ,

then

<Di = frdfin + f5BD0 ·

by si

O by (3)

- Fofa +fi by() = 0

So our assumption => for AEA , XE S.
t

.
<CX .A) +0

=is is degenerate A
.

# If is non-degenerate ,

then it is invertible
, ie

.

for [lob]
,

we can find [T]"St.

Kab) (12% ) ba
= Sa

:

&"A Lie
group

is semisimple if its he aly is semisimple

Rep If the killing form of a real hie aly . E : LJG) is

-e def
,

then G is compact , andI is said to be
&

of commentype



↑ Aside :

Pop.
A compact group which isa semisimple has an als

withmeg . Semidef . Killing form (not neg def .)

↑

Note : There are also non-compact groups whose alg. have
-

-ve
. Semidef killing form .

↓
-

Pop Every semisimple , complex Lie aly L16). has a real

form with Kab = -1) Sab
,

TEIRT.

By above ,
G compact , and the real form is of compact type.

Defs Any basis for which Kab & Sab
, if it exists ,

is

called an adaptive basis .

In an adaptive basis(Tal
,

x)[Ta .
Tc)

. Th) =fi)=
By invariance

,

= ic(Tc .
[Ta

. Tb]) = fabTc (T=
Td) = - is fab

.

Hence
,

fab = fa = - f
&

ac .

auto-sym when Swapping upper/lower indices

In adaptive basis
,

we can write

fabe :=fab = fabc = f c etc.



6.3 Casimir Elements

A Casimir element is a polynomial of elements of a Lie

algebra which commutes with all elts of the Lie algebra

Casimir are elts of the universal enveloping algebra /UEA)

of the Lie alg. The UEA of y is a formal span of

(I
, y , B , Y &O ,

. . . ) subject to the rule

Xy - YX = [X , Y]
,

where Io ,
.] Lie bracket

XY may not be in G ,
XY BQ 1.

New identifies such as

[X .
YE) = [X , j] z + Y[X , z]

The universal , quadratic Casimir elt/of the UEA) of

a Le alg.
C : = TbTb /sum over b)

Check that

[Ta
,
TbTb] = To [Ta . Tb] + [Ta

,Tb] Tb

= To fabaTs + faba TaTy

= fabe ThTh -facb TcTb
=O

S C commutes with all X = X9Ta E .

Some he alg .

have higher order (polynomial) Casimirs
,
but

these are not universal.



Consider the universal quad . Casimir in rep.d of a real Lie

alg. z = LJG)

C : = [dITa)d(Ta)

By above,
[dIX)

,
Ca] = 0 Exey

Let D(g) = expldIX)) be corresponding group . rep . of G . If d

red. ,
then D is irred

,
and by Schur's Lemma ,

C Dig) = Dig) & VgEG .

=> C = cl
,

ie . 22 identity ·

Where GER .

Example /LJSU22))) Adapted basis : Ta= - to

Normalized S. t . Kab : - Sab.

Look at Suca) irrep .
1 = 1 /j = (2)

C =- ET =-I.=-
the quadratic Casimir of the "fundamental rep".

More generally,

Cj = - 11Ik = - [j(j + 1) I
..

6.4 Cartan-Weyl Basis

Defi Let b hie alg .

Elt XEE is ad-diagonalisable if

adx :

G - 1
is diagonalisable

Defo A maximal Abelian subgroup h is not contained in

any larger Abelian subalgebra .



#is complex,

Semisimple Lealgebra,theneust
(1) For all H

,,
He < M

,
[H

..
H2] = 0 (Abelian)

(2) For all XEg . if [H
,
X] = 0 FHEL

,
then Xeh ,

(Maximal)

23) FHEh
, ado is diagonalisable

Buk : · If g is not semisimple , then it may or may not

have a CSA.

· It can be proved that semisimple hie alg . have CSA .

· The choice of a group's CSA
may

not be unique but

all possible SSA of I will have the same dimension

D"The rak of a hie alg is the dom. of its CSA .

Example LJSUcaia : H = is is a 1-dim ISA of Gr(2)e ·

h = spaw,h.

Example L(SU(n) e = < X7 Matulk) (TrX = 07
.

Can choose the day .
elts. as the CSA .

