
Statistical Field Theory
0 . Motivation

· Universality : sometimes very different physical systems
exhibit same behaviour

.

Example liquid-gas system
Tn

P- Tc-

Psd
↑

"gaslight
I 3

I 13

Te T P- Po P+
P

IP+-f) < /T- Tap

Example Ferromagnet
· Ta = Curie Temp .

· Magnetisation M = 0 T> Th

McCTc - TIP for TCTo

This course : Classical stat . phys ,
with fields .



1. From Spins to Fields

1
. 1 Ising Model

· simple model for magnet

Ina dimensional space ,
consider a lattice with N sites.

On ith site ,
have "spin" Sit(-1 + 11

It) IT)
to - -

~ of +

- to -

Configuration (Sil has energy

E = -BES i - 5 [SiSj -

<ij]
* sum over nearest

neighbour pairs

How does physics depend on B
,
J

,
T ?

= : spins prefer to align 4↑ or ↓ Heromagnet)

Eco : antialign ↑N or 24 Cantiferomagnet) I
minimise E

Assume 500 ,

Boo : spins prefer 4 -
: spins prefer

Intuition : low T =>
minimise E = ordered state

high T => maximise S- disordered state .

Def"(Canonical ensemble)

p(Si) = ePElsi/E
. p:T .



where ECT . B) = &e-BEISi)
Ne : Set k = 1

.

Defn)Thermodynamic free energy)

Fthermo (T . B) = <E) - TS = -Tlog Z .

Defi (Magnetisation)
m= ) . S : )

.

5 E-1 , 17

Distinguishes ordered (MFO) and disordered (m= 0).

m=E.
Want to compute z .

· d=1 : easy (Ex 1)

· d=2 : square lattice .
B = 0 /Onsager)

Other cases has no exact sol" .

Aim : to approximate in a way that correctly captures

long-distance behaviour.

Define m for any Isil by m : GASi.

Z EE):RF

23:
15 t.ESi = m

Spacing between allowed values of on is YN
.



Fr large N, approximate m as continuous

z = ES , da EPF(a

where F(m) is the effective free energy
- depend

on T , B
, m.

F(m) contains more information than Fermo.

Let fimi : F(mi/N be effective free energy per lattice

site
,

then

z & Jdm e-BNfCM)

with Pf(m) = 0(1) as N-> D
.

(intensive)
,
then

Z dominated by the minimum of f

=
m = m

...

= O

Mmin is the equilibrium value of magnetisation.

"saddle point approx" :

zx eBNf(amin]

=> Enermo (T . B) = F(MmulTiB)
,
T

, B)
.

(m) = - Enermo Immin
-- min



Note E = -BNm + /indpt-of B) = F : -BNm + 1)

=> <m] = Main

Computing F(m) is hand. !

Attempt. use mean field approx.

Replace S:
-> m

=> E = -BSm-J [m2 = - BNm-EJNgm= -

<ij]

where g : # nearest neighbours .

=> z = [M(m) 5-PEIm)
↑

# configurations with

↓ [Sc = m
.

let N =

#up spins , Nd = N- N =# down spins

:
Stirling : logn' Glogn-n . for 4x1 .

=> logt o NogN-1) - NallogNg-1) - NISlyNa-1]

=>tlogi = log2 - - 21 m) log 21 +m) - &11-m)log)-m)

=> f(m) = - Bm - I Jam
"

-↑[log2 - [c +m)log (1+m) - -(l-milog (l-m)]



Minimise: 0 = B(B + 5qm) = tlog]
=> n = tanh[pgl

Each spin feels "effective field" Beff(mi .

1 . 2 Landon Theory of Phase Transitions

At a phase transition ,
some quantity (an order param .)

is not smooth. For us, this is m .

For small m . Taylor expand

f(mi = -Tlog2 - Bm + [ (T-Jq)m + + Tm" +
.. .

In
equ .

M= Main
.

How does this behave as we

vary T and B ?

B : f(m) -z(T-Tc) mi+ Jm'4 &--

↑

To = Jq critical temp .

~ f(m) ~ f(m)

· him .

m

TsTa T-Tc

Mmin = O Mmin = Imo=T

↑

Valid for small Mo

(T close to Ta)



M
& Phase transition at T= TC

' &

To T2 : m = o "disordered phase
-

Te T
T Tc : MFO "ordered phass".

-
m continuous at T= Tc

,
so

-

this is a continuous phase transition or a

second order phase transition.

· F invariant under 22 symmetry M2
S= - Si(inherited from
B +>i Sym of Ising)

B0 either M = + Mo on M = - Mo , So the 22

sym doesn't preserve the ground state -

"spontaneous symmetry breaking" JSSB) .

· At finite N ,

Z is analytic .

Phase transition

only occurs when N + 0 (thermodynamic limit) .

SSB occurs only for N -> 0

(m2 =mx ESi).

Ife switch the

limits
, then m= o FT

linite

I
-

N
. 22 sym - I even in = Fthermo even in )=>nermol = 0 (m=

Def Heat Capacity C=



(E) =
-E =C =R

Have cust . T>Tc

log Z =
-BNf(Mmin) = &2E + cust ↑ Te

Let c := C /N
,
then

- -1
Soc discts as T -+ To

.

B > O :

fim)-- Bm + & LT-Ta) M2 + ↓ Tr*
+...

~ f ~ f

Mmin

M
..I &

↑
TC To

,

metastable TCTc
state

m = B/T for Too

m1
Mmin depends smarthly on T

&po
=> No phase transition if

"20 T T varied at fixed BO .

But : vary B at fixed TC Tc :

W,, W
B > O B = 0 BCo



m jumps disctsly from Mo to-alo as B decreases

from m tre tove

This is a first order phase transition (Mega-fem
Phase diagram

Y

B1
critical point : 2ndorder

- phase
transition

⑧ S

Y T

line of
1st order

phase transition

Behaviour near cut : pt . (CP)

· Fix T= Tc => fim) = - Bm + E Thi

minimise => m3 - B = mm B" for small m .

· Magnetic susceptibility
1 = (3)

+

T > Tc : fiml--Bm + /T-Tc) m" + .. .

