g!ﬁ'mwxe_:‘(f)'i&d . H&IA/J amo’ P&VH&[@A)
. Intrdwetion 4+ Svmwetred

Dirq (g‘f"m"hj) Z‘W{VWD" éO]Q /Dl"‘jf/aoL /awf) nnder §pme fet

OE T/rangﬁ/mrﬁmg .

Exomple N2 - mx = F S';Mf//ﬁm in  Cowuq)
Fix) = FIO) B, b r=Ixl, 82X . Then

xxp o= mx x X

(S confered .
Emm,(g\e, Lacfmnglm me oham 1o (L/;( e t) = T- \/)

Iqﬂv\c\‘a\e_ o’e leammt  actim © mwmimise
T2
S< [, 4t L(g.9.0%)

= 2 d (i> =0 (E-L)
> dt %
Noether's fhm :© Tauariance of | wnder <ome Trans”

L1 mx - ULE)
":7,(_: =0 .  nvarmT wnder £ T+ {E

= Haww?l'[’m\'qw | ( fetal &n&/jvj tnerved. .

Recal| * meLgAfa momentivim
L ¥
pre gy T M

. 2L
H(X«.I)z:fc)c X ;;:( - L =t =0

m
U
9
X



L invariowe  wmdey x> =+ Lx

oL _ . o 2L -
Sx - O ) 5% C C,(N\ﬁlt Fx
2 mom . n o X—di ('AN\Se/VVM:L

L nvar.  wder v gbowt 2~ axis |, Hhen z-ept
of omy. mem. XPy- YPn , CMlmed

TIn &M . Stoten in i) bert Y’ODAUL +L.
Q@vwz’\‘:) . 3 averhble, o(FC/M‘[‘W U:H- ¢l whieh
Pre_fe/ww Tnnen- }Dmduuﬁ,a P To an overwl] P%M& ,

Lef 12> |18y e b wete  |[UED = UITY
U i o . Brons” / operafor off  [(UaIUT>\ = [KE)D)|
P:_‘,‘i CM\JW "¢ f-\-'\/tw\\ : g\a—-ﬁ\w\e/’\"wﬁ 'b)/&vmfh / 0/3Ma+w

are  either (a) |wmear omd uu\mfsrrvg L) am T limwear

aond gty oy

(). Ul21Z)+3187) = o« W) ~ g U B
MET 1 UB Y = (E|8).

(b) = W12+ fIR)) = o W)+ g UlEY .
MElugy = <T1E)T.

Qhﬂposa, e have  Hamilfmion K. (indpE. £ ), Hen

Twe  evolvlim | @ _ Q‘@Ht A 1
of ot k() - [T(oy (hee=t)



S\»ﬂws'e, K 10 fmear omnd own“ij J

U\ UTMHN=< B\TID))
= <% | et Fro) 7,
C—&I(AIVAI%—HH/

CUB U TN = <ud L™ UWTia)
<<l W e W\Ziny.

~\ ~{HT
=> C\ '_\‘t - \A"“ t S M

S Ch.ul = HuUu- UH = D.

Mc I{ C‘“\.Jﬁe@, then  H ndpt. «f X, e (mar.

Vw\(lw X —> X ¢ JQ_\ . ang [—:7\\)/ j)k] = T %k-
(ot
Amtor : Y
" of%a“f'm’ e f _ /mj, L

EK(AMPLQ_ f'f H ic ¥ invar. , fhe, J (W L) commante
Lt H .

geft 4—6 (_A/g "\PVVW\ o jrvv\\'a
' AU\'U‘/M Sf‘ l/1'$ on \@7" '{Zwmét 51’0\«00 :—e()res’w’f‘a’f"m

2 - L/LZ Gn/nup_g onnd) Lie Afﬂ@LVM
, g

2.\ [/‘\.e. 6mml|>3

DSEQ A 9#’\‘7\4'0 ¥y o Cet f‘» A blwa\n o/ﬁe/»—-aﬂtlm e <+ .
(1) Closare. . \/9,,52 e (O, 331 < G
[0 Asee = ¥gugegrebe 9o (919920 92



[7) Z&,&«{—A—j v deeh ¢kt YV ge b, ¢:9=-9.c=39

(W) nverse =V 9er, T 97 G St 3,3-/ ’3"'\7 — e
D" Agewp 6 5 bl o V93661 9.9:-9,9,
l?_eiﬁ A manfeld ¢ ac g pAce nWhieh (ool ke Evelidean

gdaac,L , {'ILL,Q__ RVI‘ on, é'm“” Sca|%_

Dif\ oo Mer enticble,  mounvfeld  gaticfies  corfain
Cmosthneas  eondifiona . Notiono o differenfobilify in
R" exfend o open Subretq o‘f rvv- man TRl

Def? A Lie Goup  cmsiste of oo differenhabe  mancfld
|
Gﬁ A[d\:lj IV VA < S Bno\m o/)?/m“—y\/ - S'.’f__ o a/y&/

-]
the mverse pperafim () are  smorba.

Mot (re groups

The gemerak Jmear gromp s /5: R o C

GLIn F) = (Me Mut,(F) | det Mtol

— 2N = e w( o{\'m

dwy GLINR) = n> d GL(A ) T

umplex  dim

Im};w’fant wajrvv\}ﬂ' "'F GLIn F) -
/ . gre_cgi ['\V\—car' jwv\r

SLCntE) = ([ Me GLinmd | det M= ).
2. OY’H’longmk grovp

Otn) «= { Me tlin B) | MTM=1 ’
\\A&eﬁr%-«t\



Solnd == 4 Me 0(/\) \ oJetM*Il)

De-ﬁ‘v\e, 04 (Y\«-M)x(h—tw\)

3. Freudo rthogim oA 9rowp

me v Matx
<Ih ] >

v} = L

Dlr, wm) := gMé GLOnem, IR) ) MT’ZM: V(’
SOLam) = {Me Dlnm) | gee M= al

&. Mm’[o«t\:) 3:’0\/\!?
WUny = é Me GLin, C) ] M™M= T}

QUL = | Me U | det m =) |

S, Feunds wnﬁmnﬂ growp

M(‘,v\w\} L= < M e G\L(,m—cm\(‘:> I M‘r,l,\/]-7s
QMG U Cn. ) ) det M= | ll

n

S(/{,(,VMW\B :

é~ S&mf.lu'&)c‘ Giwov'lﬁ.: DLQEMC_ a- acr‘x m"f"i~.(7ry»n 2Nnxavn

Mathnx e,j’
Ol;l |
T T
Q:: <6’ h) (A j""— < }"\-‘ ]
. o T
MT._Q_M =JL or
4(9 (Z«n\ lP) = {MG O’L(""\‘R\ ] MTJN] =J \

Comn CL\O\J det M = [ l/L!fzn\S Fha P:Fk"af:ow\ .



D" Guoers o amian mchoges b A b Bl
(s Given bj
A A = e A

D_hh/ e qu 4 iL

A

.Lj fcr [ (-’-"\-I [LV\
anfiggen ndh €, L = )

G‘N\VVLP e[emen'f,a oA ’frnmvﬂvmni‘f/m

We cam  dafme aetionn o"f grup elts 7 S 565\,

M o St X

Defn The lefe actiom of G o X ic & nap
L: G~ X — X st [(ex): x YxeX.

a—d

L[ﬁz, L/ij)) F L(jzﬂ\ ,7‘)
V xeX / j\‘jléa.

Mdve vu'vm[ mrfmﬁm= \7[76 Gv, UL.('(O(',raJ{‘e— 25 J’V\A]a
j: X - X -t 3(X) :jx

D.‘_fm The  night  actinn u”ﬁ G m X
j: X - X

> D> Kﬁ_’

¥ oxe X 9e (.

j'z (j|(¥~)> = X j‘l"' '71'*\ _ (j15{>6x)_

Def” Cmjfation 5 A o X 8 defined b
j(x) T jxﬁ"

\713(6 X, L?GG\



D’gf'\ afvm a erV\f ( ol a et X am M u‘r\
o elf. R e X P Fhe SeT o’F elt m X Which Are.
T o )yma_jc oﬁF am d&'f‘lyy\ U"F 6\‘ on %

Bxample  Fr Rt action, fv xe X,
Gro= g [ geq

Matrico e [inear operotris on vecfm ¢
The mtrix Grou f Sbrodncad o lbeve P‘&,z-r&ga/m"(; szm—‘[»n"ﬁ
operatigno  in physics

Ot) - v / ref]” = R

et v, o e R™ Define (v, vi)= Wy

fr Re OL) |

(R\_/'z. [2\_{(> = \_/IFT’€7R Vi = \_ZIT Vv = ( \_/'2‘ Vi )

o Uln) > preferven (\12|\11>'=\!).+\_/x

Coomple COLa) = { RUOY = (G0 H07) [ee[o‘zv)s

Lol

Cam §how  RUB) RIB) = R (Fix01) D [-din I mamfod.

Q’ng_\lg_ﬂﬁ SO€3) «  Axis 0]0 At neS? wnit vee. i RE .
oond omgle @ (magntude of ot abewt ). Manfeld
i¢ o ball o}c mdice T in RS (padh avv\"hf)on’o\z paivts
omtfed  Ta = -Ta ) L Gfatn by € ET o) olovet n i
equw- gy ppr” ‘@ O €lo, ) abowkt -0, S take PeCo,m).

D.e_"D\CJC maW-FO‘a[ 0{:' 50(3) o0 O La“ O‘F mal(m TT i ’QZ
Each psivt. Pn QMeSFmJ T an elt o'F SO3) -



Nite = The z:am'(w on  Hae S'uw"(:'ac& mucet  ha ?0‘%"/‘!"8&0’
oA TN = -~ TN, e am'ftpadon Pof\z\@ are Hw"ﬁmﬁ.

Le€ Re CDW).  have
QJ &b 9«3 ~ (- os8) YhV\_] T 5\“‘951,'1\ M .

De{" A mandold (ag. Ue Group) i3 @mpact of K s cloted omd
oundedl / te - eveny it ponk included v meanf i amd corvd e
N bounded  interwde. O/ nomevmpact.

Enomple  SD(2) amd  SD(3) are compact.

’ SO(V\@M) act o veutn o iw IQn'M and Jgre_s'ayvad Sealer

c-E 7 \/ ] N\
Prod,./u, \/'”7\/' ’Fw y, Va ¢ IR Yl (o ‘Im

L torh p auh . h
Erxample o (1,1) = ﬂ(mk% CMW> | \\)éuaH [ m,oo//rj%

§0 (‘,Jlj) N SO/?I,) [{a) S’K Thete are HWW[JaLt

JFOV\fS. Snwe Li/ wa b gunded,

Pa VO\W\&'['&V(QO\‘['IW O-F e quv\[)y
At [esot (OC“”:’]/ We Con  aglign o cet g'(l condha Ao

5)’0\/\‘0 e\s . A((\S‘r\ Oo%a{n
we (A, <2, %) e R

(J\W\e«\c\m\ JF man o 1d /3‘)’0\/\'[9 (¢ dim (R = V\) < t. gmé&.

Clogure 9l 9= 912)
Smurtnesss C(P‘(?’ o][, 8 are cfr (,‘]'\‘H' {]0"! a](’ 7 malij‘

L Sﬂ'(x,j), r=1,..., n



%0\756 WM g,.(-,' W‘\ S"V‘ = ﬁrouf fol-&n’fl’b , 7!0) = & .
Themn ﬁ(ﬂ) 3(X3: 4%
D Yixor = X7 omd Yoy)s Yy
Toverse + 2 % g.f. g%y = j(x)ﬁl
t(”(;{,x): 0 < (/r(x,&>
Ascoe > (,f r(‘f{)&y), > = Lf” (X, \{[%,ED
Fm 9@ Lgtp ] = [9109up] 500

2-2 e /-Hjelora,o

e 3747\4/75' com be W/D};aa'f-ecl‘ qu'qu ore ﬁ’W\f/M “JZ We
“lwearise © Aha Lie grouf /cﬂo[waS aC wmall nble abouT omy
5"9 fté ['391'“"&}‘

/-\ C'@ ZTW\‘,D Ts (’\WY\DDWW ' W"":j F$w\t [ooko | lke
Uther . Tale 4 g. ¢ b, Take héh v nld of g,

9
y
%k\ / 3.37h

S e (inearise e (xe 9”’\4(9 near ito "‘da\/\fh'(‘j Dhe /}(gebrq,



DNC,]G"\ ([,\‘{, A'Selam> A L]‘e, A/Sebro\ S A \/Zcf'f‘w S‘raau V

hich mld\’ham}lj heo 04 o vects lDWndt ohe Le Gocket
[+-) + V2V — V
passesan(  Fha —Fo\l.,wmj poprhes Y XY, Z €V
1) At pymantrg  LXND = [=9,%0
2) Jacoby idewtsy [N TYZ * [V, [20] (R, %y #
(re-plocss 0¢coc. )
2) L’Mme: v xfpe = (R @
[Xe g, 2] = ATKZT + pTY/2]
Example  Mafrisc commutato-  [%Y] = XY~ YX.
et's chesse A bagis ~Fw V ﬁTaH N LR
e bage vectors are aleo  colled 6wem’f‘w; of  the (e ol ebra
Then L brackels

ETB\, Tlg_J = 'FC,\\,Ta (wa 03
i fca\? ¢ F  aolled ehrueture emstanto .

Actisgn o backt 3 f o *fcm
Totawt Wt X Toy YTy, 2:Te @ f L. «8f «ff =0

Govers) olt f lie Algelora
X= XT.
wih  X%eF coeff. Them
(X YT = XY %, T,



2.% (e Gmupf ol Thewr ol gelorM

C_Iﬁ\m v The e aJISQL»mL Q*FQ L1e ﬁmr G e Ahe ‘f‘angm’t
<pace T 6 at 24%’%’}3 e .