CHilap = SaiSpi-Sti , : Systic , i (no sumover i)

Rank = n - 1
.

↑

Evecs of ad : H
,
H'@h , [HiH'] = 0

=> [adr , adyl] = 0 (ad a rep. )

All the maps of H commute => simultaneously diag.

By the spectral decomposition thm
. E is spanned by the

simultaneous evecs of the ladhl



Choose are HEG WHOG
,

then every other elt . ofh

is a zero evec. of adl:

ad H1 = [H
.
H1] = 0 . ·

HEh
.

consider a basis for I : CH : / i = 1
. . .

.,
rh ,

where

v = dim H = rank
I .

↑
CSA

Since CSA is maximal
,

there is no other nonzero evec.

Label the rest by their evals by case :x

ad
H :

Ec = [Hi , Ea] = <: Ex , xieK , i = 1 ,..,
r

Evals < are called

Ref" The set of all nonzer roots of a Lie alg .

is itso

↳ = K ,p , r,
...
I

.

Def: The erecs Ea
, Ep . ... are adder/steep operators .

P The nonzero simultaneous erecs of H are

non-degenerate ,

i

. e .
the Ex are unique , up to

a scaling.

* genera elt . of the CSA HEG ,

is a linear cmb"

ofHil , say H = P" Hi , pieK .

advEa = [H , Ea] = [piHi ,
Ea] =

piciEx =: <(H) Ea
.

where < (H) : = p
:
x :

2aim. The rots <
,B ,

V, ... are rectors in the dual vec.

space h*



Def"Given a vec
. Space V over feld # ,

the director

Space V
*

is the vec
. space of lin . fr f: Ve> # .

Note dim V
*

= dim V .

· Given a basis (vi) for V
,

we can find a basis for V*

[vi* 1
.

S .t . Vi(Vj) = Sij ·

&aim. The roots are vectors in the dual ver space t

2 : h+ C
,
<CHIED .

Pf : linearity :

CH + H1) Ea = [H +H' · Ea] = [H
·
Ea] + [H'Ea]

= ((H) + <(H1)) Es

#"The Lan-Weylbasis foris is given by

SH : /i = 1
, . . .

, r) V/Ea/ceE)

We dimh = v = rankly , dimy-dimh = IE1
.,

where E

is the order of the roof set
. We will see that IElr ,

So not all roofs & are LI in*

Next , use killing form to define an inner product in h*

Cam CH .
Eal =0 Heh

,
CE

.

# : Given some root LEE
,
THE S. t . <(H) + 0

·

C (H1) < (H . Ec) = 1 (H .
<CHIlEc]

= (H , [H' ,
Ex])

· TC)EH ,
Ea = 0

=>x(H , Ex) = o I



Gam (Ec
, Ep)= 0 va

,pe ,
c +p + 0

.

R : For HEW
,

( (H) + B(H))T(Ea , Ep]
= 1) [H , Ec] , Ep) + /Ea ,

[H . Ep])
-

= O
. by invariance . At

#him If Le E ,

then-XCE
.

and TLEx
,
E-C) 0

·

P : From
previous claim ,

7) /Ec , H) =0 Heh

1) (Ec
. Ep) = 0 F B+ - .

. BEE .

However
, I semisimple=> I nondegenerate ,

So Xey

St .
12 JEx

,

X1 + 0
·

Process of elimination=> -xEE
.
and Ea , Ea) 0. A

&aim Heh , HEL st. CH ,Hil +o

P : Suppose 7 Heh set . H
,
H'l =0 HIEL

.

Also
,

1 (H
, Ea) = 0 Ka*E, then 10(H , X) = 0 XXEK

degenerate I

Consequence of nondegeneracy : To can be inverted within t.

Basis for h : Shil
. Any 2 general est of M : H = piHi ,

H1 = p's Hj .

Then

13)H -
Hil = T Pip's

and claim -> det [hij] + 0 ·
So can invert [Kij] , ie

.
772

S .

t.
12-1gik 1 = Sin



Given any x
,PEE , define an inner product on h* as

( ,1) := 112) is Lipj

Recall [HisHy] = 0
,
[Hi

,
Ea] = GiEx , j :,

...,
r

,
Get.

Need to find[ES , Ep] .

( Becall for SUC2) [E+, E -3 = H)
.