=> m=
T- Ts

- y=

TTc : Write M = Mo + Sm . Solve for Sm to leading order in B
.

=> m = mo + -T)
=

4=T)
So ~ ite



Validity of MFT

Does MFT approx· give correct result ?

· d = 1 : No ! There no place transitions !

· d = 2, 3 : Phase diagram is qualitatively correct .

Quantitative predictions near CP incorrect
.

·
d = 4 : Yes !

Similar for other systems .
MFT gets phase structure

wrong for dade Slower critical dimension) and MFT

correct for d = de (upper critical dim) . Ising has

de = 1 .
de=

4· Interesting : do "dada .

Critical exponents
Near CP

.
MFT predicts

if B=0
, as

T- To , muStc- + 10
, p : E

.

as T-> Tc
, CNCIT-Tal, Good

X - IT-Tal ,
v = 1

If EF .

as B O
,

nwBYs S = 3
-

C, B . W , J are critical exponents.

This behaviour is correctJe .g .
use exact d = 2 sol" of Ising)

but values of a ,p .
0 .
S are n

MFT d = 2 (exactl d = 3 Cnumerical)
& 0 (discts) o Clog) 0 . 11 %--

P 1/2 18 0 .
3164...

reasonable

-agreementV
I 714 1 .

2371---
with experimentsS 3 15 4. 7898...



Universality
Normal material

pa

initi
Ts
,

hquid-gas phase transition Similar to Ising Cline of 1st

order PT ending in CP).

B = p m +) v:=derram
.)

Use an EoS Le.g. van des Waals) to calculate the

behaviour near CP.

Vgas-Viquid-ITa-
TYO

as Treta along
coexistence line

"P = I

~ (p-pel"s as pets at T= Tc : S = 3

Def" Isothermal compressibility
x

=-
x-FTyr at p

= pc
= V =

Heat capacity Cr-CIT-Tcl : x = 0 Site)

Predictions for <B .
0 . S are same as MFT for Isng !

Expt : actual values for <
,p .
V

.

S are same as correct

values for d = 3 Ising !



This is example of universality : different physical sys.

can exhibit same behaviour at a CP .

- suggest

microscopic physics unimportant at CP · Systems governed by
same CP belong to same universality class.

Landon-Ginzburg Theory
Am : find out model that correctly describes long-distance

Physics near CP - can wee it to calculate

crit expte F theories in same universality class.

LG theory generalises MFT /Landan theory) to allow for

spatial variations in m : MSX) is now a field
, produced

from a microscopic model by "coarse graining". The

microscopic degrees of freedom over regions of size as ,

where -> is the length scale of physics we're

interested in

Example Ising : divide lattice into boxes
,
each with NN

sites
,
size acc5 .

=
Define MIX) S .

t
.

· m(xi) = arg ,
of spins in box with centre Xi

N(l So discreteness of m can be ignored .
MEE1 , 17.



· MIX) smouth

- Fourier transform
· = 0 for 111 > :a Im doesn't vary on scales (a)

z = [2 PETS]
= -S -BFImIx

m(x) (Sihlmiti

Note FImii] is a functional : the Ch free energy.

#tion : Write

z = (0 m(x) [
PF(mix]

a functional integral - sum over all mix) that

don't vary on scales <a.

Can interpret this as prob . Idensity) of field config mc11 :

pImix1] = EPFIm
The form of FImll] is constrained by the following.
· Locality : spins only influence nearby spins

=> FIMID = / dd* f/mil , Jimies ,
:J; Mix1 . . . )

last e .g . Jd*xdoy flaces , mays ....
)

· Translational symmetry : inherited from discrete trans sym

of lattics

· Rotational Syn : intented from discrete not "sym of lattice

· Z2 sym : B = 0 Ising was sit sy

B+ O Si -- Si
.

Ba> -B Syr

So assume F is invar- under m(z1 --mix
,
B- - B

.



· Analyticity : FimSE1) defined by coarse gaining over

finite number of spirs , suggests it is analytic ,
i

.

e.

can Taylor expand near m = 0.

Dim - analysis : gJm axez-Ame
& M

dim
. -less

Ea suggests Im more important than JJm etc.

For 150 ,
above

=> FImceD = (d * x ([d2')m2 + EduCTim" + [U(T) (Tm)" +...)
(could include FolT) af . Tlog2 in MFT

.

- ignore)
.

For BO : Allow B : B1) doesn't vary on scales a.

larises from coarse graining Ising B : -
- Bi. E =. [BiSit ... )

=> include fddx B(A) MIE)
.

Coeff .
CIT) , <p/T), ...

hard to compute from 1st principles.

Form MFT , expect X2-T-tc
, GET .,

but we'll

assume : coeff . analytic in T
,
&CIT) so for TTC,

2 has simple zero at T= Tc
, Gy(T) c 0

,
U (T) > 0

·

Saddle point approx.

Assume (Dm dominated by saddle point , i
.

e. M1) that

minimises FIMIE1]. Vary M/1 -> M(z) + Son

=> SF = /d & x (xcmSm + xm2 Sm + 2 -m · 0 Sm +... )

- (ddx(zm + <xm3 - V Jim + . . . ) Sm JEBpSo)



The / ... ) is usually written
asf functional der.

If M(E) minimises F
,
then SF = 0 F Sm(x)

.

=> VJ
I

m = x2 m + <4 M3 +
. .

.

Simplest sol" : m = cust. = MFT/Landan therry :

· TJTc = 2230 = m = P

· TCTs =G 0 = m =Mo = I Ea
-

Domain Walls

&To : 2 ground states [Mo
.
Could have me I Mo

as X -> In

-

m = -m
. # x

m = Mo

Assume m(x) = m(x)

=> r = xcm + xym2

solved by momotanh(X) ,
X = coust

, Y:2 .

-
-----M

. !
- we

doinwall skink) at X =X of width W
.

Free energy
: If sys ,

has size L
, then Fimo]CLd

C of domain wall is

AF = FImsel] - FIMo]-L* Sprop ,
to area ofwall)



Exercise Check SF : IBP w . r. t
.