R~ g]VIQ
ENW‘P]Q Qotz) 2 5(9) =\ ¢m@ oosﬁ>

The (J%—\-\"E] j[o)~ e ~1s . Near +ho zq[e/n"fr?fy,

\? R = SDL2) |

T o+——H 2
919) = T, « 9() D) SCARS T

1 dg
< .0 49)l9=o LS

d
gg!% (¢ Aanpmt fo Ho manfkl at onf iy e

Ale To(som) - (G
Take SOW) © i e T Ty T ek M-l

Covedn X = (Xiiin KD, Cmsider  corve %)= (xlb), ... *alb)
amd  M(x(t]= MLE) .

méﬂll’ = L (SDCz))

M= R — Spls) |

M, s oM du
TS T o 4t
Ortnogmal o MTt) WUty = T Yt
5 o = Ty )
S TM o M7
T':(/Y "t:’O, MtI / "\U‘VQ
S 1
o(’ﬁ'/ t"() ] (J)o ’(7’*0'

= LCO) T (Sola)) € Skew, .

1]

g X € Mot (R) | XT=-X k



U"l"Lﬂl’vI Grp},\F <§UCV\')-)
™ ]
lef IVLC'E) b o dArve. A gl/té")’), Lt MLo): I‘

fov ¢mall €, nnte

Mit)= T+ X+ O+  where )gg%lg(b

Have T= MM vt

> I-= (I* tX 't,..)ﬁ (T~ t?(f——.)
< T+ £OXAXT) + Ot

= X#{’ = "X w/\"hhe//mlf)*mm.

Clam = v X =0 .
P N \,\) \’\_ [ ’tX\\ ‘&x‘l
:F i M(;t-) = < ’\ZXL\ (P &N

dt MY~ = 14 £ A X 4 .-
> N K=o, 0

Ni‘%i 3_0\00193 _ﬁ/\'mv\la\
jﬂ; det(M(t) = detc M) '\1(:\/1&&)"' e\ﬁt

for =0,
0~ (X

o L) = To [SUtn) ¢ )X e Mata(@) | K= X, Texeol

P UD) L de€ M cam ke 2 phase ¥ X need
not be O,



L“' A/\‘}eb*’ﬁ O'F a. metTrx (e ﬂrvmf
doracde,~ 2 U”’"‘fs Lhrou e ?Qle/vr'}\'}'\% 07‘7 QA ) 3,(,».:({;\) amd
9. ( 30&)), Prodwet 18
Falzt) = 9.0yt Gilxit),
INIEIN X‘ = 31\,0_0/ K = 5’\{7—0

A <33 *ﬂlj'>lt;o = Rt X e (6
An rther vectn in e (G), hents clogure .

e bracket from growp ermmufatfor-
Djﬁ*\ Thae = roup ('/(/annm’f—fk"b\/ .<>'F 9"526& 1

Cj’(jzjc\ -= 37\7;[‘71\72 = L\’
[t 9.(%) ol 3—;[{;3 e 2 anrveq "H’zﬂ'vy’l'\ e fdm’/'iit?,

':FVY f=le2y

Them

Giltys et tX + Wi & (O(t3).

n

(9.1 gute1) " 9te) golt)
e 42 [X %] 4.

. KoK - X X,
Can rgfomwe’f?/r\:z— =12, ~hew

W) e @ 2 0K, %) e LR
S oo clogme  wnder Lie bracket.

h(t)

N

Tlongent  space. o purfrix Lie group &t goverol it g
Comsider  Cune C- gce).

/\,/ Bk
%V\S%"& SFOLL,O_ 6\.’& lpo;m'e, /> , /023[{;,)



Bxpand gt te) - g(t.) + ¢ 5(t) ~ le2)

Gien glts), oltote) & G, +rwo 3 hde) e s-t.
Ilte +€) < 9lte) hple).

For swmall g,
hple) = e+ Xpg + -

fov some Xp € LIG) = Tel6).  wegleckmg  (Ofe2),

e+ K€ = hple) = glt) " 9t te)
- glt)™ ( 90t) ~ j(fn)

V

Xp € e glt) glt)

= (Xr = 9(%)—(3' [t.) .
Se W& Canm map veetol  Tpl6) o veefors o LIG)= Te(6)
'199_ mu\f\p‘:)/&\j bﬂ j('bn)ﬁl.

Ctmvar-ﬁe[j | Nﬁ;\, M_j XGL[&\ } A w/\lcrvw_, cnarve 3(;(;) e.t.
gut)" gLt = X
ound jc-to)a j"‘ Twictente gl U,WL7W\IV.1.4 'Fa[l@.,‘}

From - egn.

S| JUI= glt) emplex) .
hvreemp (6X) 7 S L6,

One param. S'ulagVW\PC
Guen X e [(6) , Fhe conve Iult) = 2 e/qo(;@Q,'ﬁvMS

o Abe|con gm&gyowrs o'F O “Jﬁm&mffm/" L’J X,



Mot 9)((,@) jx[fx) = ﬁxﬂfw‘fz) ‘

(//l, -f-) rla ml'; Il o) =e

(t) Sompphic 1o
Ix o <' of gxcz‘):e for Soma. TF O,

2.4 [ae Groups from  orlgebrag
Oiven s (1 algebra L(») ﬂ'f o lLie group [, we com
define. Ao oxponential  map

wxpr L) — 6

,lCW metnx bk grvvpe,

- ok
— = X
X exp X T

LMUS, A mep i bijeetion . a}col%ug, fhe map (g

3%%0\}13 nst b‘J

&aw\ﬁla Uer) = g 6(8 l QGED,L?T)S
LCU) = ﬁ ix | xc—r&&,

exp (ix) 15 ot nj- eme =l Ve,

Gample. (= 00n) . Lot K= Lotm) € Skewn [IR)
le€ M= exp €X. Then
MT=(emp (£5)) T
= enp (£XT)
- m]g(_JcXB = M

-

S5 MMT= MM =T | o M Ol
WIS = TeX=so = bt M=,
let /\L,\.., (\,\ lea ,e/ua-\/t m@ X —aen C—b/\',u—, C"{TAH

el of Mzexp£X o detM= I - )
¢ =l

ave



S+ Me Son).
O(n) s (;C(sf:«mweci’—fl

d&t"—{ Q]&‘tr_—(

OLn)

C

g 0ln)

Clawn F Ae Skwy (R) = A e L(Sow)
PLe Defre Y (t):= explth) Cawe of matnces on Soman

moncfold . e hove  (yLo)) ' yivy= T amd et Yit)= [ -

= Y(t) € Soln)
Bj csrrucion A =y \t:a , ’fa'nfw’f T+ dhe curve
a,"E (CL?/V‘_h"'j . So A é— Z—( QOLH)) N D

d = dim S0ln) = i LSO = ofim Skew, [1R)

hin-1)
2 .

]

—
-

Cnvw\r [Droelu.t.'b "Pr‘uw\ L\'L [arﬁc-ut :
e Roker - ch\)oi“* Hmwsdwf—f (ReD  frrmulo ¢
Cloin © Fr XY e L)

amp £X exp tY - emp tZ tv Zells).

Wik {2 EXr Ty A £ oxivD ¢ %(CX«CK‘YU]*(\//W'X’JJ)
+O(et)



3~ QQ 'pre.se/vx.‘(‘a‘l'(m/\/\)

3. Lie G)roun,o Represerifafions
Gm:u\’p: "f’?—c«lfls"‘{%»maf‘ﬁm JEEEN C%’mmﬁ"[‘y{&
Q&Fmsw‘f‘h”hmt (o Jroup ot f{'vo\nsﬁm vectors n

Veetoe Spoceo.

We've Ceon G(ILIN, IF) an & group of inverhlda.  wiatness « Thise
motvices are invertble  lmear maps on  vecdor fpaes IF
GL(n F): B — F .

Moye Lc}yn,e/m/l‘v, GLIV) s a J7onp ,]f %‘f‘omW}?hlft’VM m

\/&C,-FW s("bo\c_e_ \/
GLV)- V— V

A V‘Z/Pfd@\/"—fi'éfw\ ,> U‘F G\‘ Y o ﬁroup/a AWUWW{)‘I;&M

D G —™ GLIV)
from G T He grow ardvmophiimg m Soma Vee gpacs
V o called  Fhee  vepresenfotin Spate acrocated otk D,
Hat g, \/360\( DCj) V=2V 8 an  inverdilde |, [mesr
ma p . €.

v — DLj)\/ V veV .

Cmmnffj © D) (v 4p¥2) = DD v A 2 D) Vs Vepel,

v, VaeV
GMMI‘) hon™ : D[ﬂzj,) = D(jaﬂ D(j,),
> Dted= . , iy veyv VYvel, awd
Dig™) < D(g)™ V 9e G.



Def™ The dimemcion  of a rep. 1S The oim of 'ty rep. Spoca.
(# Lagis vectpsg),

'L{? V oo Lute ~dum., S dwe V= NV, then

GLCV) = GL(w,F)
Defr A rep. s fatfX i Dlg) = idy mly fir 9ze, iz,
(f ker D = lef.

Defr The  Kemel o o map cmSst o all elts o’f‘ G
mﬁly[/eci +o ZCJW"{'I’IL‘} /'ol/ .

Can S‘]no\,o "(ﬁox\f\-b\—@\\r\zg‘g = D wmectve , fe-

Dlg:) = Dlg) = 9.,

Eﬁotmﬁl‘w W.He G= ([Rl +> . O(IPC".'.D\‘

() P comt fired  FeR, D)=
-+ D) DUp) - K=
0 pxo |, T i fifful rep. D[ D o0 mby
T’F k=0 V""‘“@“"“"M R T rep.

Dl 'rf )

(L) Ancther |-dim example g €' rep. Did) = et
gl ke 0 (3 | ne)
() 2d rep M R2
Dfo() - (ag leox. -flV\[ﬁ‘(

s ke w S lex
Unflo i .

W) Tofvte = din

- fe lK'K
rep 2 \/"S JC J JCtlQ—-’l'\ZH. ond

Dix) L) = §in-x)



onnd DO £ = ¢ VEf D oLmo D er D= {o.

So al+h Fv\)

D,‘S'E“ The. "}'Y\'VLNQ rep. D. 'S where D"(j)gl \7‘\7663.

&U\av\""‘\"f-.:e/‘) wwhich are invai. cundeqa~ ﬁmu\ly —tmﬂg'ﬁy\ ’{'P*aws"[;v«m

wm A +}——r’vclo(/Q l"&f). T IbhvglCQ‘ eall  Ahose g'”S)e’lLA.

Def™ IR G ot oo mafrix L group , Fhen (ne)  fomdamentad

or  Fhsao JAF«VMM) r= 2. D‘f rs

D{z[ﬁ\ < 9 V/ 5 € &,
Only D.F(e\=€ D el If G EGLUNIF) Fhen e(.w\l%tr\.

Let G e @ mafrix (ie Frovp and  cmdider 1t e algebro.
dg o Vector <Pace V= L(G)

Def™ The adjoint pep. O = Ad s map Ad:a—6L(L@).
i VaeG, Allg) = Al - L6)— L6 wh
Ady X = 9Xg~ vV Xe L(G).
Check  adjoint rep. pPropetes :
« Closure : Fv Xe (6D , B anrve gGlk)=e+ tX +...  for
i he G, we have amrther carve
G= hgter k' = e + EAXLAT 4.,
Se A X= hXh™Te LI
G pppendion
‘Ad@ﬁ,\x “(929,) K (929,07 - det(ﬂdjl X)

Lie baclket - i -
Ady TX Y= [AX, Adg Y



3% e Algebro  Reprecetatiomo
Def™ A reprecodfation d of & L algebra LG (o 9)
o map from Lio) T a & of Jnear mapt cothin
3}((\/) = /L (oLiv)

d . L& — FGAIV)
whwere. GA(V) = LOGL(V) is He [ie olggbra o GLIV).
amd  Whee Fha  lLie bracke£ i preferved., fhat s,

vV X e Us) .« d(X) V=V L a e map (nof peceseanly
Muerkble ) <.t v — d(X) v W rveV,
¢« Linear
bie brackets precored J(EXIYJ) = [dix), diy)J
Wste  dim of bep = Jdim V,

Def” (Trwiak represactation) (X} 0 ¥ X €LY |, re d00reo vel,
Rt (Endomenctd rep.) hr GEELLLR) WV Xelld)),
de+ Le@) = MistulF)
A = dex) = X
D (Adjdrt represenctntion )
ad: L) — gl ()
b Xell6) . adx: Ltn) — L6
Yoo adly)s 6]
Represenfations  of- Ue) fom repr. of G
Cosrve. in 4 roup hear ic[e/nﬁt-j
G4lt) ~e + tK +. 6.

Givven Yefra('m’l'a»’{‘(m D(j(t)) =T+ €d4d(K) + ... c/&f\nms QN)O,



Mede that Ay [ bmacket 3 ffiﬁervecl,

D(37959.9-) » Dlg)" Dlgd" Dlg) Dlg) . (F)
Wrete =12,
Fil®) s e n EXCr gl 4
g1 = e~ EXC - (WX

LS of (& < D( e - 2 [x,,%.D —f) = I+tl°//[x,,7<,j)+...
Kl of ¥ = T # 47 0dKD, X)) +-o

> d[IxxT) - Ldind, dre)]  aa sl

Grample.  Adjokt rep(s) = ady frm  Adg

Al Y < g Yy
= (T tx) Y(I-1X) #le)
= Y~ £IxY) + o)
- [T+ fad)Y Ot

Consrifent  defn,

Re}DreS’en’f’wwa D“F 1S ‘From r(;!;r, ﬂ]ﬂ L) 7
Gwen  d & 6<p. DF (LG) , et 7 = -e/x': X r Kel(a), \76(‘4
oonol leT emr d(X) - DC\7) ) Le D a ref, of A ?

Com o Bd foomula & Lomfiim

D/jzj,) T P9 D)
Movoener  Ahis 1< nvk neaecga»‘b a repr. of Fhe  Lie
Group G, S exp may not be.  Suriecfive



Prep. it G Sply - conpected, Fhon DE) = expd(X) if o rep
o G .