For any HEL ,
X

,BEI ,
we have

adntEc . Ep] = [H
,
[Ec

, Ep]]
- - [Ep ,

[H . Es]) - TEc
,T-

= (H)Ec

= (x(H) + P(H)) [Ea . Ep] .

If((H) + P(H) +o , then

[Ec
, Ep] = 0

.

↓
Normalisation factor

or

[Es
, Ep] = Nap Ea +B~

~ an even of advi
=> +BEI .

If < (HI + p(H) = 0
,
then ad[Ex ,Ea] = o

=> [Ea
, E-xJe h .

How to write this [Ex
,
EraJeh ?

Using Killing form,

1) [Ea
,
E-a]

.
H) = NhEa

·
[E

-a ,
H])

= SIH)E



Define a normalised elt Hs by

Ha:
S-t. k(Hc , H) =C (H) Vrieh

.

In components , Ha = Hi · H = pit;,

1ijppj = <
; ps

But ps arbitrary ,
so

Pa = (1-1) : aj .

and

Ha = (12-1)hiHj .

Summarising
[Hi , Hj] = 0 ,

[Hi . Ex] = < : Ex ,

I Nap Exe Get
[Ec

, Ep] =

xEcEaIHy < +B = 0

S -W

Special estsi

[Ha
, Ep] = (151) * 2 [Hi . Ep]

= (7-1)
: )
aj P : Es .

= ( , B) Ep .

S (2 ,
() subalgebras

New normalisation

2 : FlEn.Ea Ea
ha : = Ha .



Then [ha
, hp] = 0

,

Iha , ep]= es

Lea , ep) =
Napea+p

+St

& ha 2 +B = 0

j o

For each CCE
,

there is an SS(2 , 4) ESUce) subalgebra

with basis(ha . ex
, e-ah. with

[ha
,
eix] =

I2@Ix

[ec
.

2 - c] = ha

Write these subalgebra 51(2)a

6 .
5 The real geometry of roots.

Plan : (i) (x , B) EIR

(ii)" is spanned by E.

(iii) I real rec . space his which is spanned by E

and him contain all theroots. in E.

(iv) ( ,
x) z0

,
so length can be defined as 11=)

(v) We can determine lengths and angles between roots.

let <
, B -I.

Defi. The anot string passing through p is the set of

roots

Sap = (b +(c /pet)
.

&im All such note B + pceE have p
= n- , n- +, ...,

n + - 1
,
4+,

where n - and no satisfy

= - (m +n)



If Consider therec. space Ispanned by

Vap = Spana/epepal Bopaesap)
.

Action of S12 on Vap is given by the adjoint rep.

adha epepa
: [ha

, eptpo]e
= (2) +20) Eac.

Also have

ade eppa = [e
=, eppa]a(e+ (p+ 11 p + (p++

EVapo/w
.

Vap is closed under slata and thus is a rep space for

Sl(2)a
.

The weight set for this irrep can be identified as follows .

S =/ + (p+E ,PE
=1 -1

,

-1 + 2, ...,
1-2

, 24
.

For some n-and n +

+2

+ 2n-

=> = -n-n-e

So roof strings > irreps of S1(2 ,4) "quantication condition". 1



Defi A root String Sap has lenth lap = = 4+ --
+ /

7 dim of secula irrep)
.

-aim : For X
, PEE ,

we
can write

(x , 1) = v ( , r) / .>

P : Cartan-Neyl basis [Hi
, Hj] = 0

. [HisEr] = V: Ex
.

Sadhil diag , with drag. entries either 0 or nonzero V ;

Kij = 1) (Hi
, Hj) = Tr Jadwo admy)

: [ViVj. (N = 1)
.VE

Recall ( .B) = X : /157 Bi .
Also , define <" := Maj ,

then

( ,) = Gi p := dipici= Vijp =E(,v) (V . P). .

&aim /.B) EIR .

Pf : Divide (4) by M /01
,

then

&
-

-

Ex

-

EX ET

So either 1 , 11 = 0
.

on /PBLERYol ,
-1 ,23EIR and

(
,p) EIR. A

.

