
Statistical Physics

Isolated system : no exchange of energy or particles with outside world.

Assume QM
,
but applied to classical phys (E-S phase space

~ estate .

E,
N, ... TISE : 14 : E4 .

↑
finite no of eval
states

finiteV

Defi Microstate is the actual (quantum) state of system. It-

has max
, info allowed by QM .

Def'Amaacrostate specify a few macroscopically observable

quantities ,
e .g. energy

E
,

volume V
, temp . T

, #particles N,
. . .

1 macrostate > many microstates

N-102 do .

f. - Impossible to solve ,
microstate is always changing

MedState : prob pcul for stateIn) (in some basis

Expectation values is

(87 = [p(n) <nEn).

Density matrix
p = [p(n) (n) < n).

This combines classical and QM uncertainty.

Defe A system is at equilibrum if prob. distribution plus . Corp)
is time - independent.



ForundamentalAssumption : for isolated system in equ , all accesible

a
uncrostates are equally likely. /for nowl some energy E,

more precisely ECEnCE+ SE.

Defi (Microcanonical Ensemble) IIE) =
no . of states with energy E,

then

P(ul
= /CE) if In) satisfies EccEtSE

I ow.

· RIE
,
AE) is huge !

1023 particles , each of them with only 2 states
.

=> 21102)

· Although E level discrete
,

N-10 particles ->
very finely spaced

-> almost continuum.

· level spacing SE measurement accuracy .
Choice doesn't matter much !

Defe Boltzmann entropy of system (macrostate) is

SCE) = kplog R(E) .

↑
k

.

where k = 1
.
381x10-23 JK" is the Boltzmann constant.

e .g. For 2state particles ,

M : 2 = S = kN log2 ·

e
.g. gas of 10" particles ·

E-10. = eSk-10b01)

If SE - 10'E
,
then

S -- S + km106 = S.

· S is additive : consider 2 systems

=> RIE
,, EL) = RIE, ) MIEr) # Ent

=> SIE,
.
Enl = SCE) + SIE)

.



Bring the two systems together , they exchange energy

E
old

->> E ,, Ed + En
,

Et+= E+ Ed = E +E Ent
↓ (EtH) = [ &, (Ei)RulEt-Ei) =[exp(E! Eih

disjoint

For N-1023 , system is dominated by maxs -

E maximise

=> AS ? 0.

This is the second law of thermodynamics.

Ne : for non-isolated system ,
e .g. Earth .

S can leave
,
but total

entropy (including env't) increases.

Why entropy increases ? Is it because many more high S state

than low s ? No ! Can't get a time asymmetric conclusion without

a time asymmetric assumption

Micro-laws of physics are reversible· Can play backwards
,
and

still make sense.

o : -

-

↑
I

L
- &o C ↓ ↑

Si Sc = S
.

+ kN log2
Time reverse obeys the same loss (except weak force ,

which

does not matter).



To justify
2nd law ,

need to assume universe began in low s

state. Observationally true in Big Bang Cosmology. This time

asymmetry + micro-reversibilityE
> 2nd law probable

Suppose I claim : Microstate M .

-> microstate M2 after some

time It . with prob PEIO , 13
.

Make &
,,

the small to

illustrate
·

a
② ①

2
,

= 5 - ② 22 = 3
③
④ ⑤

·- (no merging)
->
upper bound on p is

P = -
if te < e

, ,
and pe1 if R ,? Ra. But

& ese
- (n1023)

for macro-decrease. Efficiently ,

IS to impossible.

Nee In QM
,
R = dim17).

Even this is not totally satisfactory ! Consider 3 moments of

time.
SvM . > M2 -> M3.

O

↑ S + 52 -> So
7

3
#

assume

⑧ ↑

3 t
random

do

SHave to assume info in M , is efficiently "lost" and does not

effect future predictions. Need to assume this doesn't

happen for real boxes of gas.



cef -Carse-grating is some process
to replace state (e .g . P2 at

M2) with a higher I random state.

Return to 2 boxes.

↓ tr =exp
E) . Mit

SCEtr) = S
,
(Ei") + ScIEz")

.

AS = 0.

Let's maximise

Set E: Ei . Ez = Eto-Ei ,
is maximal for E : Ex if

(S I CE. ) + SeE)=
in equilibrium. This determines Ex.

Def'(Temperature) Temperature T is defined by

↓=
Then follows that T1 = T2 at equilibrium .

If small energy transfer,

SE = - SEE =SS lE
,

SE
,

+ Al SE
= (e) Se

,

--) SE
,

SSLO
,

so if T.>Tz = SE, 0
.

- energy flows from not to cold.

Will evaluate T for ideal gas later ,

it is usual defi.



Heat Capacity
Defi Heat capacity

c.

# : · Should call "energy capacity"
· Can be easily measured.

If we think of E-ECT)
,

then

=- .

= c =T
In themodynamics ,

looks like

C-he
Usually important to specify what is held fixed :

Ce-rol V held fixed

Cp-pressure P held fixed.

Can measure entropy differences :

AS= It

easier than counting states

Defh specific heat capacity c := E ,
where N is no· of particles

= () --#

Most substances have <10 <0
This is called "Thermodynamically systems

"

Exceptions : gravitationally bound systems ,
black holes (Hawking

radiation)



Two-State System

Stirling's formula say logN ! = NlogN-N
+ [log (2πN) + O(ta)

log N =&losp -S ,
"logp dp

= [plogp-p]m
= NlogN-(N-1) NlogN-N

This is a lower limit
-

.
2 state spins : non-interacting ,

distinguishable 2 states ,
↓

Let Ex = 0
. Ep = E

, Na particles spin up => Nx = N= Na-

=> E = NgE

want to find RIE) .

Pick No out of N total.

=> e(E) = (a)=N-N :

=> SLE) = klog (a)
= k[log (N ! ) - log (Na ! ) - log (IN-Nal ! )]
= k[NIogN-N-NalogNa + Na-IN-Np) log(N -Na) + N- N

-]

= k[(N-NaLlogN + NologN-NalogNg-IN-NallogIN-Nql]
= k [(N-Np) log (N) + Nalg

=- kN[)1-) 10g(1-) + log()]



Special cases

· Sco) = 0.

· S(NE) = 0
.

· SINa/2) = kN log2 maximum-

S(E) i
↑

!

i
↑

8 # Na E

special case of "Gibbsentropy
:

S = k log he

assumes such state equally probable.