Def? A Lie group (s simply commected f

(i) Gwomr & iC poitn- connected | s any 2 potity  con
b2 jorhed \’j 2 e pafi

(i) AW alosed  cmrves cam be Shrunk ‘o o ID\*U{&”

3.% (/(f’eM Cdnc.e,\f"bq

Df_e/\ (M (” i{&w\w;&) ('CP> D, and Dy OIQ 6 A%
oln od da c'F L(G) ar= gpulv. zr— o inverhld e [inear ma/D.( /2

Dalg)e R DR Veq
di(X) = Sdi(x) S V Xe L(4)

Defr A rep. d f UG yosa civeeqprding veetoy  Spacs. \/
hos G  mveriot s‘mlas’p@“% w €V i€ 'J(X)W & h/ % "Jé"‘):
V Xell6)

I’F Jd(X) < A:Q gi;l),—l-kev\ W‘ﬂwwlf)()mv«;\

g’cawt\e V=R
Expm\lole A“ rc)ﬂ, }'la'/L 2L ’f‘mv'«){j nvasr . fml&i’/aC& ,vJ T (Q\l, l/J’l \/ -

D_l_fq An tvreduedole ep. ("‘u\-rcf") S a r€/>, wHA ho nw\*—fhvr;.&
thy &, Su(agl)a.v\. c,/w, +he f\(r. b e reduaide

D}j" Thr  direet fum a€ NVZL cnaies K a-d W e

Ko W= §twd o way | well, el



G &

a <‘A\@W|) -+ CUI® WLS T <U\\-\-U7_\ ® (UJ\* b\-’?.>

AlLtw) = AW @ W

dwmn L+ dim W = in Low.

(?i‘?v\ A "h]&A% Qe&é;h(ﬂ_ P’—\"- J "‘E L(IG*-) CcAan 17& Q[&(‘,(fml;'vs’-cd ?1"’-[7%

Tred ()".em pie, L Wt can weke ey Space.  aa o

et SV

V=W, 8 .. ©
s-t, 4(\() Wi & b\)‘( \‘/ Xe LLG\)I w-\eb\?‘( . Tuen 3 loagis

¢t. J(X\ 1Y bloels cf:«&.

di (%) O

Jd(Y) ~ o2(X)
O A

Eomple = (R,+)- lze-l'). space UV=4all aw l'w-:och\ 'P“{’»/Q»—alﬂ\\l.
Sl (Dgo() f Yem = FIx =) , Kok RO
pat fathtl since ke (D) = {omk )ke

Tavar Sub QPa s

Wha = { Ga WS nx & L Cn nx / a..bne&IR

Vo e W, ®. = @ W

Nne-o

RN {w = Qo * O (ancstnt « oy 4 nx\’

Nn=\

un«"EWv-\f\w\ o€ rqpro_s@»\:f'az(-mm
3y v 1

Df__“\:n Qiven 0~ (e group & and a rer»- D Whege Vq“l??ﬂ’\'fa'f'tm
glao\& how  inne, ]Dwd,vct <> 2 i (/W\\"éﬂ’”g .(70



<DLJ\V , DLW - v, WD)
Vje('n‘ u,ve '/

&F. Crrespmoing ok bro. rep. o D) i§ amtihermntion (ckew -
ad ot )
Nke  Adyoint operodn Tty defed et Tver product
v, Afy~S= <Av w?)
&-4» TP o D=V s fiafe, Ahon
Dig) e )  Vgeh
dX) e L(uw) ¥ Xe L&
Thw (Maschle) A fimfe -dim c/\m*(-m:? opeaatrr (1 €ifher irred.
oc ol resdniile.
@(szwcw : fé,,a@ AT, Propec Culgpac. WLV ks
ov-tnagm L camplement W, 5 aloo imar. Soo /=W Dy,
SMIWJ, fediiee W ovd/oe WL if either hao tmvar. Subspace.
dmV fuks D process Aernmates Q

Maach k'S Mm  cann ko Oxfended:
I, AJ[ 'F\V\l"\‘a-ullm Q—Ql)g daw Lz ‘l""\&J_Q\, ML’FDWU omad are )n-@:/ o
"‘;J‘Ea\ij reduedAe.

o . :\:{Z & O!\'Y\‘Pﬁb”t [re. ﬁ,,our Can ~Fr'ne/ umn"f’av fm'&e—-o/fm re_}o&

Tomcor  Prdued

Def”  Given \Ve<, FRALO Voomd W wer o, fhe Tensn ./Drbduct,

S P Vow s Spamed by veetrs  yeuw i vel,
we W cadh



() (kv )@ w= velw)= «<(vew) xef
R (veavs) ©we (Ve w)+Ve® W)

(in) Ut (Woawe) = (U W,) ~ (Veows)

LA and AWt Gowis foe Vomd W, dhen (vig wr oo
LQMNWC'W VoW

SR RRRVE: SWARES P VA [ (SEWD)

)EQ_F“ A product vector [/ Sfe. e VB cunm ke tirifren

a4 P2 VW ’f'c»f— G C:nS'e veV, wow . The clo’!(,a break.
dovn
SEA = (p z V Wg\

—K oL oL

A Iea s by et o-? {ay\vq;w’ﬁ (fafno (8 %’fanf[eJ g—fq-&'

T’mSey LDWduu& allow Mo v cambine rep.
(/Q/ﬁ DU) MC' DLQ—I ba_ /"C/)_(' D]D 63 , Wit vee.- SIDGCM \/L ‘/\) \

DYeg) - ve o DY, v Ve .
Dp}(j) : Wo ’BWCJ)% VJ[Q Né’:\/\/
Tontr  pred. rep. D' ® O™ acts mm VOW ¢t

(DC\) x Drg))@7m,(ela . Dm(\j)«{1 D('l)(.j)a\,’

7N
A B

’@'040\ —> DL')CJ),((Q Dcm){‘j)a\o .@/)L,

) Bap = Vawa,

DQW DL’) >
T — (D% v) (DI W)



Group  — Algolora

Let 9(’(3] 3 j,(., &6 ks a curve in Lie group et \7._, e
omd i = X e ) . Rad acfion Of Ten sov prod. rep.
ofv\ elgebora Fandem’f*a:ﬁm J¢ (X, 4« (X

o7 ® 09 Ge) (veou) - (0go Ve gow)

J‘ES‘ Q?JC(CD“’ © D) (5¢) Cv@wﬂlt,o

r %&/ Dcn(j’ﬁ) V]“t:o wW + v e [d—é' D )Cjﬁ)wjf~°/

5> (90 &) xy = %) @ )t (g @dT0) Y Xe L),

Tw M“"’t asx . -+ MO\SGL‘IUZ c "[‘L)W\ .

C_”_"' (Z&\). o€ d¢ amd JC” Can , '<70 Fte, b wridtew aq o
d w—n.a.‘f ‘S,\A-M D‘F ‘ }“V‘C()S QFF L (G\)

o k o~
Q(Cl) ® 4(_’:—\ . Q{I © ... ® 4({ I @ b(,‘

(|
7
‘qu?.

! Dac,om\po;‘friﬁ /-vm‘-g Trre (D .

4, Argualar  Mymontym
4 | p&(o«f-\msh},o fuesn SOB) oY SUL2)

lie olkebrag :
Gu (_')'B = L(S)(ACD.)) = { XG M"‘ta.{ﬁ) \ KT:—X ;T»—X‘Oﬁ
Choote od & basic

'—T& - - i{ O | T Povml\ Wﬂ"'r;w



&/\smg T TL = Sab L~ 3 Tale Te

= Cﬁ‘*r 7‘01 = 80&‘9(, ‘_T.C A
& . rfeo‘a E ga,b«, J Strveture (TN <
5a?) - LCSOLSJ) = Skew, - (32 ounTigpm wxm*\‘rr'cu')
~/ (4] 0 © ~ @ = I o~ °[-1 ®
T‘:(Oo”) T T 00 0 Ty =t s o0
d \ o A ~ o %) , () S O Y
QT&) b o 1 ga\ee-

n
[,

N/ ~

= Ei\fa ’ ‘_r\.'—.& = SOs\oQ. Tc_ I~ ‘:FQ@L: = g"""ﬁ-

So L(Sucta)) & Lok (Somurphic  [ic Rlzelora.

er? Mondlo1d g

v S0(3) i %2 3ball vadiw T, 00 wth N umt vec
Lt amfpoleq demtified
SUG) * et A SUC) com ke kirden A=aT tia-@

R, QO,Q( e R, lqg\lf la\> =1, S mn\fo\d < gg‘

D_iv’ let H < ., +hea \7136—6;, can Trm o \eft (/o(et.bf

-

3\'—{:

1

(3h | ke )

omd  rght et

h

s - <Lj | he H
Dj;f’\ {6 g o V](}\fvv\aqt gubngu[g :Jl \(7H~/HJ \7’\7&61




PR By G amd  H< 6, defne
G/H = qi | g2 G}
Dafine  Cate bty pliaadiom
(.14) (g.H) = [9.9)H
Tam Fr H 9 G, G/H 5 a Jrowp weder Caset mulbhplieafim
ot | = e H.

Def™  Sweh @ Qrowp G/H 1S & c;mo—hmtgrw\m
PR The contre  EG) is  B(0) = {xe&| Xg=3% Vge6 b,

Thin Z2(6) g G

Swl2) moanfdid: € de

py

lag(* + [a\* = |
Hove  Z(Suc) ~{£T{.
Look o€ cotets AZ(SMC»)) = 4¢AG ff'w amj A@-S%Cn.)

et a’Go»l\ cogets -fm-w\ o groMpP
suc) /7,
AN (el =77,
Mo fs1d Jf Suen /7, ¢ A-a T ria-T wik a-hpoles
identifled .
We can dravs AL manbld o-F $* (0, 20) ox wpper

V\mm@m ””"'la“"\

— - -

(- =~

ot PoJa,? powts
éJM’f\ F.&c/



Hodtern £ Hra o olice . Recfwe dwpnsion , o T 8
o hell in 3dim . So mowmfide SO omd  SUC2)/7,

Are (Som ﬁ\-\o\'\fb

€: Sucry — S0(3) .
A — prA)"R.

Wheee Ry = 4 Tr( 03 A oy AT) ]l

Cx \D\ (vt VV\O\P 3

This map 8 2-Fo -1, wri {ﬂf/4)=("[—ﬁ) , S Cafled a
C),OV\Jo\L C/DVQ/(‘\VX 9"[‘\ gO(S) bgﬂ S'\/((,l). gU\Ca_) (S Fha
w e'f" SDCR) .

Pzﬁﬁ,:‘) E—:Ve,.,—j Lie_ algel@?—& (s Fhe L'Lc a,lljelﬂ’& D{U %(QCJ'H:]

oL Szmplaﬂ—c,mnec{eq( Lre 3(‘0\A|3

SUC) (S S\mp\j omnected, Wil So@) aot ,Smjol:j

conne cted .
So(}): Cnrves  ketiicen owTipoles are
clogad Lot coannct ke ghrunk.
o~ peint

4.2 Re_?rzcwfﬁ(m of L (Suc2))

let V e a  reodl weefn Spoace,
Ve 000 | 2™ ey

Me CszPle/x\v‘Fba&iLm a‘F Vo o1s A CUW\LM'Q/X gt)av\ d‘( {qu]
Ve = 43 Ta | Neaf




Sue = § X e Moty (@) | TeX =0, XF=-X )
S = [ X e Mat (@) | Tl =0l = ok (n @) = L(SLNEY).

let g - L(G) Lbe o ol lie algebra and demdte $fa
C/G‘N\PIQ/F«"EWCC\A‘“’/Y\ l”ﬂ 9¢ ° L(G)BQ :

Qr-lor.o_gw"(‘&"rv\mw a‘F* %’_5302 hava J(x}
2 Jd(Rxy)~ d(X)tad (V).
where  X- Y € 5 X+iYe Je

Cnnvemc:aua, :F hove o rep. de off UG = gg . Aeer
we conn  rxstrict, T o g e g,

d(x) > de(X) . Reg < g,

D._i"] A mgl —PO‘PVV\ *‘P X W*Olf/)c (e a’gelw/a\ }7 < ol V‘QG\Q
Lie  alebra 9 toiHA j—‘c’—,h

Nk A complenrs (e algeliro- o) hawe >\ veal o

Now, SUC2), = SP""‘@% 02 | oz t22 |
More. coonvenient. bLosis (Carfon ~ l,\)qﬂ\ Lmzis>

\ ©
I <‘”z—~<o,,)
- [ Q
Ee = =2 (o #2030 =<0 c\))
o . O
c_= (v - d";)’ r( \ 03

T‘/\&/.L (’o«("«c-C:,)
(H/ Bel=+>E, ., [E.. C.J= I .



Recad| ads Y = OReY Y

C/"{r Z‘;Ij = QQIH E’Il i ZfZD-EI“
A\t |enow C\'—{\\rﬂ] =0 -‘-_o\é\hl H. , S }/—{, Exz arc evec
Og aal,_( Lo erall O, +2. Thew (0,£2) are ~the

S

ot of  SUMYe 2~ala
L—?/'t (l L_Q. G- "EWM"‘Q,’QI{M Qlfre,o[. Fe')~ V"c S(,(Cz) t/\)/ V’Q[o
space. \/, Wede on eval, dUAD an vie V', ot

cl (H ) VA = )\ \/)\ .
Dﬁq The.  eved \ are The warg\/\’&o oF— o
r\/_J\'_g IZW are (/‘/C(S\'\'to ﬁ‘F Q,q’)O\ V\’t /’\QJD

QMW‘ T The @Pe/r-a\—\—mrs E:t are  [ondyder (‘y-a\‘g,}\g//ow&rlw\_g)

17Pe/r-afi'w5 LQEF) s

d0-N d(E) vy = ( dLE2Dd (H) ~ Edtm,dcai)ﬁ Va

gy 2 2diEm) |y
= (A<2) o[([;t)\f,\.

— et

évee o JU"))
L\/"H/\@V >\—£L .