We know mots CEE are elte of H . Generally more roots than

dim h*, ie . IE) = dim H*

Claim : The rots Span t

#f : Suppose not ,
then 7 some XCR* St . (d , ) = 0 Veh*

Corresponding rec in h : Hx := xiHizk



h is USA - [Hx
,
H] =0 HER -

Also have [Hi
,
Ex] = X" [HinEa] = did : Ex = (e) Ec = 0

= O

: Hy has zero bracket w/ every elt of C-W basis
,

contraducts the algebra if being semisimple. *
=> Roots span i 12

.

Choose a basis : (fintE/i = 1
, .... 04 CE· There will be

called "Simple roots"

Let his " be the subspace

hir =

spanp "Sill ,
i = , . .

.,
r

&aim All roots lie in him

P : Let p = c
:

&1 & &*, sum over i
.

Inner product w/

anySijl.
(B . ac) = c

: (din . G(ji)

By (i) ,
both inner product are real = ciER = BE hir.

A

&aim VE Kim , ( , 1) 20
· with (1 . 1) = 0 E X= 0

.

# : (t , x) = veJ .r =0.

J x) = 0 = (x
, r) = 0 free

.

The note span his ,
so a : 0 A

.

Ref 161:) as the lath for norm) of a root in I
.

(or extend to any 11:) for any &2) For any<,

define angle between them through
(4

, 8) = 12119/ cosO



Recall quantisation condition :
2(x

.1)/(2
.2) EI

.

&= so and
=> 4 ws'DEM

.

=> 101 : /0. . .

6
.
6 Simple roots

his : pick a hyperplane of dim. r-1 S
. t . no coot is contained

in the hyperplane. The hyperplane bisents his into 2 halves,

one we call positive ,
one negative

If < is positive ,
-X is negative. Root Set is divided into

& UE--

(i) < E+ - 2 -

(ii) <
,pe+= <+RE # if a root

Def > A simpleroot is a tre roof which cannot be written as

a sum of the roots. The set of all simple roots is Es.

Laim If X
, PE Es ,

then C-BKE not a root .

Pf :Suppose <-s is a root.

Co : G-BEE+,
then a = K-p) + B = < not simple *.

Car22 : <-BEE- ,

then P-XEE + and B = /B-bl + <
-

=I not simple#

in Lupe .
A

Laim For <
,BEEs ,

the d-string through I has length

10
. p

:1. 11 ,
2 1 3...



If : Sar : (B +pa/PET , n-pent)
,

n -
0 ,

4 +00
·

and found

n + +
n- =2

(i) = n =

= 0 = n + = -2
=> (p =

n + + 1 = 1 - 2 A

Laim Fora.peEs ,
( ,$10 .

and 1 , x730 .

&aim Any BEE+
can be written as /in

. comb of simple roots

with tre
, integer coeff

Ef : If PeEs ,
due . If PEEs . Jp ..Rate + str B = B+B2 .

If PrB2 Simple ,
done . Else

, repeat until done. M

&aim All roots &EE can be written as a
: <Pixcis

·

With

PiEI , GiltEs ,

i

. e. Simple roots span his

Pf : From above
, LEE+ -applies. For CEE-

, apply to - C
.

Then all non-zero p, are either the or we integers. A

Claim The simple roots form a L .
I

.
Set.

Ef : All be him can be written as

↓ = [Cici) ,
CER

, Ne ES
.

↓I.: X= 0 - Ci = 0 Fi
.

Let Je = 1 : / C 301 Define X+:Exis and

X = -EliCis = bidlis ,
where bi = -C ,

biso
.

If x = 0
,
X= X+

- X
-= - E bidli

iE]-

=> (x , x)=+- 2(X) -2)



and (+, x)=b)0
So simple roots are L.

I
..

A

Caim There are r = dimh simple roofs.
,

i

. e. Its = +
.

Ef : Est = r , and Is a basis
. I

6. 7 Classification

Simple nots fom a basis for hip .

Le algebra from this basis :

Chevalley basis.

Define theror Sartan matrix A . r = dim hip
,

with elt.

Aji:la
not sym - generally.

Recall that Ajit I
.
Sin fact ,

for joi , Ajtol

From 56 . 4 ,

[ha
, (p] = 0

[ha , ep]= en

nap ex +p
c +BEI.