Gibb's entropy : n-state system with prob (p,. . . .
. P-)

S= -P: logpi) = tr(plogp)
in QM . (von Neumann

Consider F : =...09 / -1

=>
As T+ A.

=
If E > Nalz

,
as E increases, & decreases => T < 0

.

If passed through o ! )



Heat capacity is

C==1)-
· Cmax

,
near KTNE

· TtO - Cre-Elkt -> 0 "gap to 1st excited state"

· T- = Cute -o "half the states already
"

C-

1
'T

Schottky anomaly /for special systems ,
e .g. paramagnetic salts (

C1

Spin
normalI so

7
T

Pressure
,

Volume
,
1st law

Consider volume V of system - SCE . Ul : Klogt(E, V)

= (E) hold
cust .

Previously. F :** - 2 sys . Keep E .
En if same To

Def"Pressure is

p := Te

At
equ (Ti = +2)

,

2 systems keep V, V , if same
p.

From def"

dS :(d + (Ettev : de + IdV

=> dE = TdS-pdV [Istlaw/Clausius relation]



Check :

p
= F/A

pdV = pAdx = Fdx
. Fi

: work done by system.

If dV 0 => work on sys EdECO .

dV > o => dEco
.

Energy conservation

TdS = heat SQ added to the system

pdV = work SW done by the system

Heat capacity ""

c =( = = = T()v
.

YV fixed = dV = 0.

Cp = (5)p = T()p

Don't use E =

Cp .

Statistical mechanics

By Boltzmann before we knew about atoms.

S = KlogW
i
(c)

Canonical Ensemble

closed system- can we change engy , not matter with

outside world.

temp-Rus



Changes of T of R is negligible . What is RIS &R) ?

& (Eto) = [ARCEtt-En
with n= state of S with energy En,

Er = #States of R

Sr = klogER

Energy levels En not evenly spaced,

E-> JdE glE
degeneracy factor

R large => En Etot

=> r(Etn) = [exp(Et-En
~ &experi

=> RIE) ~eSclEn/k [ eEn/kT

=> # States with S in In)=
Salk e-En/kT

prob of S being in Int is

canonical ensemble /
P(n)=t (Boltzmann distribution(

M

· R can only play a role fixing T 1

gIE)
· p-eE/kT E high E state unlikely -Eat· Tto

,

S is in ground state.

· In practice ,
take as def" of const. # >

sEl

↑ system .



Defi Define := /KT

Defh Partition function

Z := EeBEn
so canonical

p(n) = E
E is the most important quantity in statistical physics.

Partition f" is multiplicative · Consider 2 Systems 1 and 2.

z= expl-EE)] - CPEEl-z,

IQM : j = ePh/z) .

Average energy is

(E) = [PEn =E
=> (E) =- logz( = -z)

Energy fluctuations AE is

AE" = (CE-(E)(3) = (E7 - (ET"
·

= zz-(zz)"

-(2)= logz

=> AE2= logZ-G
Heat capacity
-E

=> AE" = KT"Cv
·



Comments :

11) large fluctuation -> large heat capacity ("fluctuation

dissipation that

(2) Cr - N
.
E-N = -F . large N = E peaked near (E)

In thermo limit , microcamical-canonical.

E = [E7
.

2 state system revisited :

Single particle
z = SePEn = 1 +ePt = ze-Ptcosh(Bt/2)

= z== ze-Nel osh(pe(e)

=> (E) =- logz= (1-tanhE)=

Partitionf" automatically handles combinatories.

MiCE : S = klogRIE) .

What is prob .

dist . over states with diff. E ?

Take Widentical systems

E 55 ... lat each system States In),

1 (at temp T n = 1, . . .,
M

.

no . of systems in n = pcnsWas W +O
.
Fix Eto for all StR.

=> ↓tot = Rachs

what is Rs ?

11) List all states n = 1 ,
. . .

,
M

(2) Partition W slots for systems to go into

13) [ all slote : w



(4) Wi is no · of permutations of W systems.

(5) Divide by [pCnsW] ! for each n
.

These permutations don't

change the set-up physically.

=> Ms=pinw) !
=> Stat = k (logmR + logMs)( Cignore SR)

= for W systems
=> S = klogRs = (Stirling) = - kWdpcal log plu) .

I system : S =
- k[p(u) logp() (Gibb's entropy) .

W : phil plugp = 0.

S is a f" of prob , dist.

· MiCE : prob = flE) - S : SCE)
. If further plal : Finl

= S = klogzLE) .

· CE : prob: f(T) => S : S(T) .

p(u)= S == log

- Ene-BEn + klugZ .

=> S = Tlogz) .

As New
,

the physical observables should approximately agree

Z= eiPEn : EvlEi)eBEi
. (strongly peaked)

4 Ech

=> sumdominated by Ex S .

t.

* (relepe)lee = 0 = z = d(Ex) e-PEX



Use==ke
=> (E) -- logZ

=- (logh - BEX)

=- + Ex+ Ex

=> LET = Ex

Entropy

S = k(+ 10gz) = k(T(logz -BEx))
= Klogh - kpEx-kTkp* (logh-pEx)
= klugh

Conclude that CE like MICE at energy Ex

Maximise entropy subject to some constraint

MiCE : Gibbs S = - k[pcullogp(a) with pcrl +o for States (n)

with energy E.

Conditional constraint : Epcn) =1

Varying S+ < k[(pini)-1]. < = Lagrange mult.

=>m [-Epcns log pens + a Sper)-a] = 0.

= - logp(m) - 1 + 2 = 0

=> p(m) = ed = const.

=> p = t
In CE

, keep (E) fixed
= prede



Free energy

Pefh (Free energy
F : = E- TS

This is energy available to do work.

dF = dE - dCTS) = TdS-pdV-TdS-SAT .

=-SdT - pd

= s = -E , p = -
Recall E--logE ,

S = TlogE)

-> F = E-TS = kT"logz-kTlogZ-kT"GlogZ
=> F =

- kT log Z

=> PF = - logZ

Grand canonical ensemble

Consider additional conserved quantity, e .g . particle no .
N

,
electric

charge g.
=> S = SCE ,

V
,
N) = klogRIE , V. N)

Recall F=
vw

· P = TEN

Def" (Chemical potential

M
= -Tve

Note N -103.

Repeat T-egm.