N— CIC'L:,?:)\/,\:O‘

Rivte -~ dwm g]bmc,z = 'th"f‘e_ Henvald and onecs.
There.  mwert ke some. N\ <t
d04) 4= A v,

amd

() v, =0



We aoll A fhe hicheot weignt of 4.

hoply  d() n Times

\O\—M = CQ/ CE_)>A \/[\

PIQCMA muwnat "F-wwmv\&"{? ’{ZU\/ {omz n=—/\)\ S’\A\}j%‘&) L bags

Vv
—F7V 4\//\' VA.-:-' e VA~>A/$

Check  thesc d(5+) dgw not_ 0\\12.\ rewy WL vec,

d(&:) v = Jd(B+)d(E) v,

AN 2N A

:[;)(;g.).:/[&) + 60T VL,

PR

~(deE)diL,) « Asmaz] oy

/\“'—I\tb

Retimrrente relatn Cond \Jer

n=\: d(c) V,\,.}_ = 0+ /\VA
N=X » e/(,g-r) " = (aA~2) Vys
T 5’@\,\2”0&,,
01(’(;”') VAcan T V/\ﬂ—nﬂ.
\/\)\*\\«
r, < r“l“( * C/\-zn*z> ; }-\z./\

2 o (A= =n)n,

Fodte # o{l waly O ’FW n-ANc e require
d(E.) v

A2p = O

=> W*' = O

S (Aate W) W) s (A-w)lver) =0
Then Nz} a hin-neg htege-



Cmeludion = e "wa\’{‘z - Q[{m 'c‘h’n-’ﬁ_? a-F S(/LCB)@ are |ebel (&Q{

by Ae Zeo |, d | vt Liegnte
<, - ﬂ—/\, “As2 /\l,'

Nm-degonerefe  wreighty
dun dpy = Ay
vode e FAved, rep:
d, 8 Lumdametsl rep-
REPURERY. A%)ch& =D,

T. & -
ang, mom J-C, % %)
esTeten ljm> with 3 eTLoe . 2mel,
’j f|m 5\] .
Tromsladcon  d (1) = 27, CRGEERICED R N
N\ = > ng"O: MIJ“O

>\:'>_rr\

Q{(—g-t\ = j\ iijl

4.2 Represenfotiomo  off Suts) amd <o)
SUC) ie qmply  connected | rep A can five rep. Dy

MS,HS €/><]’). ma\b,

FVY SO < SO{C‘--’*)/ZZ/ o et . o{l o) — Pan‘r
Ff elte m Sucx)  L-A A\

~



GIL“M D,, S a rep. u]Q LoOL3) ;ﬁe e r‘e‘_c/()e¢"£4 Thig

de'/'f'an&’hm OF P#\hﬁ /.\ annd ~A.

Y 0 Tden: nesd  Dy(m): OLA). find fuis iff A even,
Suferese o aheek  O(T)= DALT).
v He 6 (CU Lasic) , we have

T = W?Ciﬁ"/) € Swe)

Toewn  Dp(-1) = ?”‘PUT‘ dALHY) ;A wes evals (weighta )

e (<A, ~A+2, ., N2 AN

Guala of  DA\(-T) ave

-\ /\
™ =) < (=)

So DA = DT paly A even.
>\ eve~ 2 SD(2). , >\ o of "—5"£lbimav r-e]orcgam'\‘v{(‘\m«w"d{z Ue),
F 4 Torcow producks of SALD  {vrepe

J/\ MCJ QIA/ W"'H/\ /\I /\' € Z?D‘
Ve, Va® V= tpan, {veov (veV,, viel, ).

Irf‘g lpg 2

SPQW e \/(\ Mcl

e Ke SUe2d |+ Afomgor product  rep.
(dhodp) (X) (vou) = (40v) @yra ve (duli)v)

Jdim (dyw dy) =(Ax1)(Aa’41 )

De cowm p o Fion &
4/\@) o\/\/ = /\'/el '4/-‘/1 JA )

Where .4 <L R &oa‘ﬁa> o NIM-heg n\ftj&rf o mm[hf)h&r‘!



Fo- Suces) | w= have.  boseo ‘Fﬂv \/A and \Qh
Guyh = N e Sos (A A

<%
d (R vy = Avy

and

gl s Ne Spm (=AY <AL, AT

dar (@) vy = Nvy,

Racis ’67«- Tensn P)’Do]. spacs 1 ¢
4\/;@ Vy ( AGS/\, X &SA, kL

Whet 1S Tue result  of A on fencn product basis yece ©

(y@d DN vy ) = Yy ® \y+ vy d.H)Y,
- (N ) e U,
The new  wegwts ave Sumg o deA, Ne A
The weight cef ¢
S,z | xes, Nes, |

A+’

The }\\g\noqt we‘g\/\t A ~A! haa Vn\A.H'\P‘lC/L”fh | . LAA‘ = 0

7

C1A®CL! = J/\+/\( @ O{A//\‘

Fewandes

C n o~
Qemmwvxj r‘e‘lys &A‘/\‘ o Wugl/\% el Sqn g. L.

~

g/\//\l = SA""/\( U g/\(/\(

The highedt W& @nt g/w i ASAT- 2 o W\w('(‘\to’(&rfy .

Re fm’t-u
9. ®d

Aep' -2 lA~AT) .

c>l./\®o[/"(-“4 © J

A’



E‘ﬂﬁ"—a A= A=t vam‘)m&m—f - jcj'=-%,)l
S = d-tah,
<. = (-2,0 0.2\
L igheat Leght g 2 - Seu f{-lw’\?-‘\u("s.
= S3 U Se.

= J-, @ Q-, = OJQ. ® 40
(540 &)=(j1)  (j=o)
U sS= Qi\y“e/v\v!m%\\"*:j o [O\M ?WCIDS.

2L ®2L = 2D

—_—

5. lQQ,[ a—tui sfte SW"‘ etries
E.l Locewtr  Gyowm P.
]

K —s X’P’\ , =0,1,2,3,
Wi l«e.Q\/L S'Ca\la/ }r\vahamt XM7/MVXV myar . , wherso

yUW o= d'“\f(""“"'"‘)
Lt A denofe. guch o Fraaft ¢+ KM= AR XZ

Ervay{omer 0‘? Seales ,Mduc{'
v _ M ' v /)‘
> XMy, k= A XT g, ApX
mooAY o~ no A\
> 707 = /\r/\/‘z/,‘v‘ _ Jz./\.;7/\~ f%)
QO /\ e OC1,3) - Prendogr—tho h sym &l JMP

(k) @ (o coalfremtd . A\ s 4xé . So 16 ~1o = § Q/,o.'j:\

Tre (orent: Troup ams st °‘F 4 c/rgjofwb mqntqe@[\[o dn-lbfmoh}ng
on et A amd  29n (/\"o),



C* ‘
From G0 d=t /\Tvl/\ = et q

D det A= £

v =0 n L’*).

[}

ge,’f F

v

Mo qpe A% = st
5 (A% - E LAY =i
- (/\Qo)'l?\
-——) /\0\3 '.>/\ v~ /\°° \("\‘
The caus dot A = [, /\0\D e | ao/\,"f‘ou'nj Aha id&vx’fr’f\?_'

ad s SOCDT | A Srver, prdhinchmons
Luvem”“u ﬁnw\>.

Ofher parp of O(13)  obfaired by applicaton of

(7)) e P=<' 1l ~>

‘hw\¢~we,vw9wQ. fah&:ﬁ )
Lpecial Couwes of SOC, zﬂ
’ \QU'\'OJSV(O'V\A L(/\ 1= (Q K\ ) 2L & Qo(R) o
/v.ﬂ)x&\j

~ Cosh \F -0 T amh ¥
b (/Wem'%:_ (aOO € L(Al fl\u L= (
¢ ) N& Aswhy T~ ﬂﬂT<w§k&P—l
(vt a Smbng o cloged )

3 pavam. for w2 paran P beest

g
So ((3) ($ not g’"‘f"; csrnected .
. so L)t = SLi>e) /g,



Q,l Lie A(Jeka—-a\ a-{} "H'U( wa‘f'z 3?)/0\4’19
Cxpand A € 80003 glewt A identity AP, - OF0

APoere SH, + £l + O(£Y

Ir\S:Q/VE EV\"{'o /\TVL/\': Q

=

v A ’e(w,w’f (/Ju},) £ 'UN + O(t*)
o o b
® d

<
= ["Oyu:\ 3= Cwul/\r) = QFLO\ —d E)
~c ~e -
W“+1”§‘a"'n maxf-yfx thean ndhcied [owesed . {Z

[eo T - C(”w}wj ; (

Bagis -Fw gu(\‘l)fc is

kP [(‘{E); 23 ’ ‘<z:<§"o*> . k- (l ,)

[zrﬂrj\:(" O‘) 1., T

0O -~

\< BQM@Y’“{ZO/J ey y 3 ?Mfrr‘a’b)/\y )’5['"&

(e Braclethr - _
[3‘:"533: Sl e
E'Ci/ K}/'] = "g;"‘k jk
Lj"\, ‘C")] = Sﬁj[c K\:

T€ tll e cmuenient T write

. t
M = KJ ‘ M s Exyle T

S o X L M UL pPx b
(M Jle = 17 Fp m 11 500



ad  Ac S’OU,DT can be wriken ao

= er(—é_w’AVMMu) = e”‘f(@(:{)

Where 9'(‘, *26”2\ C*?f/u =~ Wv/v
glmrl"{]j (’\g_ UWLole-s\%'m\g

Lio= 31 ( 30+ k)

R; 3 'J-’i C’_J—:\ T ‘\K\B
T bLracket)y ol ke
[[:,L_'/:]‘= gt}k Ly —  Sut>) tructure

g,

LR, Rjj is Z:j[: Re — > cefs c’P Suc=)
A algebro
LL:.\ QJ ] =0 T
Looe o

lnear  combivatimo

0T~k e sounl Bl pieg

Lo+ PR e Setd  xtplec.

@3y = sL(28) D allae)

v

= 5UC°‘>@_ ® QUCD')@ .
Rﬁﬂ-ﬂ“’ Ang o .

Su(2le = su(2) ® By (),

J
liear rea.j{ A’I.(\'ch*a’ tm

])o«E, -

) re form

erresw'rofﬁm af GD(I'@% :

dlxl + pRY = wd(L)® T « pI ®d(R)
A

1 ! f
EOL‘IB‘)& l‘&l)_ EDCJ)Q EU(—L\Q .
Iinea 'EL((Q] = Oc



Rea Afocwn J.= LitR; c ez (LR

d03) = () ® L + T & Jdh),

dek) = i (dTy e T ~ 1@ d(T))
Ll | Algus. wsing Ighest. SUCD wiecghs A on ang. mom.
Guowtuw  numboes 55, o 2]y amd  2j. are bigherE Lephbs L

Su(2).

—

&xau«\E(eo (j' ,/’L) =
Ca) L'I{_. O) B Sr;ww ) ‘ “ Fav\o‘alm.»&wfal.’ “Q,D_ o“? YA} C(-g)’r; SLLQ-"@_

»  \eftfonded CJQ\\,)\ ‘Femm\m

Qo) (0(—;_\) WJV\SA‘FQ + ‘('IVLMJ ij "R 1 LJQUI 'FW\M
(&) [£.3) % Ve rep. Under S0(3) | A rep. i

DY @ QW= ( 2 , -
m&U\C/\lﬂ\ﬂa - — — @ — d\’“@]’l{’m

R _S, 4 —vec c(ﬁlwmlpo sition XM= ( L 75) ,
LA nden M (froul), C'é—\ —LL) frred .
N& |>qu_¢ g’/Dcn@r‘ <3 ({|O)© (0/ 3’;)

5-3 PO‘V\ aa.ré ﬂmv\la DWJ Q{%@IQYA_.

Includse  Fronglatime vt pot’s  amd boostq = fiome,’i‘r:j OO b

0(1-7 "d(s‘fav‘b& 1 |’>1-¢€ev-v?vj Arang  — Ld‘r&w’{l Cealervs are.
('V\VKV:(O\V\& .

1 LrenTts ‘rowela frons
LSo Ch%) N, [

- Sera divect product growp ¢ TS0 L1 = O(13) x, T



DT (Semid'irect Produc € 3”“!’) Let & hLe o Jronp Wity AU &

omd 14 € &. [(not. nece . le-rv\a.Q/) . G e a. Cemi—c/u—ea,{_@m@cﬁ

Rroup G= AN = A XA ) Pmyld,%[ e rfo(lome egwin.

(1) N, H pnawe Trved dfectection . omd G o eyuaﬂ T
o 24 Bmw\g [N’BW(/’Q ()»“-/’\}1'-{ o~ N .

(i]} Ev?/rj Q/[t— d'F C) Can /a& LJVL’H’&*\ u.«/\"y’
{or come he N, he H,

u\a\lj o4 e /a«»l«,m}
=t Y he a groap hom'

P H = Atlw) ,
e Y he H e fave
W= Y, N> N
£, th(n)zkn\q"e/\/ Simes  A) iS A eovmadl.

Crns cdanr G- <Cn.u) | e, AGHL) with - preduct

(n’-‘l’\}) (y]\,['\‘) ® ("\a. Lﬁ,,_("") ’ hlh|>.
G'Y G b o™ fe 6o G Pigde Flak)s (nik),

The Jdiveet F)‘ed_bg(‘,’t ZVBM}D (8 a g[)@&ca«e cozr  When
&ekﬁh) =N L/ hon .
Foc growp ekt (ATu aP) e TSOLLED, wih actm m

Grvec | |
s AP s al



A covven et rep- in G5 matricey

() = (D) ()

Orowp  mwlt:
(A Q)(ﬁ‘ c\') | (/\/\' No' 4 a
o | o | > !
Ln not” oo bafre,
(M k) = (6 A (k)= (G A)
@AY NV o (Aat wa, AAY)
C"lp_ Y, (il hahie)
i Wk,_("‘“ Na'.

Qex_«\\ o jwexra)fo'v,( g‘F L\Nw’i'z. 0\[30‘¢ya, M’MU Wr'Lk M KE K
M < g g Jle,  Tam pemerakons {W Aronslodp are, (P° )ﬂ /z

S <5 wa\).
NVN-« MNV Q Nﬂ'p o) Fr)
M (0 o > ‘ F - (o )

> (44 = (o Jemerafov! , bass ~or Pomeard alg.

T
N %FC/\r"KB:meQV' ‘r %F( w/‘AUMW

'L‘LQ L:ra.c.lu:f,a s
[Mr\)\a‘ Mf’o‘} = ,(V/O MV“’" _'ZF\‘A M\JG“ f_/ZMV-MU/:’_7W-M/M/0.

MN"V “‘] Zt/d— PV‘ zl"‘V V
R (rane]” anmmute ~ £lot S‘lbaw’f(w\l.),



Coter - Pm[,wy ef” O'F ) Cagimar e[fbs/o/:vra"ﬁwi /(n\mwm\’&:
These <are o\oJe,cho e ervimson entia OJ«Q W"Ewﬁ ""0
fho L alf.
’E-aca»ﬂ'ég_ IDl = FG‘ Pr § o 7V‘-"~dﬂ‘a“'\‘c Ca S im'r
E\&M'\]?\Q Fanl) — Lunlbansk; (pr%dove_a+w
- v g’
\/\jr}\ - bY g/\,\v/ao— M f P
W= \/\Jrﬁ\,\)"‘ & a Yu_mr‘r(c Cagimir

5.4 ﬁeer'fafhﬁ\ O{Z ‘e Pomeare Jroup

“[here are no ]C”L’EJL_ ~JCN\ ¢ U—V:"‘F‘avj (‘er, o‘F po:V\C'ar\g:
Denste  cc U-/V\(’('O\:j ref), D‘F Psicare Zml!’ b V&

(/(C/\,a) tV— V
jew oy (A, c) ¢ TSo(1.3).