[ex
. ep] = I ha 2 +

B = 0

O o w

Chavalley :

Than , ha] = 0

[ha . Ex] = Aji &gij

[ex 1 -xj] = Sij hij
Recall S-Xj & E as diff. of simple roots is not a root.



[ealis
. Exy) = adelesip)& thip

if Cl+

If Gris + ACE ,
then it's part of a root string

.
Write

this as NXil + Xy with n = 0, . .

.,
- Aji , i

.

e. length of

string is

1 = 1- Aji

Root string evals
,

so

Ladesl
**
layil = 0 (serve relation).

The bracket and Serve relation completely characterise the

Lie algebra . Any finite-dim , simple , complex hie algebra is

uniquely determined by its Cartan matrix.

Constraints on Cartan matrices :

(i) Vi
,
Ail = 2 (by def's

(ii) Aji = 0 => A :j
= 0

(iii) Aji <To follows from (Gyp . Xi) o for jei.

(iv) det A 30.
·
Write A : KD where

7 (Gcir ,Xij) = Jacis
· Xij) ·

where

Pik = I cal Sk .

1 sym ,
D drag w/ ve elf

.

det A = Jetia detD 30
·

ThHit bass for h
.

79(Hi
, H:is

Ha = 17-1
is
Xj Hi

x2HacHp) = Haris dy KarenCa
= pe :l



(v) For simple Lie alg.. A is irred, i
.

e. A cannot be made

block trangular by a permutation transform P . ALPAP".

If A reducible - i is semisimple

(vi) Gam : AjAji < 40
.

1
, 2 .
3) for itj (no sum

# : ((i)
, <1) : /Sis /Gil cos big

=> AijAji = 4 cos' Pij e 10 .
1

, 2
,

3
, 41

.

But for 4 : 0,T, . . ., Gij : 19111 #not LI .

So Occosy<1 ,
and AjAjic 10

.
1

,
2

, 3) for it; A

Consider case of rank 2 algebra (V = 2)

A= 1_ im) ,

with mine4zo

det A = 4-mn > o => Smin) - 911 , 13
,

21 , 22
,

21 , 31
,
13 . 12

, 12, 117.
M = 0 n = 0 gives reducible A

6
.
8 Dynkin diagrams

1 to-1 correspondence between Sartan matrices and diagrams
.

Constraints on acceptable As= rules for admissible diagrams.

Def" : Given a cartan matrix A
,

its corresponding -Jenkindiag.

is defined via

1 . Draw a mode for each simple notis

2. Joins pair of modes
, sayis . Ly,

with

max(/Ajil , (Ail) -> 40
. 1 , 2 , 31

lines.



3. If more than are
line connecte 2 nodes

,

draw an

arrow head pointing from longer not lel to shorter are

Ies1s / dinst

Example v = 2

~Ai

s G. Kail = KelL

· A = (2) cos 112= - E

=> P=
2*/3

Choose
axes for hi Sot

. An = (1 ,
0)

,
Gm = (, )

.

a He'

Lir

2T

23
X >

Hi
XIl

· A = (?) Kl : E Kul .

· A : 1 ? i) · (ex - Sheet

· A = ( = i) O O (A reducible) .

Defi A Dynkow diagram is amissible if the corresponding Cartan

matix satisfies its constraints , equivalently ,
if the diagram is

connected and correspond to a system of indpt. unit vectors

Eli = G St . the angles by between 2 rots of is
,
j

litj) are 11 fromK , T) = costig



Cartan matrix constrants -> Dynkin diagram constraints

(i) The diagram must be connected
,
o A reducible

, asIt

can be block-diag by perm"
.

(ii) Given an admissible diagram , any subdiagram obtained by

removing some nodes and all lines connected to them

will be admissible
,

as long as Subdiagram is connected.

If : Given a set of r LI reas
,
subset is stillI. A

(iii) There are at most v-1 pairs of nodes connected by

lines

If : If %( , Sig connected
,
1 , i) >cos) : -

I.

>(.) = r +2
cr -

P,

where p
: # connected pairs- Par = par-1 .

1

(iv) No admissible diagram contain cycles .

/ loop as a

subdiagram.

(v) No mode can have more than 3 lines attached to it.

Pf : Notes
.

(vi) Replacing a linear chain of roots in an admissible diagram

by a single mode leaves an admissible diagram .

⑪-a
... -00--D

Example000 ...