=> systems do not exchange particles (on average) #

112
if M =Mn (chem

. equ
allow particles

to move



1st law : dS= de + [dV- Edw

=> dE = TdS-pdV + MAN

Can think
u = "effective energy cost for adding I particle".

Similar remarks apply electric charge o
> electrostatic potential 4.

comment : M
= -Tre

,

but law M:v

In general , let X . Y .
z be 3 variables with / constraint,

Ey = - 1

Const
. temp :

dF : -SdT-pdV +MAN = M= v

In grand canonical ensemble
, fix T , M.

Defe Let In) have
energy En and no · of particles Nn

.

Grand canonical partition fr is

zlT
. M . VI = EePlEn-MNul

same any as for camical

p(u)
=-

-

P(En -MN)

S = - kEplosp = /Tirgz)

Similar arguments.

(E) - M(N)
=

- Blog Z

(N)=logz
(AN)"= logz



Grand canonical potential

E = F - uN
= d = - SdT-pdV-NdM.

=> I = = kTlog Z .

Refl Extensive quantities scales as the system size : E,N, V
. S.

Extensive quantities are size indpt : F=, p
:Tu--TE

dE = TdS - pdV +MdN
* EXE IY

ET,V ,

XN) = XF(TN)

I (T ,
X

,M) = xE(T,
V

, M)

=>E must-V = - p=M
Classical Gases

· gas = particles flying around (in box

Classical limit ,
but QM often there in background.

Typically use CE.

particle : H=u
(microstate = point in phase space <(g ., p . )) .

[ + ) => partition f"for I particle is

z= Se-PHf) dadq
with h= 6 . 6 x 10

-34
JS



F= Ug) ·

Fin : En In)

'T
energy elgenstates

1 = Jdg 1qXq)
·

1 = SdplpXpl

=> z
,

=Gene
- [ (n))dq 1qXq) e-pJdg 1g'Xg'In)

= Jagdq' ((pleiq) /(g) (19)
Note 1= InXu)

, <qq) = S1g-g')

=> z1 = ) dq(q)eBF(q) = Tr(e- )
.

Note also eteB_c + B + [T] +...

with = g .

B = p . [g ,P] = it,

ePF . [P[pYm + Hig1] -e-1PYmc-BUCE + O(h)
·

h -> 0 limit
=> z = (dq(q)e

- PPme
-Pu()(q)

Write((q) (q) = U(q) 19),

=> z .
= Jdq e-BUq) <q)eYm1g)
⑦ Jdgdpdpl/e-pu(q) <qip)(p/e-pn(p) <piq)

Using <glp) : <plq= e

:Pl
, <plp) = S(p-p)

⑦h JdgdpPHpq) (ID QM).

In 3D,
z=h (dqd3e

-PH( , q)

Here
,

# states =

phase space vol.



EdealGas

"ideal" =

particles don't interact , ie. U(q) = 0.

"monatomic" = particles have no structure.

So z = z . (V iT) Note Jdig : V.

= /d >

pe-
PEm

-3/dipe-ppxkm-PpElm-PPE
=v(

using I caxidx Fa

Defi Thermal de Broglie wavelength is

↓ - En

= z = v/X3 .

W indistinguishable particle

z(N , v . T)=
W !

*
can't distinguish between particles

F = -kTlogE = - kT(Nlog V - 3Nlogy-logN !)

p
= - El = = PV = NKT (ideal gas law)

Note t has disappeared

· Eaus that link p . T. V are called equations of state (EOS)

· Tas defined by 2S/2E actually is temp.

· At higher densities
,

deviations from ideal gas law (U + O).



Equipartition of Energy

E--losz = - (-3Nig) - 3 lugp) = ENkT
.

If gas existed in D spatial dim

-z En
Each dof contributesT to E.

AssumeI is quadratic for relavant dof.

Example F = PYm + XV
.

NF2 - different answer.

Breaks down for QM,

-

-

E
-

↓ SE quantised .

low E freezes out .

-

For 1 particle,

(E)= pret~

de Broglie wave length

-x .

Heat capacity
C= :ENk

Why isI so small in human unite ?

~ knum 10
-23

E-NkT

-

Y
*

oOll)

~ 1023

Def Avogadro's number Na = # atoms in 129 of C

1 mol : = NA atoms.

Ideal gas
law : pV = NkT = nRT

,

where n = N/Na .

R := Nak = 8 . 3 JK"mol"(universal gas const .).



Entropy : In CE
,

S = KEITlogE)
.

logy= log = -

=> S = klogZ + kT(NlugV-3NlogX-log N!

= k [log-logN ! ) +kT

k[log N + N) + N

=> S = NK (los + E (Sakur-Tetrode eqn).

· S has h in it. Classically we only measure AS
,

so th drops out.

· Scares about N ! in Z
.

Gibbs noticed before QM.

remove
-

&

S partition -

&

&
-

&

-:
&

(
=>

&

&

&

C
C

&

-

-

& -
S

&

↓

↑

- &
S

Irreversible process.
S increases !

Not true if gases are identical

Ideal gas in GrCE

View as subvolume in larger gas.

z(m .
V

.
T) = [CePN PEN) = /ePNEPE

X ~In CE

In GrCE = (eiz(NV ,T]

= let = exp()
E (N) = N = Flugz=

= u
= kT log(()

with VIN = vol
. per particle , 7 de Broglie.-** - RM important



Classical limit : 1VN =
Mso.

·130 in special cases , e .g .
fermions

·

m= siv
=

energy cost of 1 particle at cust .
S,

more dof >S increase unless E decreases - E decreases -UCO .

Fluctuations is

AN2 =tlogEN
in thermodynamical limit.

Recall pV : -E = kTlogE = kT. : NKT Lideal gas law)·

Maxwell distribution

I particle ,
ideal

gas,

7.= Jean jqde

-V Jemed=

=m Supe

=> prob , that atom is in [v , v +Su] is

psvs = N v
= expl - MV2/2kT).

where N =4) ? Then
<r2 = /

.

0

v
=

p(r) dr=

=> (Imv) = EkT

Alternative derivation :

&

·

By rotational invariance
,
P(E) : PII) : PLAY+VE) .