X
,

use ODE
-

Near CP : /2 + o => War
.

AF -to
.

Domain walls explain why de : 1 for Ising :

Let d = 1
,

- Ex < E . Assume xnIT) 10
·

The b
.c .

's are mJFE)=Mo
.

Prob of config .
MIA) is

EFim2
2 Domain wall config . (approx, saddle pt.

)

- Mo -

I IL > X- z

Cassume (DW)

For well separated walls
. AFzwalls = 20F

.

#domainwalls of given X .Y)
= g-2BAF

=>
p(m =mo)

=>dreF
For d > 1

,
RHS -> 0 as Le0 /OF -> 01 "energy beats entropy" .

d = 1 : RHS -> 0 as L-> 0 "entropy beats energy".

much more probable to see pairs of domain walls than memo
-

since
any region with me Emo and size >W is

unstable to formation of domain wall-ordered phase
doesn't exist

.

=> No spontaneous Sym - breaking for d = 1 .



2. My First Path Integral
Want to

go beyond saddle point approx. to calculate

- BFIm(el]
z = (Dmiz) e

Change rotation : m(F1 + Y(*) ·
Set B = o ·

FlysD = (d *
x (ECcItIy" + ECIT) y" + ErHi) (yp+ ... )

Evaluating path integral is

·

easy if F quadratic in 4 . 1"free field theory").
· possible if non-quadratic terms are small .

·

very hard o.

For TcTc
,
let M = CIT) >o

,
we'll consider quadratic

approx . to F
.

FEyleD = ((d + x) m +: + vst) lay) + ... ) (1

↑
terms quadratic in y.

e-g . (azy)" -

For TCTc
, GaLT)cO - saddle point has <47 = Im

.

Let YY(x) = Y(x1 - (4) .

=> F = F[moz + &(d *xkiSTi + VIT) (5412 + ... )
&

& (T) + 3 m :<q(T) = -24c(T) > 0
.

=> quadratic approx gives / with 4 +41 ,

and

M = xz(T) = 212(T))
-



22. 1 Thermodynamic Free Energy
Aim is to calculate corrections to Finermo from

fluctuations in Y(A )
. (Ignore FoCT)

, FImo] here) .

Defe (Fourier transform

4k = = (dxe =Y(z)
.

For 4 real , Y = Y.1 :
where I warerector , often

called momentum (analogy with RFT) .

Y doesn't
vary on scales <an = Y = 0 V(k) > 1=a

.

where 1 is UV cutoff.

The inverse FT is

YSE) =/de (t)

En finite volume
,

consider a system occupying cubic

region with V = Ld , then 1 take values

↓= 1, zI

=>I(
=> Y: Seik Y

Substitute(t) into quadratic approx. to F
:

FIU) = EJdx(
YI You

:Ski + (2) ·*



Use (ddx gitki + klo =
= g2tydgod Ski + k2] ,

then

FTYh)=
= I I d KS) Me

② I' K 11
where I' = integral over region kx = 0

,
and using Yok : He

O ↓EKS(2 18412

Define measure a normalisation const.
T

& & Y = NT (dIRe Yp) d/Im Ye) ,

Since 16K1
, we have finite product ,

=> Z

=N(T Jarre Ye) d[ImY: 1) expEFSky12) 1421]
= Nit) dJBeYc dSImYe) exp[-fKSkY(SReYipK + [EmYia(2)]
Recall % dx exa = Na

=> e-Ferno = z =N
=> Eno--Elogz = -Ed () - ElogN.



Recall
CE)---E-

and

C =2=Fe

=> E = - p-ts()]
For simplicity· take

2
= T-Tc

,
V = const

.
and

neglect higher order terms in K(K : M + UK).

=> E= 1+ ]

=J']
- ]

1st term : Ekis per degree of freedom Lequipartition)

Other terms
may diverge

as T + Tc (p2-0) : integral

may not converge when E = O , example of "IR divergence".

Final term&Jp
- (etkx

nd
-4 dc4

~
Md-4

d -4
as TTc .I

log(/m) d =4
-



similarly ,
second term&

d- 2

A d) 2

~ I m
-

d = 1 as T-Tc

log /M d = 2

So for d> 4
,
contribution of fluctuations is finite as

T-> Ta
.
For d24

, diverges as T>Tc
·

Cr pd-P-IT-Tal
>

=> x = 2- tz
So fluctuations explains why MFT 20 wrong for 624.

but this value is also wrong
- can't neglect 44 for de4 .

2.2 Correlation functions

We know
T-Ts

<Y(1) : So Tota

Fluctuations around this are captured by correlation

functions

( Sy(x) - (y() (ycy) - <Y1yK)) : (Y()Y1q1)- <YE1<YIGD .

compute this by including B-field in F (general ,
not just qued .)

#(4 , B] = /dx /My + EVNp +... - BS) Y(l)
.

&

allow spatial
variation in B



and

ZIBLE] = /DY - PFIpiB]
contains lots of info :

Examplex
- /DY Y(x) eBF = <Yes]B

T

expectation value
with B.

t
y=By-7)

= (Y(x) Y1yi7 - < Y()7B(Y1717B .

=> teS/
= 0:Y171)

- <y> 1 *)

This is what we want

to know !

Now calculate ZTBLED in Fourier space for quadratic F .

For T>Ta
,

FT of B
.

↓
F[y , B) : S [14 YeY-K - B-Yh]

For TCTc
, Set = 4-sy) , couple to external i vic

FIY , B] of this form .

complete square : Th = Yp-2)
ShiftYo + @ in path ,

then / ... d[Y] = ) . .. dTE] .

=> z = N/T dSReY] &ImE] --OF



= e-BEwernoexp(f/
- PFhermo exp(E/d*

x day B(x)G(x - y) Bry))
.

= e

where G() =)
Then

<YSE) : So /so = 0

and (*) - (UCY(y)) = fG(x-y) for Tota ,

For TC Ta
,

(Y) = 0

ccg] = <Y(ycy1) - (Y)" = Gl-y)

Take K=
2

+ VL"
,

and let 52 = V/2.
Claim Yod-2 ~ 5

,

(0 = (1)

G(-)t ras.