-00 ruled out
,

since o contradicts (v)
.



(vii) A diagram with a node having 3 lines attached to 3

linear chains of length m . n, p is admissible only if

in + m + E)1 .

S
2- g .

I
p = 3

is inadmissible.

0-0--o0

m = 3 n = 3

m M+ L min

(viii) 0-0- ...
-00 -0-

...
- 0-0 is admissible only if

- 1-

m n

(m-11In-1)S2 .

-

only 0000
,

000-0
, 0 ...

- 00

Cortan's classification

Th Any admissible diagram is one of the following
Infinite families

r rank

# no des correspond to lie alg.

Ar : 00
...

-00 (r = 1) L (Sucr+1)i

Br : 00
...

-0 -050 (r = 2) L(S0(2r + 1)) e

Cr : 00 ...
-000 /r = 3)

.

(C = B2) ↳ (Sp(21)e

Dr : 00...

-
000 /r = 4)

.
JDs : A3)

.

L( So(zr) c .-

Rak ( = B2 = LISp14)c = L)SO15))e

Dz = As = LISO1Gc = L(SU14)) I .

Exceptional diagrams
O

Es : wod-ap F4 : 0070-0

O
I

Eli 0000-00 G2 : -0

O

Eg : 006000-0



6. 9 Reconstruction

1 . Dynkin diagram
-> Cartan matrix

2. Cartan matrix -> relative lengths and angles between simple

roots

3. Use roof strings to find other the rots J-ve = -L+ res)
.

4. Roots -> Cartan-Weyl basis

( Hi
,
Ec 1 i = 1

, . . ..
0 : <Eh

.

5

. Lie Brackets of whole algebra can be deduced from

Chevalley and serve and Jacobi identity.

7. Classification of Representations
1. 1 Basics

Let & be an N-dim rep. of 1 and let the C-W basis

for it be (H :· Ea) .

Since d is a wep,,

[d(Hil
, dJHj)] = d([Hi , Hj]) = 0

and d/Hi) are simul . diag. ,

and the rep" space VECN

is spanned by the simul
.

evec . of (d(Hish .

Let V
, be the espace

Vi = (veV(d(Hil v = : vixie)

Refh 1 = /X, , . .

.,
1r)

, reranking ,

is a weight of rep .
d

.

Defi The set of weights of rep d ,
Sa

,
is the weightset

of d .

The rep Space
V=



Note : Weights in general can have nontrivial multiplicity. Any VA

could appear more than once in direct sum.

Let veVx -

&im : d(Ex)va Vita if X + &Sa ,
else dIEa)v = 0

Pf : d(Hi) dIEc]

ridEdirIdE
= d/THi , EaT)

= (i +< :) d(Ea) v

= d(2iEc) it

Consider the action of S112)e suboly, generators [dshal ,dex ,

die-c))m V
.

Each defines a lin
- map

U-V
,

so V

is a valid rep space of slk)x .

ha=
For VEVX

=> d(ha)v=) (2-1) 2: d (H)) v

- (12) xixj V
.

-
This is a weight of slik ,

so must be an integer ,
so

·
since all weights of S1S2 , 4) are integers. This is quantication

ConditionI



7. 2 Roots and weight lattices

Defr TheMolattices ([y] of Lie alg .EJ with simple rots

(i) is

LI] : = spanc(Nish .

Defi Simple corts are the simple nots normalised as

cin :=is)
Def Carlattice LeyS := spang/is)

.

Defh weightlattice is dual (in the following sense) to the

co-root lattice

Lig = [* 1gz = (xhin) (,E, > [ii]
·

Writing : niquis with niet.

H.(i)=
For any repod of ly ,

the weight set So is a subset of

the weight lattice . So a Lwligh ·

The co-rots (ii) from a basis [Eng] .

Form a basis for Lulz] from 1 Will S . t . (cis
· Wijs) : Sij.

Def "The (Wgh are called the fundamental weights

The simple note span him ,
so we can write

~(j)
= , Bjkk , Bjk E IR.



Si = (si
, Wij

=BikeBA
=> B = A"

,
and Gi = &Aid Way .

Example : Az = L(Suce .
A = (2) ,

B =At = -(2)
( x(i) = Kizl and P = 25/3

.