Ramu@mf‘aﬁm Com  he  wrften
ALA ) = 7T U(A)
Defining  shorthand
Tl = K(zZ )
U= LA, &)

pte  (AA) = [A) (Tca), = (T, 4a) (A 0)

2 UA) Tla) = T(Aa) UTAN)
Trenslationo  geverated by £7

CO.Dv\= MP <RO_PV‘) - QQ*P



let [psdD eV e evee of Tta) ™ oa vee Spate
Wwpmd\‘mj To a- !mj(e,~/par({c,LL ,g—fa\'(:e_,

_I-C::-J L_e(mj a r{r, o]B (o‘c\)/ ‘e
Ia'la

_‘[a) lf&’) =<
whee  1pT e on eval  of PUL

(P,§7,

S repra{'m’ﬁo a”:ﬂ ?M;ema,Q D[LQ[}«-e."EQ c(e—F Ceﬁ, gip?h)

Lurm’f‘z, fh-oms"fw\ on ©&wvec

Tt (UL Tpis?) = WA TIATSD (Y,
1 ef(/\“‘&.). Z<u(:/\> ]P,g>>

com mv\.‘fj/a

2D eval, e,ia‘Q\F)- . <l an evee. Ldn evad

v

PP pre Ap

(wents  franef” preserves (P')*= pP2.

F amy; ﬁxqu P*, we haws an equivalence  clazg ofz
momerta. all related by Lo frmnef. Chovte fome
tondord / f‘&vF&r@mc,e_ kP o< €. /Cl= f’l

PV: L[{")MQ kv
'(Zw anc) FP\ tnth fQQLl (€ in fhe imaps of LT LC/D)/\”U

Svec

IP,S7 ks (A(L(,f))) ST S
Act  coit arb?ﬁaﬁ LT A
LAY lpe> = \/((,/\LL[»)) Y



< IWCLLAPY LTCAD)) ACALpY) ThiY
= WCLLAP) UL py Attp) Vesy o (5.
Note. LCAF) k = AF = [_—rC/\?3 A|s = k.

C/_[,oi’w» (./\}(,A.l’)) i= L“‘ [A[D) A L(P) (S an e”E\ J‘F Hro
etz §rowp thieh  (eoves k™ thua,  Saeh elts jewvx a

Cb\\pg-p—oulj} , CCL‘(,?_J (28 /I_H'L9— SVD"LJE) -

Lefs aclame (oo hoave a rep. of | 3roup

Ulwd kST = S Deglw) [ki3Y
Sl

Tl (SQ%\M‘) c,b:z'(l](?, Dgrgfw\ dpfwuz_, ~Hra ,|—Hz. %WMf m‘os

Them. e aan  nSerk. e (K Ao induce re (. v{:w

Pon coré Z’N V\l” .

2> WA Tpe> = U(LUAY) UlycApY Lk, s>
L Si Dgrs (WA, UlLing) Tk

+ % Deig (\’\”/\'F]) [Ar,i”>

Remaing To g})cc'f\} whet are Aol F\Avhc% infeceqting |t

5"09\ ‘95.

é PQ‘ZC‘I\/)\(A'\—'{A 'E&Y l<‘c‘, 4.. ,,F -@m not gw\'-f-nu,\_ "Evv g\wslA Fq,.{.\,_u_
States .
Spacihe  G-mmmacte. <0 e, kY= (o, k)

Mesajﬁw_ onergy) Pocy *‘"j’c k“:({; :)\ /:—:o, o
-, e = O



p= =0 . vackum.
-+ Maseive  crete.  ptimtio . Booct o Freme oo
= (moe)
Thic KM w0 nver. onder 3-din at L 0e e [ gronp
T S0(3). Tweps are wos of s, Sfafes chaweteread by
Pl g b
(A, X)
- Masgleas ¢fatna (31:0\ Rsfeta o frowme.  where
"= (.0, 0 W) .

"FV\‘ ’G\*RJ Ld> 0 .

Clavim  ([1ile gromp i€ TSORZS0(2) X Tg
Fot" cu )°)|]G-I«\JL_ ’\’V“V\SI‘V{"W (nik Pk“gc'ﬁo&)'
‘:‘V\A 8@»’\6/%03—‘_0'\(( :
g = k -3, (5, &= E.
—_— = .[-,El-l j?j T E(
E\ d= K:_ “* "l EELlEL':) < D

é' O{D\QQ‘QQOA’W o'?' Lie A‘g&bv& (a. s’»la&e’b) C,Ctxr{"*")

é . [ \'D-Le\w«"ho’vv\]

De,:;ev\ A Culoal S,e,\m—a, eg a  lie qlfe/)?mv |3 d Qvec. {{Jaw hial,

$ adop | a Lig a\K. under The (ie, Lracle € .

D(—",__’g“ A-h '“{_U,VQ fm/ invortant fo\lo&fﬁ@thhﬂ\) ‘FF (ie O'QF"’L”"C“ e A

—

subal(.  hCQ St (X YD) et Vv Xe 5., Yeh
Trviak Weads ave h:ﬁo\, ond <5‘ll



D= T dorwed algtbra. of a [ alp q g

J

(8) = Cm, g7 = sparged TN | X Yegh.
e F= R oo €. This ¢ an  idad O\Q .
Def™ The  contre o g S
T() - {xen | x¥1=o v Yegi.

Thit i3 olas om R of §

Def? A Lie = 1t Alelon £ [XV=o VX.Yen,
& j(g):lj,

Ni‘__z. "F[/r (’3 a\belxo\vxl {Cﬁ): D‘

Dﬁh A (e alg. ¢ Gmple E]C £ 0 nom-abefcan  @nd hag np
hd'Y\’(‘HV\C\/Q 7494\—0/1( (<.
3 fllmf'& & 7C3)= 0 / i[8)= 2.

Qﬁ'\ A Ll q.)j- (8 S'emmmr\L af i T how no ALé/ran(
non —frviod  idasd.

PJQ:P o o Cemifimple R =D 4o Qo rher B Simple

X The Billne  Fren
Gwi-.g,: Define an mvar. blncae~ *(:'m-m m o Ce alpbro. e

e 4 dafee e (- - | map from o vee spacy Clie alp.)
ot deal we. fpace (o amd  veiphto )

Def™ (Rilmecr fred, B Ve — = (R @) cf. lnear in
bth  srpumets (eren Tor @)



@(U\, &V*{lw\ = o Rlu.v) ¢ (; '/ECM\\,J).
\,J\A&/,-a x,/&@ﬂ—s, \A.kae\/, Clin -{Zas/ @(oau\/h/, LJ)‘

Dﬂf" A Sﬂm&,"ﬂ‘(h b [wear "Frm Npd %(VIV\B; BCW/V)_
Nate @ ho comdefim g Bluwd 5e/ne/m\l‘3,‘

DG—\P\ A (oklineav NFQ\’“W\ R ¢ naha/eg,one/ra‘ﬁp_ ('38 Vve\/(\/io),
3 Some ve / s.t. Rlv,w) ¥ 0.

Di\zn T‘/\.Q (Ct”tkg ‘1/:0\4\,\ o‘F (/fe alf fﬂ ¢ HNa {'%rm_ L:J ‘FUYW\

kL Bxrg —F
(X Y) — 2k V) = /']—/ Tr (adx - %/\/)|

{'—w Somg_ Novwaifafion %L{W N (uted in o phyat appl.)  Tele
ANV 2 hees .

od linear o K bl
© Ir covele 2 K Sgm

Usually we are  fhinking off reaf g . on o read {orn of:

e . S0 umally XN e R

Let {haﬂ be o las wa 5 , rcc»«(’/(

o\clTQ T\. = [Tq, T\,] | ]Cca,la 7,;_'
F‘m‘b_ ~dum 8 a\\o\,Jg 0- MO»']‘T-:s( ‘('Kf?/ypre’/'a‘f‘fm

o
(G'QIT;) L = ]eqa\\p'

Gm‘e_ v wulay, (TacT])= e Ta,



T (Tow, Tw) = [(q&n)i (adr ) e
SRR SV SN
e gemek X Ye g,
(Y )= XY BT T ~ X ke

Clasm + % (AL X, AdgY)= %(XY)  Vageaq, X.Ye L) .
Where AO[SXT 3X3"-
Lt j-: e ~t=2 "’"‘@(‘tz)

W% AdeX, AdyY) = (X4 TadaX , Y2 tady¥)

=7<,()(\/)4— f(?o(ﬁdtx,Y> *b(X(Q"]iy»
\
E:) inveriene =19

5 (02 ¥3.Y) + %[ x.T2N)=0

5 (Y, [2.x)) = o (Tv2),x).

((M'S Ve /\mva’r, An LR r(7 k\\'liws 'FV‘/W\

Pt Her t‘(lwg ﬁn« N wee

Tom (Garkar) The ladlng fovrm of oo e alpelra g
nondegenermatr  f Q0 Semitmple

PE () @ Sappore g it not Semiswmple. , then 3 n e riv il
abelan  idas 3y L le. (x.Ale3a yAe 3, Xeg‘

Rapt Ao ek 3 = T | =1 dmal.



Bo./di\? '—ﬁ‘f 3 s (TB‘\ [LT \ \Vj 4'-(0( \ < = leae, cl\lm!:j —dim g H\
ad Rbelan = CT’(;‘)] So P fy =0 1)
a (QI}WQ ) ET’M’—;(,] e a = (X £o) C>)

A ¢
(0, > f{g= 0= F, (s)
CIV\S'\JM 70(X\A> 3 7632 X\z /‘\(

‘k’l? go {ZO(C
Have  fch= (R v {p) Fhen

- 0 Joy 0
¢ p Ly tY)

@\,. LR)

J o \u [2)

Sa Ot aggqm‘a“'cby\ =) 'Frv A & a , ﬁ Xé f,‘3 [ %[\(,A ):fl‘b
2 if dx%bv\e/rnft,o\ ng

Pﬂr\ ’.Z-e Y nm«—eu.&em,mfl | Aen B 10 invert bl e
'FI)*/ C?Qa\.j ' (Wo-R Can ‘F\'r\& F[,-/K/Flh\ g-t‘

c

(764.1.-) ka’-l)bq> Sc\, .
Dzi') A- L"(, jf\?"\(p S g—"/*ﬂ'(["“"‘!zli .‘f“ tto (1= m(f. td .C'Wl!lm/J/Q

P\Y:jf T—Q e (Qb\‘u«-r '@N‘w\ 0{7 a P(a.x [:e Q({/’ (a :[_[G\‘) (S
—e CLPJF( o G c,uw\(m«ft . a-d B 0 faid o b

J‘F N vagm "‘b)l'»(_ .




‘_\ AS de e
PE’_\L A w’)a_u& XWV.F vheh of &t. Cemi SJMIDIQ I’IM N a|\r
RIEAN neq . Serdaf. [allmg foren (V\ o neg def.)

Noiz v CTha ove O\_,Qéo nen \OWY\P“";t va-ouf_{ ph ogre ald’- Z"*UQ

- {'.aw\lulif: Kd/(n\f \(%\*W\ J

Pﬁtg Every Semitimple,  Complex  [ie alf [(G)e. hao o veal
form  with Kab= -~k Sab, ke )X,

DJ o\,\,ouel 6N WP%’E., Gnd e W‘t&Q' *@m—w\ ¢ a{z Wfddf 'lLﬁ/xa.

DEF) Ah:ﬁ [oa-dlg "GA»— LJL\'\b\v\. 7</¢L\- oL Sq]o ,:78 't MLK’EOr i

cal U—o' Qnn O\Q{G\P"’\ v [c a0\& |

IV\ O Q‘JC&F'L\V‘Q IOO»OLS Z)T"*I\ o

%([TQ‘T_"\], ’T\a> = fﬁa\ 7</<'TQI,T\=>: "70’]?%:“
Sdb.

B:j AT Tam e,

S Te ) = (e, Ty - % f L

Hewnes
fca\a = ]CLe,& = ‘"{zlaom_~

ot - S’Tv\ W N gwara;ﬁr:f l/\ﬂ‘)b«—/[,owear Zmdl\f-&o .

Th aela«(rhve bﬂ;i‘d“ W& Can LJY‘;["e,

b
’:E-\Lc. T ]Cccx(g = ‘qu(g.c. | f ca ert§~



(., 3 Cmg?m(r E_—LW%

A Calimir  element i8S oo P"“ﬁ’“’”‘;“’( 010 elements of a lie

a&g:z,&w*o\ whielh.  commutes wth  all elfs "F -t Lie o.,(ocalsr&,

Casimir are efts o@ s universak P/V\VUU[/'V\S algelbra [usa)
a%— <l L\‘é a\[zfs The (/(,E'A J€ B i « ‘ﬁjm::ul S/)M sz
{I\ 3‘ 8‘@ (3‘ 3@ 369 % (~..g Sw\@[]-o_cfﬁ fo e rule

XY-Y¥X= k.Y,
WA Ce 3 Lie bradceft

XY mm?mr(». e ™ § , \(\/egczocj

New '\42/\’%«’6&4 Cue\\ as

[x‘\{%]—s [Xr\/'] 2+« Yx.27]

The umversed. . quadratic  Cosmir e (of fhe UEA) of
& lLwe alj,
C= TLTe (Sam que, LD
Check 4atc
(o, Tl = T CTa. Tud» U0, T,

= T e T+ fwe T

S fave e - P, Te T

- 0
Se O commukee with ol X=XAT, &3 .
N Y al¢. have  Waher ovdesr (Fo\‘\jﬂowdﬁ Calimirt | Lut
Haoe ore wnit,  uaiertad .