"

enaexponentia> p

Fluctuations occur are lengths1* / * E , decay exponentially

for 1*I 3
.

In general , this property defines the

correlation length 5.

7) -> v as-> Tc => fluctuations on all length scales at CP ·



#202 : (-rx2 + M2) G(x) = g*** )
.,

ie. G() is a

Green "for -25 + ph -

Define more critical exponents

5 #Fall as TeTh

and , at CP /5 =4)
.

define

<yycell-mety Steal ( <Y = 0 at < P)

Prediction from MFT +

quadratic fluctuation correct values
d = 2 d = 3 d =4

↑

Y O I 0 . 0363 U

U ↳ & 0
.
6300 2

Susceptibility

x ==
0

when no spatial variation .

Generalise this,

* ( . 7):
=0

· /
= -

- S((U141y1) - <4) ) = G(x-y) .

If no spatial variation ,
then

<y = + Jadx(y()
-> scr= /d *

xdy SBI



- ↓ Jd*
x day X (x , y) SBly)

=> X = ↓ Jddy day Goery(

= ((dxG(x)

& diverges at 1x1+0 as T-Tc ·

=> X =/dry-
=> predict V = 1 as before.

Upper critical dimension

For TCTz ,
<Y(21) = IMo

.

Ginburg Criteria : MFT can't be trusted when fluctuations

ini large compared to (4)·

lind
*xddy (I-(Y) (Yey - (y)

logddx (YED Syneddy <yey17 .

dyaxdayy is
(Ey2 + (E= =-y ,

y -y)dd-



~
=> MFT bad as T-Tc if dada = 4

.

For dide
,
MFT

does work.

3. The Renormalisation Group .

Now we include non-quadratic terms in F , e .g. 44.

3. 1 The big idea
rescale 4 to set V = /
-

Fly] = (d *
x (tloy) + [p2c2 + gy* +

... )
.

contains important
T dependence MirT-Th

Allow all possible terms in F consistent with analyticity-

and symmeteries

Example. 418 ,
or 4:1541" T'Y Ok

· y " bad break[r)

· 4-2 bad Sout analytic
Each term has a coupling const . (pag . ... ) =

g
- View

as courds in D-dimTheory space.

z = /D4 s Fly] Jabsorb & into F now)

Well-defined because of UV cutoff : Ye = 0 for k 1.

with 1-Ya
,

a = size of coarse-graining boxes
.



Suppose we are only care about physics on long-

distance scale - don't care about Up for 1kkL.

start from theory with couplings go. Try to construct

new theory with cutoff 11 = 1 / 5 . Jc1
,
should

work fine as long as 11x1"

Write Un = 4 + Ye

if 161 > 1'
Ye = Y if 11 > 11

SIR mode

Y" = ( if 11 < 16k 1
JUV modes (

dw

Then

F[YK] = FoLYE] + FoLY] + ELYE . YE]
M ↑
g = go interaction

=> z =N), de F(4)
r

↓ Yo = d(ReYe) dIm Yel

- ~/
,Th dYE -Fres

&end Fee-EI The . Yes

= NJan dY erFTYES



#[Yi] is the Wilsonian effective free energy obtained

by "integrating out" the UV modes to obtain a theory
with a lower cutoff 11 .

Must take some general form as F since we included

all possible terms .

F(y) = JadxJer'loy)" + &Miy2 + giy4 +... )
.

& ju T
BUT: values of coupling

labsorb 4-indpt part into N) . caust will differ

Want to compare to original theory but they have

different cutoffs ,
so rescale ("zoom out" (

& = 5k => 1k'1 31' = 1

similarly
* = * 1 => k. = k - /

=> Jddx tu'LTyp - /3dd *
x Ev'5 151412

Rescale the field

y'(x) = y y(z)
.

=> F'[y] = Ja *x (110 ·

%12 + IM11 %" + g(5)y" + ... )

e ↑ X
back to coupling depend on

9) = g(5) with q(l) = go

=> Fly] = /dx(t (Ty)" + - MJ) y" +g(5)yP + ... )



As5 increases , we obtain a flow in theory space.

= -:
Map R15) from F to F1 is renormalisation group

transformation obeys R15 , ) R(52) = R1J
.52) ,

but RIS)

not invertible=> Semigroup ,
not group-

Summary : 3 steps in RG

① Integrate out high mom
. modes (4) > 1.

② Rescale k = Jk
,

X = X / 3

③ Rescale field to get carronically normalised gradient
Term

=> flow on couplings g(5) .

How does RG flow

as 3 +p ?

Possibilities : · flow ->O in theory space
· flow- fixed point (FP)

· flow -> limit cycle (doesn't happen (

Focus on FP /possibly at 0) . After rescaling ,
31 = 313

.

FP has 3 1 = 3 = 5 = 0 or 0
.

· Disordered phase (TTc)
: 5 = 0 is limit T-> 0

· Ordered phase (TTC) : 3 = 0 is limit T- 0 .



A FP with 3 : c can describe a CP of a continuous

phase transition.

The critical surface of such a FP is the set of

points that flow to FP under Ra.

·
Let 5 = 5 at some point on surface .

Under RG T = 50 13

flows to FP
,

So 3 + 0 as 3 -0
,

so 30 : 0

Hence
,
each point on crit. surface describes a different

microscopic theory at a CP ·

The long-distance physics of these CP's is the same

- described by FP . This explains universality !

&goal : calculate crit exp . - theories on crit.

surface by calculating for FP.

Beta function

Start at an arbitrary point go in theory space . Write Tie
500 , write &(S)-(MICs)) : O-dim rec of all couplings

after RG .

Ra satisfies
RIg +Ss] = RIgS]Rtes]

,

so g(s+ Ss) determined by applying RG with 3 :e - 1 + Ss



to theory with couplings g(s).

~
Note : not P(q1) , go]

=> g(s + Ss) = q(s) + 5) f(g(s))
for some

(
Prz(g)

(B
=

ps(q)
I

epts of are called -functions.

=> 1 = f(g(s)
ODE determining RG flow .

g+ is a FP iff f(g) = 0.