L
(2)

&

Say xx1 = (1 . 0)
, Xie : (I,) . We w

,

① >

Wi = 5 (24in + (c) = &(1, ) 2(1)

w() = (4x) + 2() = j0 , 5)
.

Def" Any weight XESa < Loii] can be written as a
lin.

comb
.

-= "Whil
,

with the set of XPET) called the Dynkin labels of 1 . Write

↓ = IX1 . ....
X*]. A vector in VI can be written Ix1 , . . . ,,

Thinking about a specific repod (finite-dim)

Defi Every finite-dim repd of y has at least one hughest

weight 14Sd Sit

↓ JEa)v = 0 FaeE
,
YveUn

.

Refkin labels of a rep." are those of its highest weights)

Stil = [1 ...., 10]
.

Pap . If 1 is a highest weight ,

then 1170
.



#p . If d irred
,

then 1 is
unique and U is I-dimensional .

11 is non-degenerate)

Thinking about all possible usp.

D Aweight & On Cwij] is domnant if all x :
20

.

Pop . ·Highest weight thm) .
For any dominant rep. ,

I a unique,

irred.
, finite-dim rep . &x with highest weight 1.

Given an irrep . de .
with highest weight 1 ,

we can find the ress

in the espace , corresponding to other weights , by applying

lowering operators, Say UEV,

~
x

= deSE-<) ... dr)E-a; ) deCE-ai) Un

for Xi , dj, ..., 21 EI+, ie- every weight of de can be written

as a x = 1 - m With M= Minis,with na

Lem (No holes Jemma) For any finite-dim repd of y , if

X = WeSd-weight t
fund weights

then X-Midli ESa , where CEEs and my = 0
, 1

, . .

.,
Xi

This gives algo, for finding all weights of do , given highest

weight 1 .

7. 3 Representation of 51331c -

X (i) = Aijwejs . A : 1? )
,
ac : [c

,
-1)

,
G = [- 1 , 2]

Investigate a few dominant weights-



1 = [11 , 12) =12
,

+ 1-w(2
· dr0.0 : 1 = 0. Trial rep .

Scalers
,
invariants

· di
. 02

: 1 = wil ·

Endamental irrep . f .
1 = w,,, Sf

other weights : = 1-de = Co-X(1)

= 2001-J2Wais - Wazi

= Will - Wil = - 1 , 1] ESt .

↓ 2
= X ,

- G
,

= - Was
.

= [0
.
- 1] ESF .

Done
.

So dim dio
, 0j

= 3.

· diorg : 1 =

2012) Antifundamental f

↑ Mathematician refer to any irrep .
With a found weight as its

highest weight as a fundamental rep. J

· dini : 1= 2011 + 20
,21

: [1 , 17 ( = Gen + <(2)

1 = [1 ,
13

-key Las
L

[ - 1 , 2] [2
,

- 1]

!
&& S-Gx

I- 24 cr
[0 , 0]

- 2x)

Fac fu
[1 ,

- 2] i - 2 , 1]

W-bul X-acos
.

[ + - 1]

Weights : Ka
.
Gass

,
Lo + Gues

,

- Las ,

-G2s :
- Gas -212 ,

0
. 07

Cautio : also is not guaranteed to get multiplicity correct.



know SU13) has dim 8. Observe that disit is the

adjoint rep ,

which must have dim 8 as well .

7. 4 Decomposition of tensor products
Generalise what we did for Su(2)

.

Let de and do be irreps of o with spaces VII ,
will

Vil = #V
.
VM =

. . .

↓ eSx

Ef VEVX ,
VIV ,

then for any
Hah

,

(dn * dni) (f)(vx@ vx) = dy(H ) v8 vx + Vxdn(H)vx
-

= (x + xi)(v , Qvx)
↑
add weights

Vectors of the form VQU, Span VI1 Vir ,
so

Snon. C(X + x 1 X S , xeSul

noting multiplicities. Decomposition

1. Find a highest weight of the tensor product rep.

- corresponds to the highest weight of same irrep .

2. Subtract weight set of that icrep.
3. Repeat with leftover weights

Example 5013) I :

↓ in , on
@ &

= 1 , 02

:

Ston = &[1 , 03 ,
[ - 0 , 13 , 50, -17h

Seliotro :

In,0,ona



Find desios* dison = dizion # di0
, 17

- * 3 = 6 Xanti-fund .

fund.