Comsrder Az v\wwe/rqu ‘[wxé' Cassmir V‘&F\ d b{?ach Lie

: = L[ &
a\S B ( ) C‘.,l = Z C“"Ta') A(_Ta>

R O\\a'bve.‘
2 (41X), gV ~o Vxeq

let D(\?): exp (dX) k= coreapmding  gromp, vep of 6. Ff d

il\oﬁl, , e D e tw-eal) cd \o:] Cehurle ZW“V\OL,
C, D(ﬁ) = DC@) Cy \7’3&6\.

D Cr= gl | e Cue ?dm*&i‘t‘}.

Where. ¢  ER .

~

Exoum = < L(S U.C)))) Ado\lﬂ’ad lbasis * Mo =~ 2_(\5_ Vo .
NWW\AJ(QQA g-t kzg,\a < - as
L"b[c ot g(/i[}) f‘(\—#—]). /\=‘ (J: ’/?_)

[ 2 2
Chpr7pa@W="7TLT 7 S 7T

e qV\qd/r'c\‘ﬁ'L Cogimir 0(1 o "‘[[‘th{am&n‘f& “’P\,'

More g/mm[hﬁl

G- -2 131 = ~43> L.

é-é(" CO\FFO'm—- l/\)b‘v)' quig'
Dﬁh et 9 [/3{' &\‘Y | et X (= 8 (S é‘\d—-u((mfm\o\\\gﬂ\uk TF

O\JK =r3 - g S o[}jmﬁusabb\

Qﬁn A M&-ﬁ\ma‘ A—LJZ_‘I-&.V\ S’ulggmvxr f\ 1< hlf(:_ W\'&l\‘lﬂbcj .

a/w3 [a rS'M A be o S‘U\(OQ_\je/L’”» :



IZJ:{Z" f g i complex Semi Qumple L algelrs, Ahen o
Covfon  gabalgebre (CsA) | of B o womplen  Spac St
() e all H,, Ha e h,  [Ho HD=0 (Abehan)
(2) T o\l Xe g if (K X1=0 b IHek , then Xeh,

[ Mexjmel )

G) ¥V He \-\\ O\JH (s dm&’maﬁ‘kga\laLL i

ke - IR B s [k (Cemienpis, | il |G frag oy mgnit
hove o CSA.
* Lt con e provee ~tmat Semigwple. e afg. howe CSA.
» (e clhorie o—P b 310“'9'@ C<A macy vkl om@u Lnk
Al PogsuAy., CSA O—F g Wil hove the some. dimension
D T yomk  off o Lie ole 5 it e de of vt Con-
Exawmpe  L(SUCN@ = H=-73 i€ o [-dum CSA of GulDe
LG L
Gamfs  LLSUIN g = § K& Mat () I T X =0 b
Can choote  —ohe  dioy. elts as e A
(H")Kﬁ = | S S(&? ~ St 1 g({z—m,z (o fum over 1)
RPoank = n-1.
Eecs o'ﬁ ady YV A e, (HH'] =0
> [Bd. adyJ=o  (ad a re/»)

Al e maps O-F H amminte = X'fm%/.f“hwm}'g_ diaf .

IZJ +ax :QI)&(/‘fv-a,Q documpogrhion Fhm . Qs s’bpqvmecl by Ahe

Simi[taneow, <vecs *’F The l)“dHﬁ



Choose one He b Wb, bun frveny otnec =it of h
(S a Zzero  Rwec. "'E adyy °

ady H'= (FHD =0, Hieh,
CmSider A basis -Fvv SO /\Hz] ‘\=\,W,Y1] L, Where

V':d\rv\ h = )-ka j.

N CsA

glhc& csl e W\&K\VY\O\.D_{ e (& ho sther noneeso onrec.

Lcn_\e‘i,\ Tha vedt lovs_ helr enveln kj Coar ol

“CIH. E. - LHM g‘x] = i C . e il
&als & ore called s

Def” The Lot of all nmm.~ wobs of a Lo oalg. ¢ th vt
suf @r(oc,/l/%’,.-.lw.

Df,jl”\ Twe  ervecs E&r E(; . ore adder /S—Fﬁlr, OIQM"“WS,

Pg%o The amaero  Imullaneows ovecs of  H are

mm-&x%@noratx yte. A By are  umiqux ,up to a sz«[‘mj‘

A %Q/mexﬂk elt. o% e CSA (He & . is o |mear el
of iy s PP pled
O‘JH E,( = [\"\: E&P} = [(O( Hi, g—al il ()10(2 EOK =- o((H) EK,

there L (H) 1= f'g.‘ |

Clatm  The  roba o(,/?, Y, ... are veekove in tha duak vec.

SFau ,ﬁ* .



DQ_"@” G\\VE’_V\ & Nec, (’I’)ae,,q \/ over 'ﬁﬁj\& H: . Ata JMJL ve Ao~

S"ﬁi}_L \/‘ (S She \VLC . {'de& Ofr /'V\, 7(\‘1 f_v__> /F ‘

Nete o gy VR =dwm V-

+ Gven a  basis Vi fFvw— V. We oan fnd o basie ]QV vx
AL V’L*(Vﬁ - QU

C’_Lo\_?_w\ The N are vector! (w Ao C)Ii4a)k vec. gPAcR. (“l*.
ol h— @ «x(H)e C.

P:€ : ((nean*ﬂ .
o (o) Co = [pua', Ba) = TH B «THLED
: (N(H) % oé(H')) Ex

0=f) The Carfan ~Wenl bass fr g 15 guen by
<("\L‘ ;~—|,---,rﬂ U {E,gl 4e§§%

/\IEQE dom h= = ‘m\y\kj , ol\w\S' - dmh = L-‘E(, where. P

1S Hao (’/\-e[e/v e-F +He rost 2t . We- CJ'“ Sen '“HAG-& l@’B(\:

So st A\ wots o ave. LI in AT

Noxt (se k\((fv}f ’ﬁr\'W\ 1o &L'Fw\z., an  inmer I?/Delotoé Mmoo R*.

Clav  K(H. B )20 Y Heh oleFH.

Ff. Gen Some v e®, JN'eh st X(HA)FoO.

\

© (M. e
% (H, CH, 61)
% (LH. A, Bx) = o |

——
=0

L (H % (H.E)

n

7

2 76(,”“6‘0()"7 =



Clow % (B, Eg)=0 Ve e ® L eapro
N
(octry« i) (ee B0
- 7o<CH,G»<’J Ep\ + 7&('[}0{, CHLE/s]>

= 0, \DJ VA LNV | n

Uaim T e B, fhem ~a€B. and % (B, B) T,
P Fw prevens  alaim
%t (Ba.H) =o v He h
% (B, 'Ef):o P fF—= (e’
H oweren, q Semi gmple. D % nmdegmwam , €2 JIXeg

ct. %(Ge, X)d0.
P cens o-F Shmnaton D ~x e B L4 'K‘,(EA,E_A>TO. h

Clatm VYV Heh | gHeR ¢t E(H.H)HO
PL: Suypete 3 He b st ®(H, W')=o WV Klefh | Als,
Teli4, Bx)=0o \ue®, FLhen TlUX) =0 YXen= ¢

d—cg,@nm{& % R,

C“\Szcimvnu °€ nmt!egmuaw), L K Con be. nveded wodhin R
Baca for h 4l . Any 2 fonecal ot o R - Hzf'*H-(/
_ 03 (.
(H'-= (O HJ‘ Then —-
"y = . “n'J

e (1 H") 76359() .
omd claim D det [yl Fo . S0 can et TKy) e, AT
¢t

Lk - <.
(21 k’“,j gtJ



Greven a/v\\g_ o<‘/&6-'30_ , Jdefinges o nnes— Frodmrb oo W ao
Lx‘/ﬂ = ) i ff)

QQQO\“ ’E""(\,{"—i")‘}”—l) , CH“.,, Eo(') i 0(2 E,g , ’(’-1[,_“‘/ r, O(Gh’
Nead ~F  fnd  C&, E{gl .
(Preall v Suesy  [64, E-1- H).

Tor amwy He k| x,/lepi, we.  heve

ad,, (BBl = [ W 0B &)
- [ (e - [ B, CEpH]]
- (H)G< =-(WEp
- (xLH%r(i(H)) CE&E(!‘].
it o(CH)*[)[f"/) +0,  fhen

C Ex . Epji o .
> Norma\saton frotos

(\/o(o QT
§ 'Qomeva(. a"{l ::t\e[r_\~

S« el

C&,E(xl'z

’I_J} “U"“‘“F(H\”D/ '('\/\% &Jp-gc &, g—«l = o0
- (E., . e k.

[How o Wroete g EEQ[ E.-,("j & N 7
ugln& l<\\‘\vxg "G,N-VV\:

%( CEe, &3 ) = (e, (B, HD)
= olH) 76(/,:4() E—v()

>

+ O .



Defne. @ novmelwed elf | by

CE’( \ E~o(]

‘K(GK(E”C)
L ®(Ha H)= <) e h.

IHa =

NN Cﬂ\“\?bn—&v\'td, He = f)‘(- H, C - (g} H.

Ky Pl = oG
Bt f’*‘ Q/rbrhrm:j . <
/A,Q = (%")‘JOC]_

Gmd .
Hu = (1) 70t H;,
S arigin L
J (\H"‘ Hj] = 0Oy
LH(( (—;”('\S = 9(} &4
N&[? (;4»% D(-\-(?&Q
LB, E/x]: 40(,&,6_1; He <fA=o0
) A
SPQCEO-.Q e(fm N

LHx,E{ﬂ (4~ ')Joé (~( &(z]
_(70—[))06 [Joe[),
- (=) ’E/}

SL(2, @) subal pekrag

Nerw  vormaligadcon
& 5 (“37«56%«&,() =

ko& = (M,D(_) ?_(o( .




Then 'CV\.*,L\(&]:O,

~ 2 (¢, [2)
[hao ep’) = ?% <p
_ N €xs Xtfpep
[e"‘: C/gl = [l k‘& (l o{+ﬁ;°
D o

Fw each o(e"]E' Twpe if an R(2,@) (’:‘ SUL(%)QJ S’w(aal?:/l,r-k
whh basi (ke @, 8o L it

Lhy €zN= 2 2€y,

[ew. €} ~ ha
Wrde tnge subalpelbra  <A(2),

(.5  The real deometr of ot
Plan- (1) (%) e I
(1) h S spanned L G
(W I veald vec. sprecs. h"',‘RQ h' whiy s cpaned b B
sund L\»*R contfuin I Ao  Lowbe, N B
(1) (/%) 20 | So lenefl can be defred ag (= Jle,
(W) e can deferminae  leagbs  amd  omgles betuesn rosto.

le€ L foe D
Dﬁf" The x-wt SfHing ]Dowgm\g —i-hmu\f*\ F S fhe set @{Z

ot |
S T Pre s & el
CM AH Such rote (L*ﬁ«’&é@ f'xww.- ﬁ::’l_,n_ﬂ,_../?’)zﬁ—l,)’L,f

Where N ond 1N ga’ﬁc'(l()

2t fl fpgen) € T

(°<(9<)



P;C" Cntder  #He vee. S'?o.c,z_ (Qfamn&el lfj)

Vap = e | 2pepe | prope€Sap )

Rotion  of  cliay . om \/o(,/L 1§ Ghen by Ao adjpint rep.

- - l(“/ ﬂffo")
Okc[k& @/).“am T [Lo\, e{lf/xj (&’p() C{;—ff«
2 [, (3)
:< Cx ) +2f> ep*/"‘
Also Whave
€pt (P e [Z"Q"W)"‘&Q
adeu ﬁf‘.fm = [6:f:—< A e’/l-efx} oL < o O/w, é\/°<,[)

\/x‘{} 18 cloted wunde gi[l)x G/V\cl "H’W!/J ¢ a re/O" SI)OLX. AFW
s Q(2) .
The wa&hd’ ceX VG/V— s Er:—c,!a Cann ke Ec[an"f*\‘[l-ed oD %Hom‘

S-{ 2L vor | prpc ez pen]

(et &)
- Q—/\‘_/\,t;_/“_‘ A-2, A Ll

Fr Some No avd Ny

\

Ll ‘Q) < on.
(<, )

A
2_L_°<_‘£) -+ 2N, = /\

(e poe)

D M——"\«-"”—é l

Lo<, o)

So g SHrings o ireps of > Cquantisatim cmndifim”- 11



‘D—qu A rV—‘Tt g’h’l‘n\g g;(,(; ha—o U/\/\ﬁk ,(,(‘/1 = Ne-nN- t |
<< hin Q-F S/P,b-\,( In-c/),) ]

Claim = Fo «x, P €8, W can write

Lo = S (wr) (Y. P

Yeg
o CGV“OW\"W-@U\ baois E"‘lifH;]“' o, THi Ev]=-7 & .
<°'°[Hz\ ci‘(aj, v~ o[cej- evfneq eather D~ amzew Y,

l(zJ = 76( }‘/:,/"[j) £ Tr(a\d,_,,'o ﬂcj{,—:tj,)
<~ L Vi (V=1)

YED
Recall  (.p)= il 8 o Also. dfine. &' = ()T 45, then
()= of; 1 0<'<F9 9 =Y§2xf Y, VJ—/;J ~ Pi_g (<, (vp), (D a
Cladm («,ﬂ) af .
BE Y Dicke (0 lg LB (o) e
> A o 2y 2 (A

((Z‘ﬂ) Lo X ) Y &G (X,2) ((?)
[
e & ST
So erther (&M =0  pn (gp) e R\IN, 2 (xp0e R and
La(f) c IR, n

We beow  rugba <X dre 2lts of f*. Gonerallly rtoce. oo Fham
dire ' el (B 2 dim &,

Claim :  The ,orbe Span H .

Pf: Suppose not, Then J soma  Ne A <A, (M) -0 Vxeh®.
Corveo ponding vac. i hoo Hy o= NH, e k.



ht CSA > CHy,Hl=o MHeh,

Alte have (i), G = A TH €N = Vot Ex = (d,€) By = O
Hy  how 22r0 broacet oy oveny <t o

corfrodeta  The alpbra. g bewy temisimple. >§\4

> At spen  hH* o

OI\OOLL a_ L:a.,ol\!’ * \ DL[’,\é ’-‘é [ ::'Lc""" L3 S C @ . Tlneu_ (,\){Il L_&.