Now consider flow near a FP : write g(s) = gx + Sg(s) .

Linearise
,

then

↓ga
ie-

1855

AssumingM diagonalisable ,
ie . 7 basis of erec . Vs2 ,

...

with MVi = S: Vi , A, 127 ...

Expand Sq = [fils) Vi
const .

=> fi(s) = Yebis
So

Sq = [c : gbis Vi

describes RG flow near FP.



The Cpto Sga = Sig , ... ) don't transform simply under

RG but linear combinations do.

Let row rec . Wi be left evec. of A

WiM = Wi

Can choose s . t . Wij = Sij

Define
Si := Wi Sg

=> Sq = [Ski , Sgi = Cebis .

S S is a linear combination of couplinge that

transforms simply under RG near g*

We say S has scaling dimension bi

relevant

Refu Si is (irrelevant) if)
Ne : Depends on Gr !

Consider theory near FP with S: +0 and S = 0 for j+i.

relevant

If Si is I irrelevant I then RG flow takes us away from F
=> perturbed theory was different long-distance physise

as FP .

Example 1
,
30

,

120
Y

br
Y [ V
X F



IfI marginal coupling ,

need to look at 0JSg2) terms
- usually cause (awayfrm) FP

, say couplingis

& marginallyrelevana

Ycould also have line (or surface) of FP.
V

,

1
,

30
,
Az = 0

"exactly marginal"↑/
of

coupling ↓

Near a FP· theorit surface is spanned by the set

of Imarginally) irrelevant couplings (ie . Span() 1:x0))
.

Typically ,
J just a few relevant /or mary-wel . ) couplings

The orit surface corresponds to tuning these to zero.

codimension of crit surface = #(marginally) relevant couplings .

For Ising model (d > da = 1) with B= 0 (4-- Y sym .
)

,

we reach CP by tuning / param
: T- crit . Surface

has co-dim 1.

=> FP must have exactly I relevant coupling 59 with

55 , /
T= +

= 0

Couplings analytic in T

=> Si ~T- Te

We'll identify S,> t = Creduced temp . )



and write A : St .
(More generally ,

B also relevant

- see below).

Scansa 3
Y'(x)) = y+ Y(x) =: z(9 , 5)4(2)

complings before RG transf

Start at g : go ,
then g : g/5) along flow .

12(5 ,32) = R(J . ) R(J2)

=> z(go ,

3
..
52) :

z)
If go : gx JFP) ,

then g(5) =

q

=> z(g + ,
3

.. 32) = z(gx ,

3 , ) z(gx ,
(2)

Take WTz ,
Set2

: 1 ,
and using Z(1) = 1

,

=> z(g0 ,
3) = 314

,

for some by
.

gby = ebY

so we say by is the scaling dimension of the field Y.

=> <Y'(x)4'(0)) = y
2

Y(Y()Y1037 at FP .

but at FP , correlation f" in primed variables is same

as unprimed
=>< (x) Y'() = <45* Y101 = 3294(Y)Yces]

with 3 : Mr
-



-> ru(Y(1 ) 401) :

Yfl of r

Since v , w'indet ,

< y(e) year &est at FP.

but defh of is LHS-ty at FP ,

so

1: Elanomalous dimension

Puzzle :

100 appears to contradict dimensional analysis (DA).I
In DA

, measure dimensions in units of inverse length.

[x] = - 1
, [2x] = + 1

.

[F] = 0 (so
F
make sense)

.

FIG] : /d * x (EDys +... ) = [4]=
"engineering dimension"

of Y

I Synylel] diy ,
So by: WRONG !

Resolution : Janother scale 1 ,

[1] = + 1, actually

syk > you & in J
With B-field ,

F includes the term (ddx BI) .Y(X) ..

At a FP , rewrite as

J dbx B(ly()FP9ddxJdBLE) J OY Y'X'

=> B'(x)) = jd - by B(z)
.

=> AB = d-Ay =E



For
y small

, AB30 => 1 relevant

Also 3 = 5/3 = De =
- 1

, but 5-tr ,
I'm It's

v

=> 3035m just fu

=> St = - 13/r = Yu

RG = relations between crit expt :

① Specific heat (capacity)

c= + smother
,
=E

Near Ising FP , f = f(sg) : f)t . Str , Seb ....
) (B = 0)

Under RG. + + + ! x-> X = X/3 = V - V1 = V/zd

Value of Finermo = -log z does not change under RG ., So

f (t , Siz , ...
) V = f'lt : S2 ....

) VI

=> flt , Sa , ...
) = f(5+

t
,
5
*
SE , ... ) 5d

Set J = -" 1st
,
then

fit , 852 , ... ) : f(1 , -BrtsEn ....
) +d/dtwydu

.

-

-> f(1 ,
0

,
0
.... ) asto (T->Tc)

·

(since 1 + <0 Fi < 2)

dr - 2

There -t ,
but art so

2 = 2-du (hyperscaling relation)
.

& TCTc (ordered phase) ,
at Twic

,
(4) - +

P
.

By scaling, By : plt = Blu .



=> B = u Ay
= Edd-2 + y)r

③ X = (v + => Sx-1p =Y
.

=> w = u(z-y)
① Near CD

. <47 - BYS - S : Aplay:
So can compute <, p , V . S from 7 ,

0.

This works well for d= 2
,
3 Ising ,

ok for d=4 MFT (with

quadratic fluctuations) , disagrees with MFT for d34 for

B, S.

Operators

Expressions built from 2 and its derivatives are called operators

e . g. 47 , 4" Jy
,

...

Near FR with

Fig , y] = F(qx , y] + (d *
x & SgaOalE) .

e-J . Sgi = Spr , Sigal-Sgz ,

0: fy2 02 = Y ....

Consider Sq : 2 S : Vi

=> ESgaDa = [Sg Evil
Under RG

,

(dd+ [S90 = (x) = Jddx zd[]i(gi0 : (x) .



So

0; 'Sx1) = yd
- Pip

= (*) -

and say Oi was scaling dim So= d-1i.