-pmrc
· f(rx) . flvy) . fIva) inaccurate ,

e. f .
in relativistic gas

: e

-
· Indpt of direction of => PITV+V=2) < f(vx)fIvy) f(vz)



=> f((x) = e
- BVx

Kinetic Theory

Momentum Pix = MVx Pf, X
= - MVx

F=> Ap = zmUx
,
St = zx/ve

·F
=> pV = mr

N particles ,
then pr = N(mV).= /Ima

- NKT = 5 <EmrY N

=> (Im = EkT .

Diatomic Gases

z

H = Atrans + Ho + Hub
· -&

=> Z = Zarans Zut Zvib.
"P

For rotation
, Hr=no

*

= z=/dododpodpo exp[-p(ol]

=2)po ePpt)(do Jodpising ePP)
↑
pp = pp/sno -

-
= z=



El = - logz ,=
For vibration

. Hub= + Emc2

zi = 2 Jd3dpe eP(i5km
+ Emw234)

-w

=

combining S

z, c pB"B-
E, = - 1gz = (E + z + z)kT = EkT

.

= C= = zk

In fact
,
with quantum effect

-

in
Ha

312-

trans

- do ,00'TH

Interacting Gases

---
f

rE - -

↓
electric moment

p .

= g , to

=> Vw Pi/r E EnPilo = PaGEXP/S



=> Udipole -
P . Pa/r3 ~ Yr6 (vander Waals forces

So we take

Here=
Ho(r nor .

I rcro

This is known as the "hard core"-

The Lennard-Jones potential

Un-- (E) -

(e) T
Then

z=/p& exp[url]

-exp
Mayer fluge -Blis-1 .

= ePhis = It fig

I = JdNr(1 + fig

~JaNr 1+ fij)
.

=/r (1+ f) + O(fY)

-va
V = Ei - V;

= VN+ VW2Jd3Rdr fer)
.

- vN)l+drf(l +.. )
-a2



=var(1+ Jdf( +...)

~ UN (1+ (d3rf(ri +..)
N

e

=BUCr)
-1

= z= (1+ Jarf
Evaluate integral

Jabr (ePurs-1) = 4)%de ro(ePre-1)

= 4)- dr + jra(PHori - 1) dr)
= 4[-sro3 -PloJr. ra(E)d]
=-Bor

-
- zb + 2aB

where b= r . a= r

Then
pressure

p = =v(kT logz) .

= APT + NKT· (1 +* (ap -b)

=T
+ NKT·# (ap-b)

=- - b) + o()
.

= (p+ a)(V - Nb) = NkT

This is the Vander Waals equation.



Quantum Gases

Gas where QM important , e .g . light , phonon density of
↓ states

Density of states -> often convenient [En + (dEglE)

Ideal QM gas : no interactions , model as plane waves

4: et
BC don't matter for large V. so choose periodic BC.

ID : Ki=, Nie I,

3D : En: (ni++ )
,

=
-

Write k for Boltzmann const. Note:=
-i

↓particle : Z
,

= &ePEn

↓
Box is large XLE many 1 with EnKT .

=> /din=d= kidk

Note E==> dE= d

= (dE = (glE) de

=> glE)= (Em
powerdependa

s

glE)dE = #States in [E
. EndEl



Relativistic Systems

All that changes is E=+mic"E> dE = Lak

=

lidk
massive

=> giE) = I-Es massless

t
1

.8 . gas of photon

Photons : Blackbody radiation

Defi A beachbody is an idealised object that absubs 100% of

incident radiation. Colour of glow at temp T is backbody

Radiation

2nd Law relates absorption to emission. In particular , ignore

atomic makeup (absorption lines/emission lines)
. Blackbody rad.

is gas of photons at temp.
T

.

Photons : Wavelength 1 , freq w= = k
. Energy E = he (m =0

2 transverse polarisations -> gLE) picks up extra factor of 2.

=> g(E) dE=EdE: da
= g(w) = #States in Ec,

w + dw)

Photons not conserved .

Could work W/GrCE with M =o => E = F.

Here we stick to CE .
Partition f" for photons at n

Zwn = 1 +
eftwa + -2ptc- +... = Feastwa

ignoring zero point energy.



Take all freg .

= Z's multiply = log 2 adds

=> logz = Jog(() log En do
=- log(1-e-ptw) do

This gives planch distribution .

Eto = -logz= do :1. Eloldw.

=> E(w)= = photon energy density over freg
.

rE(x)
· As T decreases

. Wmax decreases

Wmax = Je
=> max increases 1

Ev = T satisfies 3-T=
> X

=>T = z
. 822

Roughly gives "colour" blackbody glow.

T4/15
We then have

-
E

E = J
.

Elc) do= by

=> E =T spacea
dim

.

L= - i = rT"
,

-

& -
luminosityL

where W= = 5.
67x108 Jos K

black - := energy flux
-

· factor of c to get flux .

body
-

from object

-

· factor of :. The
goes away from object



· Angular integral :*do sino / coso)
.

=*
j

normal dir.

This is Stefan-Boltzmann law.

Calculate pressure from free energy F.

F = -kBlog Z

-Tlog(1-etr,a
I
.
IBP

=-

-- dx =- (kT)

p = -E+ = - IkT)" --**
-

important in

cosmology

Entropy
s =-=

C==

Cosmic Microwave Background

Photons left after big bang - universe become transparent.

Measured by COBE
,
WMAP

, Planck,

CMB = 2
.
725K

,

within 10- fraction .



Classical himit nt o of Planak.

ECcEnto T = El

The "Rayleigh-Jeans" answer
.

Problem :

1 Exj(c) do = 0 = "ultraviolet catastrophe" .

This is resolved by QM
: forAwlksT

·
can't even excite

1 photon.

Ahonous

Vibrations of crystal = Sound waves.

QM : EM waves -> photons

sound waves -> phonay.

Phonon energy : E = he = the speed
of sound

· use Cs

· 3 polarisation states ,

not 2

EN dof,
· upper freg .

limit : des Consida

↓ =2

=> < Wa

where wi : Debye frequency.

Expect that LD-(1) " Cs . What is the prop , coust .?

Debye
: #atoms =N

,
each has 3 directions -> 3N dof

Wh
- some max

.
freg.

3 = /
. glode states for one phonon at w.



=> 3N =/Id

=> cD = (4) " -

C
.

(max
. freg)

Defe Debye temp .

TD= ~temp,
at which max-freg . excited.

To = 100k(lead)
,

2000K Idiamond)
, typically 200 - 400K

.