Called SLW\PLL rota

let  hy < b be “the cubspace

B S (O BT
Claim Al vty he wn  hg
R{: let fp=ciay, e A* sam guer (. Taner product wf

G DZ(;\ . i
—3 J ((3, 0(9)) = (’/‘ (D((*,), OZ(J))

Y, botw  tnes szdMLﬁ e reok = CEC“R”ﬂC'- h’ﬂ;\-ﬂ‘

B
)

Clawa Y AG hg . (AN 20 | Wik (M\)=o & \=o.
RO BN & OM® o

(LA =0 = (Ayl=s Vb ye§ .

The  nrata g pan f't;\ ,Se  A=O a.

—

DVt = Je) ad Ahe feasFh (v norm) of oo sl i B
(r emtend fo amy  AL=TRD for anq A e ) Froany <26
define ongle bt fhem Harong b

(2 f2) = o2 (3] cos©



Re calf, o]umﬁswhm conchtom - 1(1’(‘/0/&(,»() €.
Llp) [P e and 202 I Core

(<) = (xI Bp > 1
> beos® O €.
> i {o % 5.1 T AL Tl

.G gtmr'l@— rovta

[-,:(; r P/C[C oo L\JPzr-lD/“VUL d]U oim. =1 cT. no rvé. (S CM"ILD";’QJ
in Ao MDP@(—F‘QM‘ The_ V\BIX/PIM Q‘ECL‘Q) h;;% W\'ﬁ) >~ h"/V(/O'
ont— e c«ﬂ {90§\'+\v<, . na n-e_go«-{-\wg

f « o pothve, S negatwe . Rwit St o Jvded 1o

() x¢e B & - ¢ &

(W) <pe B = Lrpe Br f A AU

D_aj}? A Smple ki a sve It whieh  comnot e wyffen a0
o Qum off e nvbe Mo et of oM smple. 5to S Be

C/_'ﬁm F-C'F o(‘(z C—:@:, fhes o(-/3¢ b vk ot .
P;F‘- SM[)PQLQ— D(N/S ¢ oo pwt .
Coze ) o -P & §—t‘ AHrienn ol ~ (/x—ﬂ.) -f-/g’ = K agf Srw\rl'c ﬁ\

Coge 2 K-fp e, fhen [ -%X Bt ond (Bx[f-a)t

= ﬂ ""f{_ S'lml*t#

S ozﬁfze?u. nl
Clodm Fwoﬁqeig,—ﬁka@gmg %m%hﬂ hoa  lengin

2 (<, W

/(,z,(;= [~ —,;;% ¢ {\,1.2,._.()



P£ : S"’(-ﬂ ':<ﬂ 'f()o( ’f(—'l, ﬂ~é{”\<'r\.15 . n-€0, Ntz0 a~d QDvwol

2 (1
(X x)

~

Ny ho = cL.

(1) ® n.=0 o n,e- 2%

-

(«£,x)
2 (4,/)
dop 2 Tt TGy 0

Uaim  For <p e s, (/,/sno\ amd  (£ix)>0 .

Claln Ay 16 By Con be womdbon oo (e cneb. off gmple ot
Wity Fve  mteger Ooa{:{L‘

. 1§ fe Be. dme. If peBe, Tp fre B, s fimppa
I pufla Smpe, dme. Glse | repeat  wntil done A,

Claw AV yioks A€D. 0am be  Wrifte, a0 o = & Piedy,  wrfl

P; ez, X e'@s e SIMIO('Q_ vta span /7,»,

E—_@-‘ From above, X €By = ap(ol(ed‘ P xeT§ ., ar)F!\\/B to —X.

Thean Q/QX now -22»v ‘9( e et-l-h,er fre o  ~ve e‘n’f'egw.(. o

Uain Tha dmpe vt fom a LI ot
R AQ ,\éh"; Comn ke tonflen a0
= {—dadw L CreR oy Bg
L.T. : Ao & Ci=0 V.
let.  J, = <2 | O;%o\- Define.  Ax = Eic?oq.,) annd

5\_. = | — (%:_ Czo((;‘ Z !); o((,) . whear—e by =~ C; /5190,

- ceqg_

Ll

\

I-F- >\?0, /\: /\'Vp>\~ i c, 0(0,) ~ Z b; °<£,)

€J4 el

D (0N = (A X)) (A M) = a2, a2) > -2 (4, A0)
20 20



ond (A DD = Z%J% by (. %) S © .2 (AN=0
5o < o

Qe Slwxff—L wots are LT Q

C/L/M_W\ There  are T = olim HTR Simple. Fate. | ‘e [Pe[=r .
AL - [Bel=vc and B a bague. a

6.1 C/a!(‘:-![raanL(l'/r\

Swnple. Wy foon & Lasis fo B . L Al frma £hiS bags
C/tu-va.lle,v\ lhoois .

< £ 3
DQ_*J&M ’H'\/LJ r=r Cﬂrﬁm\ /V\A'('/’!X /'\/ = di\v\ \'7,2 - it el€.

3 (g, %)

~
~
IRy

J! Coder, &gy) '
f)ﬂ‘(’ f?am \ 5%&4@% .

Recall Fhat Ajlé Z . (i e.ut,ffvv JF A;:ézsoﬁ.
Trva §6.%,

L h«. Lpd =0
_o2lu P
(‘kk‘ €(J] { x.®) 6(2
. xg Sanp ST B
[e.. eﬂ] = I '*“‘ﬂ-—o
Y of v

Chavelle., : —
(3 L‘\'“Lu [ l"' ] 2

*(l
Chag eix,ﬁ,] B T
Ly e~«><g/j T gij h
Recall ol - Xy ¢ B a0 diff. of Cmpe ™Ge {5 not a g,



Lexm, €o<LJ.,3° ad e%n{e‘v‘(]D < &

ZF O(U? + X(J) é‘—g, ’H‘-’”‘ “T 's )34‘/{' d‘(’? o rznr& Q‘f‘r\’n\x ) wh.’f'e,

This  aag Ny * Ky ot n= 0,0, ~A e /%jf/h ,,'F
g"('l";nj S
"( = |- AJ,
f2\n)'f g’fﬁmj evals, So
1= Az
(adg, ) (e, )= 0 (feme refaton)

lhe bracket owd Serme relafion  com pletely  charavtesie Fle
Lre alge-lbra. ’q"“_v) f‘mc’(‘a ~dim Smaple c,m}ole« Lre alfebra ‘S
UW\C[V\-dﬁ defermined \bj ¢ fo Cadon mafrs.

Cnstrants m  Coanfon matrices -
() Mi, Aa=2 Cly Lof™)
Gi) Aj=o0 = Ay =0
() Ay € Loy flles  from (0(97, o) o o j2i
(iv)  det A >0, Wnte A=%D where
Ko 2 coeyd s (Rar Ky

“Mere

2
k g le.
/ ("(L‘)):o((k)) J

q(' ;7"'\.- ID o’raj (~v/ +~ve e\ f . Q)’Qt ﬂl: e/a'[_r)c de/ﬁD >D,

FRH,R basis for  h. K (Hi, H;) = %

AP EDRIPINE
e lhacrl,) = 1205 o (6705 a0 2 lHy K = o S g lap)|

fv_' -1
= ik



(\') ’Fw Q'WPIa (e als, , A (S inmed. /i<, A cannst ke pade.

\

uo&[c "f"nangm (axa- l;:j an /mef'a"Fchq '7L)-ar\f’]am*m P /:l"“" PA P- .

I{l N veducile 4 ARERAN fem:S/MPla

(v.\ CJM ! /'\13 AJ, < 40,!.2(2\ fﬁv 'c*j (ho S'WWD
B - <D<U) , &) s l“(;)( |’(L_])\ cos ‘7’5

= A.j A = 4 cos? 4,9 e (o122, 4f
Bwl for $ro, T..., oy = £ > ovt LT,
o O < c,ocl.igj <) L ad Ay Ay {o,1,2,2] £ % n

C(N\S'Jc/( Cade_ af. rﬁ")k 2 ﬂ(?&‘ﬂ*d\ (r= 9—)

2 -m
A=(.\y\ o . wdh mon € Loy
det A= L4omn o > (m,n) 6%((,0, Ce,2y, Lu3, (2,0,@,.3'}

m:=0o A N=zo j(‘\/u redveille A.

ég Dynlein  diaprama
U
[~ Ffo—| canvres pom dentca  bketuecen Carfay, matrices and a[lolrram,o }

Conetraints  ow aa.r_e/p'/'a.éfa A's 2 rules ']01'/\— adwmige ble JM{M’WQ

D_L‘]Q“ . Owen a @ Cartan  prafrx A L i Covresponding Don Ebin a//_aoq;.

—

S defined Vion
[. Draw a apda ¥or each Simple vt Xy
2. JO,M /94;r~ d)’]G nudw ,fdj ”(['.), O(LJ),, l,df"Hu

mm\(( [AJ(l [Ayl) € 4‘%(/2:35
| ines.



3. —\’f More  Fhan one  Ina  Cownects 2 nodes draw an
Onvng  hpad /ODr;n'hnS ﬁc/w\ /!m}e,,— rovt fa(u)’ T Chorfer ome

\0<(§)\Q ]O(I.a(,)l

Ex V=2
mFle /An—

X O((,,; ) ‘X(“l = 'xtnl
2= o o
¢ A ko —~] 2 Cof \b,’_-. -—'ZL__
2 D, - 2I/§
y B
C/L\QOS& oKeo "Fvw }'7”;\ $.-"|" Kl_-) B [//D), 0(61) = ('-L'z‘ ';:)
~H
oLy
lu
A AR 5
Xi) Hy
ia xu 2 L
o A.—_ (2 > oio” 0(;,) \dca.)": Jz |0(t_ul'

oA (2 D) e len s
A - <> :_) o o (A redeciple ).

D;Q_E'\ A DJ-\L.-M Q’La\‘f;_.avv\ e o\chYllgfltoLL ZF e C(/YY‘%PW\DIJpJ CQV'LM
matmx  Satisfes ity cmeframta | QTM\V”\(%‘H:B. £ dmfmm 131

anecrf"ZJ cand C»V'Y\r%ffhcl ~+ & f\jg-f'aw‘ o‘P .'ue‘p-e. canef Vet

A\ L 0((7) ¢l A A
0<l7) — S S~’Cr ‘H'lL Mf(l/\) ‘J M"ﬁd% Py flh).&) of]U 9([“ /°<[‘_;)

[’([UI
7 =0 3T ST ) ~
(Z#J) are ‘ L:_( 3, ¢, C S VFFWM {."(C)) ! o(ll'/')3 = oS ('P‘// '



Carfan  matnx cpmebrant, = Bynkin diapram  domefraints

() The d/aﬁwm ot ke Comnetfed, ofw A cedmeble , ag 1T
Con La Blcc-)r-d(4j . perm’

(1) Guea om  odmiselle diofrai,  Gmuy Caled 1o o obfained by
TCVV\ov'mj Shonr. nodesn and ald ey  connected £, Fhom
wall e adpigsille, oo fmj oo Subdiaerarn  1s comnected.

Pf . Guen a get of - [T vees, gubeof s ol LI, )

() There are af most v~ )34{'3 o nodeo comnected Lg

lines

E’(:l: IF ‘;((.'ll , :LL(]) WW&L’E’&C{/ (&“) ; 219)3 < &of[%) :—;'_‘

\1

Y. ~ T
0< ( (.Z— ”<m , ,i- ‘;\<L‘u>
(=1

=1

r ¥ > i% (‘)((7)’0(5/‘)} .
< r- P,

e l.): +H connected }>a,‘ws =) \5< (Y Ps . I

(,?V§ N O(.Q\W\'(SQL(/L o/(ASMn’\ W’F‘é\fh Qﬂé[ﬂd /IOU[: aq G

Su\\adl'&j D

(V) No pode can hawe mive fhon, 3 |ine  Gflached —fo it.
PL: wates
(i) Qe/?/ddig a  [wmear chain of rwte M an admicalle d1a fram

L:j a smlle  mde leaven  av adwisnil o/)alf?am-

@AO\& e ——O — /// - @-—u—(@
Q

C-an\ (Z. 0
e O)"O" AO_D(O rnled M, dnee R},(v confvadicts [v)
G o



(Viil A degrom e a node haviag 3 It affached o 2

[twear cahane  of IWS,Q«, m.n. | S admsable JV\U ?]ﬁ

hn P
o .
2 \g (-2  nond
5y ino~ndimigeclole_ .
I
o~ —O~c—-0O
m= 3 n=7
M me ™fN
(vit7) o—9o—...~ O—=0—0~.. ~O-O 1S admiscrlole ml\\j if
— \ [
m 4

(m-Mn-1)< 2. 2 mly 0°020-0  0=0-0---0 , p-..-0=O

cor[‘aw 'S‘ c /ar £¢/ 744@’{‘(.0'4\

TLWL A"’\j OLC{W\,\SQIQ(.& d,ame\ 8 one ‘7'(] T "F'a”o»u{‘:(

T 'F"\‘-‘f(. ‘FQM\ luveg

™ raw\c
Hno Lo Covvenpemd T (i< al(.
A. : 0o~ (r21) L (Sucren)e
B, : O ~0-OF0 (r23) L (So(r+0)¢
(ot O .0—0%0 (r323) (ca= B L,[g,;[h))c
o o_o__,_-o—(g (£34) | (D= Ag) L{<Solaw) o

"

Bl CasBa 3 [(GL0)e = L (S005)¢

Ny A, » L(Coe 2 LMW, .

%cw!o‘h mak dld(df tA™M S

O —
[SRE O-o—b—0-0 b - 0—O==0-0
V]
CERE 0~0-O—0——0 Go OFO
o

S+ ood o000



6.9 Reemsfructron

(. RQynkm dagram = Carton  mafrix
2. Corfn mafrx = rebfive lenpho and ampleo hotuesn gmple
rudts
3. Use rovt Strge K fnd sther 4nve  rvPEo (~w.;~£+ve))‘
¢, Roota 2 Cavlm-iey| bLoa's
<(~\~,,[-,,< | ietiu v b xe®L
C. lie Backefo of whole algebra com e dedued From
Chevallen oumd  Seme omd S a ol edentity

1. C/ass‘fmaﬁm oP I?c/areqw’{'m’ﬁm
71 Basiee
let d ke am N-din rRp - of Q and et fhe C~J kaaig

v(:.vy 5 be, (H;' Z;"5. S o 5 a =P
CIWH, J(H;)T=d (THWHT) =0

o ol(H,) are Simul . Q/[a\J“\ ond  fhe V‘e/'?" Yfaﬁ& \/’:“ (e

1¢ g(sanneJ by the  Cmul. evee. of LdlHDL

let VU, bhe +he Rgpoce

Vy = 4\/6\/ [ JUH) v :/\;VBk;C-C'z-
Def  A=(A i Ar) | rsvankg ot o weipht of ~ep o
Def”  The et of weiphts of cep d, Sui 3 e wepht eof

of d.