7. 5 Su(3) Flavour

· Approx sym . in QCD (3-flavours)
17 19

Mu < My Ms Morton

Can think of Mu = Ma = Ms and the 3 quarke as elts

of rec
.

8 : (d) , i =)
Transform 3 fund = antifund .

· Interactions - quarks into hadrons.

How do the products of g and transform ?

Mesons : (gg) : 30 = 101

Baryons : (qqq) : 33@3 =18 10

Weight diagrams 1 Y - B + S
*

Hir
3

[1 , 0]
do -

U

> > Iz = Q - [P
.

·

S

cYG = + 1

So
-
a

8 = -2



8. Gange Theory

8 . 2 Non-abelian Gange Theory

Consider an N-component scaler field Y .

4 : /" -> V
,

V = RNa N

Inner product for V ,
C ,

Lagrangian

Ly = (ay , xy) - W(y , 41)
Kinetic potential

Say Ly is invar
.
under some global transt" of some

group
G

, for gCG .

Y(x) + A(g)Y(x) ,

A is an N-dim rep , of G
.,

ie
.

(Aigly , scgiy) = 14 , 4) VgeG .

6 compact ,
or finite => I a unitary rep.

A(g)
+

= 1(g)" .

Say we wish to "gange" the sym/thy S
.t

.

we have

& invar . under local transfo g(x)EG .

Y(x) ++ [A(g)(x)]Y(x) ,

Small group transfi

+ (g) = exp(ed/X1) = I + ed(X) +...

where XELLG) and d a N-dim rep . of LLG)

Now

Y(x) + y(x) + cd(x)y =: y(x) + SxY(x) ,

where SxY := Ed(X)4 .



Introduce a gange-cover· derivative involving a gauge

field Ap : IRK -> LLG)
·

Dm : = 2p + d(Ay)
S .t

. DuY transform as 4 . Require

Day -> Alg) Pply) ,

or want
Sx(DMY) = Ed(X) DnY

No" usually drop the "representation" notation

Alg) -> g

↓ (x) -> X

d /Ap -> Ap

How does An transform ? Let Apt> Ai .

DMY + (an + Ap)gy = gDY

=> g" (2n + Aju>gy = DuY

=> [g"2g + ep + g"Ag]4 = ( + Ap) Y

=> Ap = gAng"-lng]g"

Write g
: It &X = An :

Art
Field strength Tensor

For = 2, Ar-ZrAm + [Ap . Av] <LJG)

Note that [DM . Dr]Y : [Gu+ Am ,
2r + Ar]Y

= For Y .



=> For> ·Fr = (g Frog" ( (gy)

=> Fir> gFprg" -

With g
: I + &X => SxFor =& IX , Fur]

L : Lorentz scaler .

Look at FurFM not gauge
invar

.

Use killing form Yang-Mills

Lym-22(Fr .
FY,

where
go

: gauge coupling

8 Eig: Tr For FN

Choice of adapted basis and normalisation.

San rescale fields :

Ap = gAp Lym = - E Th Fr ENV .

Then Dp = xp + gsAi .

Fin = 2pA - Gr Al + gs [Aj , Ar]

Feynman diagrams
(A)/2A) terms w

E
gs[A , AJ 2A was

Eme
g5 [A .A]

<

se



Example (Standard Modell

Gange 6 Sucs) -Set u hyperchea
colour

La
SSB

U(1)
EM

1
= 50/3) JUS) @ Well

Gange bosons
A .. An , As B

gluons
Ayu :

f LSSBX LSSB
W + , zo photon

Weak hypercharge : Y = 2 (0 - Ty)

weak isospin Ts 3rdapt : is : / **
suces doublet

↑ singlets.

EM charge C= E + Ts
.

SM content - noth : ( 5013) rep ,
50/2)

- rep)y
· Scaler Higgs It

, 2)
*
Y = 2(0+H = 1

.

·Lepton
12: mum

, neutrino

To doublet singlet
11, 2) -10 (1 , 1) - 2

Wh Spine 124 spine
(2)

,,
ea

· Quarks (3
, 27.3 * (2 , 134130 13 .1) - 23

(d) UR