Say O : isrelevantet) if ( Dod I1
p,

d

If Di has i factors of Y anda derivatives (e .g. Joypup

has M = 4
,

U= 2)
,
then engineering dimension is meth.

2 E sym -m even
,

and P: scaler =n even).

3. 3 Gaussian Fixed Point

Apply RG starting from most general quadratic theory

Folt] = /ddx(E1y + Epoy" + 141-52244)
Juse IBP to bring to this form) .

- I IJ +ME+ /(14EK .

Write Ye : Un - Ye
↑

(E)s 45 ↑ 1
.

=> FOLY] = Fo[y-] + FotY+
]

e-F'iys
= () Oyte-Foty+s) - Foty>

=: Ne-Foly-]
* some cust .

Now scale I' = 3 h
·
Up = 5 - YE

.

FoTy] : /+1)14E12



= (1I
For canonical (Jy) "term ,

need W= ↑

Relabel I'-> &
,
4 -> 4 :

# ty] = /(6+/5)+ 137(64) 141

where M215) : 52 5 , him 55) = hi "/giar2

So quadratic form of F is preserved by RG
.

As 5 + 0
,
will + 0

,

and -1 % Not a
M2 = n

,

h = 0 corresponds toTo or 10 15 ->0)

M2= 0
,
(11 = 0 is the Gaussian FP(GFP)

Farp[y] = /ddx &ly12

Calculate Sy at GFP

Y'(x) = JU
=Jydy-gil

-> by = d-w = * Isame as engineering dim .)

Excise (a) Show Mab has a subset of evals 1 .
=2 ,

An = -12n-2)
,

n - 2
,
3. . . .

(b) The corresponding operators/couplings with well-defined

scaling dims are

0: t 42. On = 45-y ·

Ap : d
- 11 = d -z ↓- An = d + 2n - 2

. (sameaem
.

)



Si = S/M2) + parts from non-quadratic couplinge

Sign = Sh + -

(c) J no many other evals 11
,
there have 85 := /In

.
comb"

only of non-quad couplings and 0: = comb" of nn-qued .
and

quad

Claim At GFP,
the fullset of operator scaling dims agrees

with the engineering dims. A + n
,
Jmin even

Lexcluding M =n = 2 < Eoy)" fixed in RG) .

m = 4
,

n = 0 =
eng .

dim
. of 44E 21d-2)

,
but

operator is lin
.

comb" of 44 and 16-ty -

/see later). This is

relevant iff 21d-2) < d # &4 ·

S for J<4 ,

7 lat least) 2 relevant operators /couplings

=> GFP doesn't describe Ising CP ! We'll see Janother FP
.

↓>4 : GFP has only / relevant operator : EY" (Ex . )
.

and GFP des describe Ising SP .

d = 4 : m =4
, n = 0 is marginally irrel.

,

behave like d > 4.

Dangerously Irrelevant

# : GFP describes Ising CP . but scaling gave incurrent

results for B , S-why ?

Scaling (tol
: (4)wit -p= for 234

.

but actually MFT told us(43-(M2/g)2. g important !



Near GFP , M2 = Spr = 5 1 +

-
*Ma

↑
A = 2

g
= Sg /in - cmb" of those 85. with M &P 1 : irrelevant

(a) ferm ex

The least iroel
.

has m = 4,
n = 0

=> So = < (d-2) => A = d-dp = 4-d / = eng.

dom
. of g) .

Call this S51
,

so geg as 5+

=> ( - 44g)"-J-
S P = t

.

and RHS has dim
.

I [2-(4-d)]= = Ay
.

Usually irrel
. couplings/operators can be ignored at long

distances as couplings -> o under RG
,
but if such a

coupling multiplies a quantity of interest and changes

scaling ,
it is dangerously irrelevant

J d 4 : we'll see goo at Ising EP ,
so denominator - const .

)

Interactions that break Zc
.

We assumed 22 syn FIU] = FE-4] excludes Ym in F

for odd on
. Sym is preserved by RG.

Now relax this assumption : odd m possible.

m = 1 : (ddX g , 4 , g 1
= B

, AB = dat GFP E relevant

m = 3 : S& *X ggY3 looks relevant for da6 but can always

set go = o by redefining Yey + > (not allowed With 22 sym .
)



(gyp + gy4 + 4gy3 +
...
)

Emergence of Rotational Sym
We assumed F invar under all not" in Old)

,
but original lattice

is invar
. Only underinte GCO2d) ,

e .g.

d = 2 square lattice

has G : Dg
.

So should only demand F is invar. only under

G.

Cubic lattice : lowest engineering dimension operator invar.

w .
r -t.

G but not Old) is

0 = ySky.
Expect such terms to be present in F

.
But at GFP

,

can show Sp = 4 + 2 by .
= d + 2

·

E irvel
.

=> doesn't affect long-distance physics

O(d) is emergent :
a sym of long-distance physics-

that isn't present microscopically

3.4 RG with interactions

Non-quad with lowest eng .

dim
. is 44.

start from 20
.

&
Fly) = (dx(ky) + Emoy2 + goyi)

.

= Fo [y ) + Fly +] + Fly; y +]

j y f
quad . from 44.



e

- FlyS
: = e
F(y] /Dy + eFoTY"] e-ETYi Y

+]

Define
x ... k+
=Y 1

...)
Fly

where z += (DU + -FoTYT] This is expectation value
-

treating It as a ver
.

with Ganesian prob · density Foty+].

: F'[-] = FotY-3 -

log (eEl
: Y+

>7
+ -10g z+

↑ ↑
indept . of yo

compute this

=> ignore .

To compute , assume go small , and we part thy .

(FE = Olgol)
·

log (F) += log (1 - <E) +
+ & (FE7 +

+ ... )
.

- SE) + 1) (E
+

- JFE)
.

+...

(In general ,
noth term is 1-1)"xnt "cumulant" of F1)

.

To Olgol :

F = 90(d*
- go)[ did (Yi + Ye)]cind g* (Ski)

·

5 types of term:

· 14-14 : < ... L+ trivial - just gives gold* 14-* in F

· 414-3Yt : odd in" < ...> = 0

· 6(4-12 (y + 2" : interesting .