The rep. Space \/ = }‘?& V.



Nste > Wegghte tn Sen&rae com have  pmfrivial, mml—h/o/wr’tj, '4“:’ V,\

conld G\Ppuev- mMra. flhan N2 n direet Surn.

Cet VeV .
Clain : d(By)v e Vy  if daxeSi, tlen dEBIv =0
PR, J(H) d(B) v JBDJIH) v ¢ [dH), J(BED] v

_—

~ A dB) v 4w dIESDG

=d CH'\/E’(j
= (Ai+a;) d(Ex) v ( )
= d (O(c g-{) i3

C’Y\S(({,t’/r‘ TM o Gt 0(1 S'X/U@ (’v\bo‘(J. jeﬂ@W«f‘WS 44”"() /0/{64,
dlec )b on V. Tacl  feo o Jia. p U=V, co V

(S o valid Cep- Fpack 010 Shl2) . .

2 -9
A"’( = (o, ) {(K ) O&.‘HJ’
’/’/o(
[ \/G\/A i
> Jlhadv = (o%() (D)7 ot d (H;)v

2y b
T e L) “ o, ’\j V.

o (K, )
(<, o)

-

Tais (¢ a0 weipht  of AB)e o musT be an  mfep, o

(g )
(X ) ¢ Z.

Since. ol weights  of SL(2.C) arc infegers. Twis g quartisntim




1.2 Rots and WC;(%‘Q (aficeg
Def™ The raob Jothws LLA1  of Lie alg. G bl Sunple rota
0((_,) S

LC':33 = S'PQV’Z{KZHIJ.

MV\ g/fn/o/& Co-ruuts are. {fhe. §M\'9{€ yyota m/rm«[u_ecl 2. %)

o
CEOW

oLy = Xty

();q,_f"’ Co—rort [attice
LI§3 = gpong [
Dj_‘f“ v\)e\gl/\—% [athee ‘s Q/,o\wQ (m  fhs 'Fo\low-if\g Comge ) To fhe

co—mrf  [edftits

Li,cgy- LICy7 -~ { Nehy | (hMx)eT %e z%ﬂ_
l/\)rv‘"‘\'f\S o\z "-r\z:(“) C«)H'[A }’\}é;’l_.

v 2 (), )
(r\7 "(Ln> = = €7
(0((:) ,04L7t)

Fre amy rep. d of B The weght set G i e ubeef of
”H‘Q tz\.n(’,\g\""(~ la:f(‘\LR. ! SJ < L.W[gj

The comproto 4:(0)\ "ﬁw\r\_ o lragis Zflj') i
From o bads for LoL8T Fron § Wl ot (R, W)= 8

Def? The  (uy)l are called Ao findomertk  weights
The .(’al/h/)[e oty Cpan A,;/ o we can wrte

k
Wy T E:, Be Xy ,  Bje e R



S’J - CZm , [’JLJ)B

v
2 (K, A
N 2 BJ‘F: L ¥5) U:))

> (Aery, %0 ) ) % B A
S B2A', and X, - § A73 Wz)).
Cramle. G« An = Lluedg . A-(370) | B-at=L(7)
KD((.I)( 2 [ya ) omd cpm_: 9'7[/3~ L
sy

2
Saﬂ 9((:) - (_ l ! 0) ) D<£&) = (—3!- r Ej

W(_a) - é ( 2 (1) *0<L2)> = é Cr F\f]?:) (1

(’JLL) = ‘43\ LD(U,‘ ~+ 1"<C>)> = (O/ F;?)

.

De £ Ay B@ight e Sy ¢ L0 aom b cvdten as o [

comls, r .
A= =AW

W e CeT o]c ,\?G:FZ Corlled The %—mrc“’\ (abels cf' A "\)"77LC
A= CN. .. W1, A vecter in \ can ke urften [X, .., N7

L7) /

"r(/‘“"k‘v\g alont. a  specific rep” d (frate, )
Daf Ebe,j fondke “dim cep” dof G hoo af |oat e higheat
weght ANel st

d(B)v =0 YuxeBa, Y veln.
Daf”  Dpkin labele  of o rep” ars Fhope off ity  higheot weght(s)
(NG = CAY L AT

pﬁfz’ A s a hghe wegnt, fiun A'zo.



P_WP' I-F d vred -, fhen A i Lnl TR ol FS'/—a/rMonf'lMeZ\

A
(A s nm-de generntn )

’(-‘/l\c/\lc_\w_g aLO""t all /)oSClb(L re P,

D_‘if“ Awfcflat A o LLgT is  dpmmaent if ol N2
Reep. (Huigheo! wogght fom). Fov amg deminant rep., 3a cnigre,
ivred., Pate-dm rep. oy wth et weght .

Owen an trep.  dg Wcth nghect  weight A W can find  The vees
N fhe edpoc wwe,opmJMS fo ofher e lfhta Lj a‘f’/’lp"’j

(oww"vlg apm’fmz( , f'a;j \/,\6\/,\,

V)\:QIA(E—"(X.) CIA(E«{;) C{/\CE—b{;) Va .
'f:w oy, &£ SR oy & Do , ie e/ve/:j we:\f\((: es'F da Can ba worifen

ed o A=A-pm lrf = Z_Ix,w(m . wrk /LA?C- L30
C\mﬂcrw(’/;

LQM (/Vo holes /e,,,.wm,) Fov any 7Cmu"[‘5~o/,w, ) o/g‘F 5. ;75
B\" Z, AL‘)U e $y

‘F!chl weffln’&»

— veght e

«
'H’\r@”\. >\" M[-”OZL” e gd, M/)«m °<(ﬂ & SQS' a»vvJ MU) =9 I, ~~-,X\

This g1ves  alps. —19,, {Tudmf all verphts »f da, Groen higheot
wergwt A

1.2 Re!mge;ww A su(e .

2 -~
O<U] = A’j WLJ7 ‘ ﬂ :(~{ Q_) I /(ln:[l('\l:)/dh_) 7‘[“{/3’]
/f:nvwfifmﬁ’— o rF@w dommant we ghto -



A=Lal 4} = Al « A e,
Cdiees t A=o . Tredd rep. Sealex(, jnvara~ta
- dpenr Aoy Rederetil e, L A-a, 6 &
Other  wei¢hts A= /- oLyy = Oy - Ky

o w,., - (Q‘C‘)LU Nwtm)

n

wcb)'\ (‘/\?L” = ["‘(/f.] GSJ‘:'
/\\q, = A\ "°<U.) il CJL,_) 1= C-Dn"‘\] éSF.

Dm’leﬂ -go J\m A[o/ o] = 3

 dpon At o Artfetemetd f

[ Mathematision refer oy irep. With a Afound welpht ag Tt
IMS\r\cm‘: WeighT as a fumc‘amm’ﬁvﬁ k=P j

. QjC\.»‘J ! /\"“"Om*wcm = 0] (“ Aeiq + °4m>

A=T1.17
—o(u/ \J‘X[m)
(:—( l’)’j (2// —‘_J
—ojw) /"Qn
— 1L
”)-Jm Ev,oj ()
~K )
VY “Ap) ’
C([—-Zj Q*Lr\]

w"‘s\"to - <°(u|. 941/1-7. Kery ¥ °<(/2«) ; "0<cn, _dw)' '-0((,,—- o(,,:,, 0, 05.

Corfim=  algo j¢ nvt guworavferd 1o g€ mmHl,oltarS caoyrect .



Ko oo CuUl3) )4% Q}lmy Observe  fhat QIC(I|3 (g The

&cljow\t rep. el it have  dim £ as well.

A Dawm,ougrhm .av\F Tenen ,ormL,w;ts'
Gemeralise  what we did fu Su(2),

Lty and  dy be tmeps of 5wtk gpaces VIV WY

v e ® Y )
Aol A .V

H o wevy, voevy -’H"Wﬁya’“j Heh)

(_d/\® d/\l) (}"’) (\/A () V/) = cl/\l:H) v,\ ® \Z2\a \/,\(’9 J/\’U"))Vy .

= (A#X') (c‘\/A & \/,\/)
\

Vecors off fhe form Vi fpan VIV @ v o

&Q)cl u&(g]""fd

S, ¢ ﬂ Yax | NeSy, aegl

nﬁ(‘,\\g v hpherdes Decompocition

. Find a hligheot oeight off the fensr produnct  rep.
— Coveaponds Ao e Jnghest weight  off fome Trrep.

L. Sabtvact wepnt et of that ep.

3. Repast vk |eftover Weghta

Cromple 5L (3¢ -
Clfnoj ¥ J Cteo) '

gt..q < 6 Cicod , L), Co ~FJ§.

:<f7_,o],a—2ﬂ], ZO‘“?j( C-u°D, D=7, folljz)
—
ynV\I'f\rIL(/r{-j \ [M\A\‘\’LFM&L‘[—J 2.

gﬁ\nﬂ@tno‘j




—

Frad JCl,oD & JC\H"}

n

pi £ P 2T s

I
&
@

75 SU3  Flaveur

. Af ox Sepm- M Aed C 2 »—-"[z [av v SX

Y’)‘\ \/4(
Mu <M, « Mg & M prifoom,

Can vk oj’z Mu=my =meg onwd +he 3 7ua»la4 ao €lty

O:F ved. U ~

. TR

v ) 3 (3)
Trancfrmm 3 fund 2 antifand.

’ In’f&raofm ) G ua des e

}/l"“fdo The P’DOIXAL@ O’F ?MJ % ,-me‘ﬁvm ?

Mesono : (4 '33

3 &
Bavgrng (344 R332 =1L f ofdle

\/\ng\/\’f Jmframa AT-B+S .
2 hie
= Lo

d - “u
[ S
A L'; &:‘l’(




f. Gauge Theorn

EP‘ 2 Non-ake|ion

Geampe Theor,
Grnsider  an  N-compnent  (ealer feld Y,
P R VR VANY ULy
Toner product fr V0D
Lagy angjan
L= Gpe, dHed ~ Wltrg)
lemetia potentid,

S’oua Lq ¢ inar. cunde~ Soma ]/obch Franef” of Coma

j/’D\AF (. ‘FK/\/ 5é5\,

A ¢ an AN =dim ?‘e,f. e'F G.,1=.
(&3? w Acguufﬁ - (e, p) VYaged

G OUY/\}D"«C/'ﬁn N frmﬁ: D A a umrﬁmj rep.
AT Ag)

SG(D e e fa "fo "Jav\au. Y fhe ?7"\4 /’ﬂ\j <. ve |ave
L. invar. tmder loeak  fransf" gix) €6

i< = [ Al o] Yo,

Sma.,Q,Q SN \ r ’ﬁ'cm Q’]Eh

A(3) = exp (8&()@) = T 4 gdX)F..
there X ELLE) amd o o A -dim vep. F Liey
Neou

Wi = Pbo « ¢ Ay =2 WP+ §x P,

e ngf E QJC)<)L{.



Thfidue o Saeuge —Covar, o vafive. r"nvo]wmj Q. paupr
feld Ans R — L,

Do = Spe (AL
S, D/u\t( ‘hun!"fwm a0 (. &7(41}%

P Sk (Dpvp) = edlX) Du Y

NA" L‘SW‘% deop fho “represemtation” notafien
ALY — g
d (X)) - X
L(AN— A

How doer A tromform T Lot Ao A

Dl = (2t A IY = 9 Dug.
2 3t AT Y= Duy
2 L3y + Pp 57 a 93y = (ALY
> A= ghLgTt - (33297

Wrete g = TFeX 2 Ap: Apt £1X A - 3K
= €

x Ap~
feld Stremptin TenSov

Fov= he - DA, + AL ALY e LIG)
Nste that Cop Y = [ outAp  ov Ay

3 Tl«nv L‘f



D Hwd ™ Jh Y = (3FRo3)(5Y)

= ﬁ.mr '_‘>ij1/5—( A
Wit j: I+€X =) gxa\/: S,C)(l ')-}M,j

L ; (/UYC/V\TL Scaler . (lools at F/,M/ FHY ot ja% mvav
(/{.Q-é El”“'\-g 'Ft/\vW\ \/a«,\\f,ﬂ/h“g

~ _ L P
Zy,vl@ j“; }%/- 70(.54:/,7'—’4) ,

Where % = _Jauge c,ou\r,lc‘v\j

v

!
- Tz v v Fr‘
e 2 T K
Chroir. of adapted bagis and normalisation,

Cam reseale felda:
r { v
A= 7, Ap @ Ly ~= T=FLFM
Then  Dp= >u =~ g AL
Fuv= AL - 2 A+ 9, CAL AT

‘:Qanwww\ elwgraww

(Y4)(2A) ferms

ngAr ﬂ'j 3/'}

(WS
¢
el
¢ Ca.AY? \?{



EX@V"\EIL C S”famdard MQ‘U/() L;F—f,

G\QM% G\ = S’M (o)) x &ACZ‘)L ~ U L")\/ e AﬁPWQI'\ﬂV}L

¢olour electrowenk .
St Uiey
g = 5u(3) ® [Hu(x) B®©  ulh
G) L’OCOVLA
%8)\ 3\ A"AI—IA? E
Ap- (} [ S8 > | seR
wt, Z° photon:
Weal L\EﬁPmc\Aarcp. : \/= 2 (Q -T3)
L s 2) W le
Waale i0ospn Ty 3 cpt t T - (T P
2al P 2 Pt ?
o ~ SMSIef:o '
e 0\\01'# Q = —z « I3
SM confemt  — ast” : ( 5wy rep, UMDl repdy
- Cealo~ H\gsg (1, 2),
Ny = atoed)~
4 Lo)d-m\ (e"l Muwnrn he,ur'f‘ktnoB
T donblet Swflet
(L, 20, & (L, 1), VA o
LiH Spwm o 2H spiv e ~[2 e /L

© Quarks (2 2y, ©(2, LDy, @ (%."l_)_:/?

3
(j%, U,