Phonons not conserved
, upper bound onw

Zu=Fert , logz
= /

.

"gir) log zo de

=> E = /Up to

-

- x

↑
no analytic sol" -

(1) TC TDE upper bound is 0:

7. dx = I like photo

=> C =E: T =NK

(2) Tc>To E Taylor expand e"-1 = X

=> Jelt * dx =5 +...

=> EvT . Cr-3Nk



For more accurate answers
,
corrections to dispersion relation.

colk) for concis.

· highT known Since 1800's "Dulung-Petit law" .

· Debye's new contribution was limit11).

Diatomic gas

Classical : trans
,
rotations

,
vibrations.

⑧ ·

Cur
-

vib.

~
trans

3/2

I 1 c
+ /k

10j 100

Rotations
H=

no

QM => E levels : E= j + D , jspin-o , 12 , ..

with degeneracy 2j + 1 (a . f · (j .
m>).

Fro = (2j + 1) -
Phj(j +1)/21

-

For TB 1 . Chigh is

Ent. RX + 1) ethx(X+112I
dx

~ = Erot
, classical

-

neglect I's



ForT Clowi)

Zrot = I

T doesn't suffice to excite even jo1 states
.

Vibrations-

Harmonic oscillator

En = tw(n + e) (including zero point energy )
&

vibration free .

of molecule

=> Zub = [eiRhw(n+ E)

= eltwolz Section

=wha=(212)
For high T . To Zub=w

low T , TKE - ZubeBtw (IPE

Bosons

In QM
,

2 types of particles .

· Bosms : integer spin ,
4(r . 2) = 41

·
I

· Fernians : - integer spin ,

4(
, (2) =

- 4(2, )
.

pin , e fermions . Atoms made of even #pinie -> boson leg. He

odd -> fermion (e-g. He") ·



Thermal de Broglie wavelength is

x=
T small => X large ~ particle separation (*" QM important·

Bose - Einstein Gas (monatomic
, non interacting)

Notation : State1r)
. #particle in 12) : Ur

Bosons indistinguishable , described by no
,

U,...

In CE :

Z = &ePEner
Surf

sum over surl with Enr =N.

↑

trueky

Use GrCE instead with chem .put. M = N can fluctuate.

In GrCE :

any state can have any particles

Er = &eBUE) = Tele
Converges only if Er-M>0. .

Fix Eo = 0
,

then need 100.

= z=reru

=> N= lugz=
where

<ne=)
-1

This is the BE dist
.

Thermal limit = Ur = <1)

Defi Fagacity is z := ePh

In BE gas, Mco = Oczcl .



Ideal BE
gas,

1 particle : E =I = A states in [E . E +dEis

g(E) dE=n dE

=> N = Ent = /LE gIE) <Nr]dE
= I dE = Nu,

Nusually fixed experimentally=> need to invest N/ .T) =>M/T,N)

Eto= dE

Pressure :

p :
- / (Escales like v)

=> PV= logE = - to [log)1 - zePEr)

=- * /gIE) log)l-ze-PE) dE

FBEdEEto
because g(E)-E'.

Ev N = /gIE) (nrL dE

glE)-E

- umNmp) = finitea

e-PE

> E

v

IncreaseM until correctN is reached.



At high
T

, z = ePM)
.

=>= de

- (mdE
=Sxex(1 -ze +...) dy (X =RE)

---- (X = uz)

= (1+ + ..) ( *)

For zxIEX = X distance

const
. NEM changes as B +0,

* = cust=* = z - T
-

3M+ - 0
.

High T EoS of BE :

E=(3

=x(z)dx (xE

= (1+ +-)

Eliminate z by inverting (*) for <1 :

z 11- +...)

=>-(1- ... ) (1+

= pV = FE = NkT(Ical term-""means bosons

have lower
p at high T limit



BE condensation

Defe Tm) = 1
.

* unedu
,
T)

Def (polylog ga(z)=
=> Gn(z)=↑xn +eXzmeMy

= zmn

=> gn(z)= monotonically increasing with z.

Def <(s)= ns Igni = Scn1] ·

3(z) = 2
- 612 .

=/me
Fix N/

,

decrease T => X increases => 93z(E) inc
.
Ez inc.

Defi Tc : = temp.
s. t . ( N) gives z = 1

To = (IgX= = (901))"

Actually not z = 1 at T= Tc
.

What if Tate ?

Problem:n NuT : finite ,
decreases with I

Mistake : we used

& GrdE
Ground State E = 0 doesn't contribute . Messing particle in ground state.

(n)-1: F
Es = 0

· z * 1
.

<not small.

· z-l-h
,

CnoTEN.



Correct (*) :

N = 59, /z) +=z

For TcTa
,

z close to

=> N = -932(1) + (no

=> = 1-93m() = 1 -( = 1 -(
So T> Ta

,
a macroscopic fraction of particle are in

ground state. This is called BE condensation.

1st expt : 1995 . Rb , Na
,
Li

.

Ne 10 ...
10 atoms

,

To lock

EoS :

pV= += d= 95(2)

Ground state atums negligible

TcTo = zw1 = p= 9512)/

=> p-1512 , pindpt . of N.

Heat capacity (phase transitions) (Cr near Tc)

- Ep= gy(z) + T
5/

=>=9+



Case 1 : Tc To

ze = 0 = C == 952(1)

Case 2 : T is To

GrIz)== Eg

=> gi = zgsz

As T +Tc

1952 - gal . .

Need C Valid
,

so

* = gy2(z)

e .f. z = 1-10 = No-103 - zi) and yet no/n = 0

↓Eg
diverges as z+1 .

- Jo dx + finite term

I=2)x dx + finite

= Stude +... u E

So series exp

9312(2) = Ga (1) + A Fz

=> = 931(z)= gar Ill + Afz .

=> ze1- t [g31) - Ay



Critical temp, is

To =
. -

= (E)=

= z = 1- (1 - (E) 1 - B()
T = Tc(l+E)

If Th Tc
,
then

Cr= 95(z) + b= g(z) -b

for some b > 0.

2nd term
goes to 0 as T+ Tc

,
but finite slope ,

so ist devir

of Cr discontinuous

Ge

I 3

T

Tu

Not smooth in thermodynamical limit (N)

Ideal Fermion Gas

Non-interacting fermions ,
e -g.

He
,

e-in metals or white dwarfs,

n in neutron stars
.