· 4-J4H3 : odd in
+ + <...) + = 0

.

· (et)" : gives cust .

term in F'
·

# : 6 : (4) =

#ways of choosing where 2 his label 4-

and which label 4.

Need to compute same kind of correlation f

/ computed previously.

[F17+> 69. di Y .Y+ S((ki)
·

Recall Sypi) = 22nd S1(k + (1) Gold). · where

Go (k)=
=> SF1) +

< Jg. /MyLi
This is a correction to the 14-2 term in FI

: No2 -

>
2

= No + 1290/dto
↑

from Foly-3

Coeff- of ly and 14 unchanged to Olgo) ,
So

under I = 51 , we have Y :* as before ,

=> M2 (3) = 52)No2 + 129 . / dps) + 0190) .

g (5)
= 34

-

dgo + 0195) .

& functions : for J : es
,

=> Pg = d = <4-d(g + 01g: ) = 14 -dig + 019%.



Consider

Id gig= add g,a

where Rn : area of mosphere ,
Ih1 : 2

,
12 = 4t

·
23 : 242)

and ( dgfiq = -flees = nefl

=> In==l
= 2n + Indeed Olga

Let's ignore all except these
2 couplings at GFP =: (d- 2)c1d-2

e

= (
7 Bpz/2p2 appa/ag

(2d Iups/zu2 wisios)lprgo" · 4- d

=> 1. = 2
.
vi = (b) > 12= 4-d

, ve = (i)
W :

= (1 s1d-2) = = (0 1)

Vi = 0 ,
= * 42 02 = YP - E and2u2

shas dim
2

&
has dim 4-d

.

Ei = Sy ,

= p2 + 11d29 Sg =

g

e

Sp =

p . Sg = g at GFP

=> supports our claim about GFP .



Fo dc 4 :
g irrel .. Sirt .

na

· 9
GFP >

Ar
M2 =

- c1
*

g
: crit surface .

For dC4 :

g relevant
-> grows

under RG. = pet" they
breaks

down

.
fo

For d=4 : marginal -> need to go to Olg: ) ·

For Olgo .

F'c -* (FE)+ -(FIT)
.

This gives 2 types of term

· () d +xf(x1)" : cancelled by <FITF ·

· (d *x f(x): not cancelled
.

Focus on terms with 24- from each 4 .

(F+>(g) [T]MY
↑

# ways of choosing.
(2+ )2dgld) ((1 + k2 +

q ,
+qz)8(d(k3 + kx + q3 + g4)

.

2k's and 29's from
each y4



Rain <Y Yg Y Yq7 +
= <Yq ,Y +

< YgzYq7 +

+ <Y
,
Ys) + <Y244) +

+(y , Yx) + 54243) +.

Use the fact that

<YYqi) +

= (2)dg(d)(q + q)Golg) .

1st term : something of form (Jddx fix) -> cancelled by <F-72·

2nd
,

3rd term :

2. (ig2vBY]f(k + (2) (2+ )d8(/3ki)
.

where fikith) =Idhiq) +por

= In (1 + 0((k + (2)2))
.

↑
generate terms - 1214-14

~ 18 154-13
irrelevant

: go + go = go-36g: Ind 19R

coeff of 1542 changes at 01g5) /See later)

: Up = 5-* (1 + Osgil) Ye
↑
only affects Olg 3 ) in gl3(

= g(3) = 5
*

(g .

- 3698) ... )



For E4 , at 01go) , 9 marginal . But at 019 :
)

,

see

thata decreases under RG
,

so g is marginally irrel -

at GFP . (So d = 4 is like d > 4 : GFP describe Ising

CP)
.

We have M2151 = 33 (M + ago +

g.?

g (5) = 34 - d (g.
- bg2 + 019: 1)

where a= IV

↳
=> PM2

= 22+gT + Olgy

P = 14-d)g- + 0(g)

Look for fixed points : d = 4 : Pg = 0 =>go (as gzo),

then Ppz
= 0 E M2 = 0 GFP

·

For &C4 : 4-d10. Then

& g = 0 - g = 0 ,
or g : (4-d) 0(1

*)

↓

M2= 0
=GEP .

Suggests maybe - another FP ,
but in per" they,

14-d)0114-d) not small
,

so lies outside our per" approx.



Recall g = (ur · g .
1) .

We assumed #10 = 0 and didn't

all other couplings
calculate h15) ·

Can repeat analysis allowing small ↓(0)

- treat perturbatively .
Conclusion unaffected .

Feynman Diagrams

Og?) : F's JF· Each term in <FPY + can

be represented by a diagram .

Terms with integrand of from

9. 14-1" 14 +) are represented by diagrams with

· N external solid lines labelled by Ki

-1 internal dotted lines labelled by Gi

Joined up in all possible ways diff . Wick contractions

· p vertices where 4 lines meet.

Each diagram corresponds to an J.

· 1
.
13d Ye

.

---- Go(q) propagator

· Each loop Sind
· Vertex gol2tid gid)(2 momenta into vertex /

Symmetry factor : # topologically equir . diagrams



Example At Olgo) ,
we have

* 4) 90(2)(((2(7)
- 90/d *

x Y(x)"
-

(At "tree level"
,

i

. e . no loop .

·i) Lido() g.
& (d)(k1 + (2 +*T)

(l-loop correction to i)
Syn factor = (* ) = 6

ways of choosing which I are the

k lines emerging from vertex will be dotted.

:
So only need to compute/ and multiply by sym

.

factor 6.

s /2)dg' (q1 + qu - q,
- fz)

(g ,

"
+

p 2)(q2 + pi
.

InterpretChild gid (0) : / d*
x e

:** = V

=> term in F'> /ddx (cust .
) lignored above) .

Syn factors = 3
. (A wa joining dotted line)

.



At Olgi) , our 01g.
2) correction to gys comes from

- 2) loop correction to g)
sg kn

Sym factor = (1) · 2
. (2) = 72

.

↑
paring of dotted lines

Disconnected diagrams always cancel out in F

e . g .

can ignore i , *
&
sforces K = g , but

18113 , 111/5
=> diagram = o

2-loop diagrams :

=/1Y
E

Es
--

14
= Alo ,

3
.
1) + *** A" 10

,
5

, 1) +...