Spin : ( + E
, 4(r,2) = -Y

. 2) => Pauli exclusion



In GrCE :

Er-PES : I + eBE

(In boson
,

Ex
,

in fermion
.

1 + x (

z = Tz

=> N = (N)= 7 =[ = (r)

=> (nr)= & Fermi -Dirac dist")

Here
, I can be either positive or negative ,

unlike bosos /Mco)

Non-relativistic case

1 particle : E=

Degeneracy for spin S : 9. : 2S + 1
,

e . g .
e :

93 = 2

=> g(E)=(
=> w =E,

dE
,
E= E

pV = E = flogz = f(gIE) log) + zePE) = Etot

Athight , Lanalogous to Boson) ,

pV = NkpT (1+ +)
= BalT) and virial

fermion => increase pressure p .



For low T /T+ 0)
,
then FD dist.

+ 11 Est
o Esu

it. each fermion falls down to lowest unoccupied state.

Defi Fermi
energy EF := MIT = 0) at fixed N.

= energy max of the occupied states (atT=o)

Refe Fermi temp. . To := EF/kB

N TF-104k e-in metal

10K e- in white dwarfs.

In momentum space , AkF = EmEr
.

States with 1KKKI filled.

Find EF(N) : T+o

=> N
=1+ 1dE = /EFglEldE=V (cm)3

=> El=
E = (E) =/ EglE) dE= NEF

=> pV = EWEF .

This is called degeneracy pressure (0 at Tro). This holds

white dwarfs and neutron stars.

For low nonzero T
, tricky SinceNCE) disct at To

.

Assume

(1) at small T
, only expect FD to change near E = EF

(2) Assume =0 0



A

glE) ~E

I- NCE) (T= 0)

n(EJ (low T +0)

Er E

-aim : = 0 at To
. if = 0 at To

:, dE exceptSince (FD) = 0

hear EF-

-get lede"
l

M = EF , no u(T).

~ glEt(!Lem+ 1) dE

=> glEt)(EE-E(2))dE = 0

↑
even in E-EF A

=~"(.Egle le+ ) de

Taylor expand EglE) -Este EglE) - EnglET) + EgEF) /E-EF)

=> C=EEEE-EF
contributions for

from EF negligible ~ 1 de TEEglE) + EgLEE) lE-Er]tE+ 1)
(cd

glEttdx ,

X=E

=> Cv-Tg(EF)
-



Interpretation : at low T , only particles within DE-KJ of EF matter.

Each particle pickup energy~kT ·

but ~glEt)kT such particles

=> E = const
.

+ glEF) (kT)
2

=> Cu-Nk

Actual factors (Sommerfeld expansion)
=>G =Nk

Metal at low temp : Cu = VT + xT
↑

·

[phonons
e-

White Dwarfs and the Chandrasekhar limit

star exhausts fuel (H, He. ... )
,
T-O

,
held by degeneracy pressure

lif deg . pressure of e-= white dwarf)

Const · density
=> Egrav : -GM ,

G = Newton's coust.

Minimise Egrav .

+ Ea = RWM'

Shrinks as we add mass

=> El= increase

-> gas becomes relativistic

Ultravelativistic regime (gs = 2)

gLE)=3 (EF- +... ) (assume Exm)



Enta
In WD

, MwNmp , V = ER3 ·
Eliminate If in Ean

,
N to leading

*
proton mass

order,

=> Egrav-Ekin = [I(M)M]D
C : if term (0= 0 has sol" J egu

Care 2 : co = roegm = neutron stars or BH.
-

This happens if M >Ma-p ,

in reality , Mc 1 . 5 MO.

Classical Thermodynamics
Macro description with no reference to microphysics . Broadly applicable

Temperature and zeroth law of thermodynamics
g

Pefnsulatedsystem : no influence from outside , adabatic walls
-

&

Rathermal system : non-moving walls
, but heat flow possible.

Equilibrium : no change with time.
-

For now
,

assume system has p.
V.

Oth law : If 2 systems A ,
B are in ego with third sys .

C
,

then

A
, B are in egu with each other/transitivity property



If A in state (p1 ,
Vi) , C in (P3 . Us) .

A and &egu , then

p ., Ps . V, fix Vz .

= feo (p , V., Ps)

If B
,
C egm ,

then Us = fac (PrNV2 , Ps) .

=> fac(p . N .. P3) = fac (p2 ,
Va

. ps)

must be indept of P3 ,
so If "@A(p.. V.

) = Dilp2 ,
Vel in

equ.

Define T = # (p , v) up to reparameterisation ("equ of state

Any monotonic f(Q) would work equally well for this ang-

I canonical choice from Cannot cycles or ideal gas law

T=
Oth law-> 2

sys in equ have sameTo

#aw :theamountofworked tochangeanotherwisea
work is done)

=> If
"

Elp .
v1 (energy) St

.

SE =W
.
If heat

,
DEFW

,
a

change resulting from T differences alone is called heat Q.

=> AE = Q + W

N NOT End+W .

dE: dp+ V
but not so for W.



dE = tQ + tW
.

d: +W(p . V) s. t . dW = -pdV.

Defi Quasi-static process : energy transfer where sys always effectively
in egu .

("slow" change

Vary sys ,
in &S way

pr
AE = / dE = Elpc . V2) - Elpc ,

V,

indpt - on path , but B
W = - SpdV depends on path.

>

2nd law :
-

Defi Reversible process is a quasi-static process that can also be
-

run backwards.

Fr cycle process . OdE = 0
.
but general ofpdV + 0 ·

So

1st law

=> fac-fpdv
Useful to transform heat into work. 2nd law limits the

ability to do so.

&n law (Kelvin) : No process is possible whoseeffect extracts

heat and converts back to work.

(Clausing) : No process
is pos· with soeffect of transforming

neat from colder to hotter body.



Note : Kelvin #) Clausing

Example (C => Kel)

·
The Carnot Cycle

For a reversible cycle , (to = -Jan

Tr

A + B : isothermal expansion (TH = cust .) .
To

of a 7 · B

Q into systemfor M
-

~ coupled to

piston not Tc = po
[ ·

C

S
B-> C : adabatic expansion Q = 0

,

T
, P decrease

#Fat
decoupled

slow

C D : Isothermal contraction
.

Tc : cust Ac out E
coupled to

cold

D+ A : adlabatic contraction
.
Q = 0. Tip increase

El
fast , decoupled.

~ velocity
Adcabatic :

Upiston < Umol-Cs.

hot
Net heat absorbed : Q-QC : W Th both

Def efficiency of engine I

7 :=- t
Cold

TC bath



Kelvin's 2nd law forbids 7
=1 QC = 0

Th (Carnot's trul Of all engines operating between not bath 1

and cold bath C
,

a reversible me is most efficient

- All ver- engines have same n/TH ,
Tc)

If : Consider irreversible engine "Fror"
,

use to drive reversed carnot.

#
=> OH - QH extracted from H .

Q'-Q = Pri-Or deposited to C .

Clarsins 2nd = Q2 &H

=> Ern
= 1-AM
-Dear

So if both reversible (7 and 1) - Your : giTh · Tal

Thermodynamic temp scale and ideal gas
Oth law = 7f"Alp, V) whose equality -> thermal eg .

Consider 2 Cann

engines



Then Ac = C
, [1-y (T, ,Trl)

Qu = @2[1-g(Tz ,
Ts)] = R. (1-4/T.. Tall (1-y /Tz .

Tall

Regard A . B as impound cannot engine,

Q3 = Q , [1-y /T . Ts)]

=>1 - y(T.. +z) = ((-g (Ti · +z)) / 1 - y (T2 ,
T3))

.

=> 1-y(T+2)=
Refu Themodynamic temp : choose Ts . t-

: 1 . THT, agree

with ideal
gas

Carnot for ideal gas

pU =NKT = T = W

Energy :

E = ENKT /Cr measurable)
·

Tr
pV5' = const.

To
of a 7 · B

↑

A mans= const -

-
M

Tc - po
[ ·

C

7
S v

A+ B : isothermal exp . dT = 0 = dE = 0 =de = -W
.

=> Ou =BAR =--
-Spar

- /BTNdV : NKTn log(U



C> D : isothermal contraction :

QC = - NKTc log (v/va) = NKTc logIVc/a) < o

Qa 30- heat given away.

B+C : adiabatic exp .

IQ = 0 -> dE = - pdV = ENkdT

pU =NET = -dV = EakdT

= -=

=> - logV = BlogT + const.

=>
p

-v
- 513

&

=> TV43 = coust ·

=> ThV =TcV
D-> A : TeUp" = TnVaE=
Balance :

n :1-1-
-> Thermal T (Carnot) : ideal gas law

T

.

Entropy (Classical thero)

Notation : count & as heat sorbed by engine -> Q10 releases heat

Set T.: Th
,

Tr =Tc & ,
=

H ,
On = -Ra

.

En Carnot cycle. = 0. "↑
true for

eachSubdivide into infinitestional reversible cycles. cycle &

v



Can approximate any reversible cycle through some path on grid

->
any ver cycle has o =

0

=> between any
2 states A . B

, I#
is path ind. if nev

Def"Fix some reference state O , for any state
A with p. V

,define

entropy
S(p . V) := J* I+ const.)

as given byrer path . ED = dS.

=> 1st law : dE = -d + dW = TdS-pdU

Irreversibility
give

= 1- < Yarnt1-

=> Q,
Compare irrer. and ner, engine doing same work W.

W = D -Re = QH-De =· E

=>
=>+ 0 in general

=> foto for any cycle (Clausing ineg . )



Let I /possiblyliver ,

I ver
, pr

& = (_- 0 F
= (SIB)-TIA) . v

If path I also advabatic ,
dQ = 0 - SIBLISIA)

.

- entropy increases

for an isolated sys-2nd law.

If Iwer
,

then 15 = 0
.

Thermodynamic Potentials

Many variables :

p
. V ,
TIE

.
S, . .

Can choose
any

2 to describe system. Best choice depends .

E.%. ECS . v) : dE = TdS-pdV .

Free energy(good whenT const)

F = E-TS = dF = -SdT-pdV
.

"Legendre transform)

->I = -S , l = -p -

Why "free" ? Consider isothermal process

=> dF = -pdV = FIB)-FIA) = /P-pdV = -WD by sys

&F = work "free" to be used at const .

To

Gibbs Free energy

Defi G : = E + pV- TS

Then dd = - SdT + Udp .
Good if fixed p .

T

.



e- % . sys .

S with fixed T, reservoir R with vol
.

S.t
. Va = VR + Vs.

=> Star (Eto
.
Vot) = Sp(Ett-Es . Vta-Vs) + SpIEs , v)

~ SuIEto , Vin) -ESPEs-Vs + SIEs ,
Us

t
· SD-FIEs +pVs-TSs)=

So stor max . When G min.

With N. then dF = -SdT-pdV + MdN
dG = - SdT + Vdp + MdN

GlTPNG(p .Tw = mpTN , with

Enthalpy
Left H = E+ pV

=> dH = JdS + Vdp .

Maxwell Relations

Els,V)=+, = -P .

2nd derivatives commute ,
so

>=E --

Can do the same for F.
G , H

FIT , V) : =

G(T , p) : = - Ep .

H(S
, p) : = Ep .



Further Is to get relations for Cr . Cp.

3aw ?
"

Nevest's Postulate"m Scil = 0 for many but not
all Osys.

I can be false if ground state is degenerate) .

Phase Transitions

Abrupt discts changes as we change some param.

Liquid-gas transition : Recall VdW EOS :

p= -, v = E =density)"

Plot isotherms.
pr

-ToTe&B ·

C
~ TCTa

3

b U

3 Shapes :

T > Tc : F ideal gas,

can ignore bluc term

T= Tc, kTc =& - inflection pt .

TCTC
, kTE* for both local min and max.

for some values of p , more than IV possiblee.

At U: > 0 => unstable
·

· If expand sys -Pinc

· If contract -> pdec ,



At VA : v = b = atoms are almost as close as they could be Eliquid
-

vdW EOS not strictly valid
,
but run with it.

Ve :
v > b -

gas phase. pr

Between A. C
,
coexistence of ↑both liquid , gas.

L

Use Gibbs
3

b U
G = M(p ,T)N

M
= Glo

·
Since 26/N = M.

At A
, M =M. g·

At C
, M =Mega

At egm . Mig =Mgas , Pig .

= Pgas.

Along the isotherm of vaw :

dyn=d mit *
Integrate => Mlp .

T) =

Mig
+It

but Prg : Pas = Horizontal line between A and C.

Then
Msas :

Mig .

+O - integral must vanish, so

0= dp=-
-> shaded area equal

Pr discts across line

liguid = phace transition

-⑭ on

te
> U



We have Mug
= Ngas - Gla = Ggas.

Change of G along line

↓ Glig = -SigdT + Vigdp = dGgas :
- SgasdT + Vgasdp .

Combine dp ,
di term

,

=>
Def"Latent heat L := (Sgas-Sig)T =

amount of dee add to
-

turn lig .
to gas

=>-V ,9)
Clamsins - Clapeyum equ)

Left For an th order phase transition , the with derivative of

appropriate themo pot. is discts.

L minimising
For liquid-gas in p-T plane 2 : V = Ep ,

S :-)
G- fixedT

guid

p

p
1

solidaquid Lad order
C-- entical
pt-

gas

>

T
Solid breaks translations and rotations down to smaller

subgroup .

(crystal) ,
e .g .

"order parameter".



~ dW EoS : p-- (v = VN)

=> pr3 - (pb + ki)v :

+ av-ab = 0

Crit pt .
KTc = Salzib

,

T= Tc , all s roots of cubic coincide

Pc(v -v)3 = 0

-> Vc=
3b

, pa

Def Compressibility 72 :-
Critical Exponents(approach critical pt.

not 1/keT
↓

· Approach To along coexistence curve . Vgas-Vg-ITa-Te
· Approachalong isotherm :

p- pe ~ (V-v, )
*

· Approach from above IT-Tc)+ Ot : T LT-TcjV
·

where

van EOS experiment
B I ~ 0

.
32

Theory
S 3 - 4

.
8 #

2 I = 1
. 2 expt .

Universality · same for Ne
, Ar ,

Kr
.

Xe
,
N2

, 02
, CO ,

CH4
, - - .

zSapep
B ,
N

The potential is
~ UCr)

- repulsive

I S

2
atractive



Break d-dim space into d-dim cubes

#
· atans

Assume each cube contains now or 1 atams 12 short distance

repulsion)

Assume atoms like" being in adjacent cases (avdw attraction

E
=n [ in;-

(
u> 0 M

chemical potential-likenearest

neighbours term (also has & depend.

piece from KE).

Equivalent tousingmodel of spins in magnet.

Ising model : N lattice sites ind-dim ,

each spin up t or
down ↓.

↑: Si = = -4 ↓

↑ + ↓ ) Classical bits , not gubits)

↓ : si = -1 - 1 ↑I
magnetic

interaction - field- a

E = -J Sis; -BSi

(to relate to Ising model ,
set Si = 2n: -1

, shift cust . into B term).

·# of nearest neighbour giad .

· Consider Jo
. (preferred to be aligned) ·



CE =

z = 5 e-BETsi]

Isil

Def"Magnetisation M := (i) =i logz

(Similar to v = VIN in flund) ,

but at B = 0
,

↑vs & Sym

How to solve ?

· Doa explicitly ,
hand ! exact sol" in d =1-

d = 2
,
Bo complicated

· Mean field theory : approximate S: using some cust - m in

order to neglect fluctuations in the Sij) term

· Statistical field theory : use toots from RFT like renormalisation.

criticalto described byCFT
conformal : saale invariant.

Correlation lengths get long at 2nd order.

Mean Field theory

m is and Spin

SiSj = [ (Si -m) +m] [(sj - m) +m]

= (Si -m)(Sj -m) + m(S :
-m) + m(sj - m) +m 2

Assume flustuctions are small. Summed over sij) ,
but

< /Si-m)2) can still be large
.

=> E = -J [ [mcsi + j) -m2]
.

- BES:

< ij]

=- JNqm2 - (Jgm +B) Si ·

-

Overall factor



-JNgm" const
.

- no effect on physics.

In non-interacting sys,

Beff = B + Jqm

Ze-BE : ePJNqm2 (e-BBeef epBeef)a

=
ePINqm" <W cosh" (BBeet

=> m= logz = tank (BB + pJqm) ·

Implicit egn for m .

:Bo E M = tank (pJqm) . Using tanhx X-*x3
↑
slope at m = o : BJg .

(a)
M

(b)
M

m m

->
tan

-m
&

unbroken at high T broken mit-m symmetry at lowT

.

-
entical temp .

BJq11- 1 Sol : mro
. PJq> 1 = 3 sol : m = 0

. IMo -

high T :

spin randomise low T : spins align,

T->E tanh ->

sgn
=> Mo = #1

.

Case 2 : Bo

(a) B
+ 0 : m = tanh(p(B+Jqm) = P(B + Jqm) => m = BlkT-

(b) T to : m asymptote to 11 as before but now B determines

sign (other solv is metastable)



Be0 m
.

2nd under

-
L

>

T

50 m

below To
, 1st order transition

Bm

1st order

↓
2nd order4 =>

-
>

T
*

To

>

T

B < O

Critical exponents

(i). m at B = 0 as- To from below
,

m = tank (SB +BJqm) = tanh(pJqm)
At T= Tc E BJq = 1

T& Tc = pJq = 1 + E

=> m = tank [(1+ 2) m]

~ (1 +2)m-1(1 +5)m-

=> 1 = 1 + c - 13 m
=> me I

.

And d=T -T

=> me (Ta -T)
"

(c.f· Vgas-Vg-(TarT)"2)
·



(2) T=Tc , how does m vary as B+o ?

PJq = 1 = m = tanh( +m)

Expand tanh at small B
,

m

=> m= + m-m = + m-

=>m
=> mu B'3

(a-f . Ugas-Vig-(p-pe)" along is otherm)

Path Magnetic susceptability 4 := NEBH Kanalogone to 1)
·

(3) Fix B = 0
. Study X as T-TC for T ? To

m = tanh(pB + 1Tqm)

= X=5qm)
(1+ X) = Np)1+ y)
X = 1 as ToTa

=> Wp = y (1 -pJq) -y(+-)

=> x - IT-Tc)
"

Ca-f . T ~(T-Tc)"for gas)



Landon theory
Free energy F = F(m) = a + bm + cm2 + dmtem" +...

Can shift horizontal/vetical , so

F = bm + cm2 + emt (e3o
, fix e)

es o M bo
, adjust an

>

2nd W >

-

b +0

Istz - W---

----
-

6

m = order parameter .
M = o - unbroken

,
m = O - broke·