These generate Olg.
2) in plr :

Mi = p + 129d + 902[C( .1) + Alo .
3

. 11]

but also shift coeff of Joy1 Gry2.

# c (d)1 + g: A"10 .
3

.
11) ↳

:

4. Y



En final step of RG , 11 = Th
·

Ye = 5
- (1 + Eg:A")*

- z-
*
(1+gA") Ye (t )

This is origin of anomalous dimension. Recall

-y= +- Y' = 3
*
Y

↳ Y =
5+u

-j clos y

·-(1 + Elog3 + ... ) Yo

So (*) gives 7
: 0/gi) at a FP (MI , 9x) (= y = 0 at GFP) .

3.5 The epsilon expansion

Some non-trivial FP g
= (4-1) OS

** (
-

&

Idea : let d = 4-E , 230 sall
· Hope that setting E = 1

is valid and tell us something.

Let = 1
*

g /dimless)
,

then

=2 + 0]-B

=-OgS
and Md: ,= +0



Two FP : (i) M = g = 0 /GFP)

(ii) x =M -x = 2 + 0(8)

ME =-M gx Mr = - +122 + 0 (E2)
.

This is the Wilson-Fisher FP : valid for E1
. /Can show

b = 0152) or smaller).

Linearise M2 = ME + Spr = x + Sig

=>=(2M)(M
: 1. = 2 - - + 0(82)

,
v = (b) wi = (1 al

A2 = -3 + 0(5
.
V = (9)

,
w2 /01)

,

a=

=> I 55
= W1 Sq = Sp2 + a Sg relevant

S = We Sq irrelevant.

Single relevant coupling ,

as regid for Ising CP !

: Identify S ,
- + = St = 2 5 + 01E

.

Men

1
N

st/ g
Su

F
~

I r d= 4 - E .

/expect qualitatively same for d = 3).



crit-expe at nF /recall S3 . 2)

v = 5 = * + E + 0(24

7
= 0(84 (Actual value : S +... )

.

Scaling= d = 2-du = -

B
= z(d - 2 +y)u = t - E

V = v(z -y) = 1 + b)

S = d = 3

- B v sgu
MFT 0 12 3 o /2

2 = 1 0 . 17 0
. 33 1

. 174 0 0 . 58

↓ = 3 0 . 11 0
.
33 1

.24 4
:790. 04 0 . 63

#Cardant operator at GFP

Yin + In 1
= 42n-1) + ...

turns out = -many FP

Rough idea : flow to 4th FP from GFP by turning on YEN+ 1)
.

Fo = Sdx (EPyP + gan+ 42n
+1)

.

G2 44 .... generated by RG : tune coeff to 0 to reach FP

which has a relevant interactions (-In .
comb. of 45,.., 42).

Each FP has diff crit . expt .



4. Continuous Symmetry
4 . 1 symmetry
Characterise phases of matter by 2 sym . groups.

G : Sym of effective free energy (sym. of theory
H : " ground state

e
. g. B = 0 Ising has 4 + - Y sym ,

So G = Zz
.

Disordered

phase <y = 0 has H = zc
.
ordered phase <4) : Mo has

H = hidh (SSB)
.

1B0 Ising has G-lid)-view B as param of theory so

B- -B
, Y - Y not allowed

Useful because

· for fixed G
, diff . H > diff . Phase

· nature of CP (ie . universality class) determined by G and

no of param.

4 .
2 O(N) models

N order param : combine into vector (f(* ) = (Y , (x), . . ., Yok)

Assume F universal under G = OLN) (unrelated to Old

spatial roth) with Yal -> Rab 4b(1) , a ,
b = 1 , . .., N .

RTR = 1 REOLN
:

Ftq) = / dx (E (4) + &M-y" +g((2 + ... )
.

JYa · TYa TaYa



(To
calculate correlation fo , couple to BC) via

(
- Jddx Blas - A(x) .

# 1 : 0(1) = zc => Ising
N = 2 · Y(z) : = Y, (x) + iY2()
-

=> Flg] = (dd x (804*. 04 + Ex-141 +g(414 + ... )
0(2) = UII act as 4 - ec Y

.

This is #model :
arises by coarse graining a

microscopic theory of spins free to rotate in a plane :

E = -JESS) , Si : 2d vec
,
Kil = 1.

Idescribes certain types of magnet , superfluid .

BE condensates)

N=3 : coarsegrainesenberg model ,

S: 3d rec
, Kil : 1 ,

Consider ordered phase for N22 : ↓Eco ,
F minimised

by 141 = Mo = Fig ·

Direction of of undetermined :If can lie anywhere on

gN-1
↑

Emple/N = 2
,

d= 1)

+
q

andEhas same energy.

There are now configurations that minimises the "Potential

energy" [PR1HK + g((2 +..., ie. 141 : Mo
,
but where



direction ofIf varies in space , e . g. e
I

These get energy only from devir. terms , e .g.
!
1

Dyn in F
.
Can lower these energy by increasing length

scale over which variation occur

These excitations
, arising from SSB of ato syn ,

are called

Goldstone bosons. They are said to begepers because

energy -> 0 as wavelength -0.

Choice of Caust . ) of breaks OIN) : G to H : OCN-1)

- -g . D : (Mo ,oviates these

The vacuum manifold is the space of ground states - SW%

View (Y ,
, . .

., Yal as cords in RN
. Change of cords

in1RN -> field redef"y - & (f) .

Choose e .g. polar cords (M .

G, . . . . . Gm) S.

t.

it
SN- = < M = Mol is parameterized by G, . . .

.,
Go-.

Then (G , CX) , .... GN()) are the GS bosons. They

describe fluctuations tangential to S*"

(
In genera , vacuum manifold = G/H (

-# GBs = dimG-dim H

A scaler on SN invar - underG must be coret.

=> A term in F built from (h, . . ... Gal who derir.



Example (XY-model

f (4) : = EM1413 + 9141"

NLO => "Mexican hat" potential

nf

&
-141

Ground State : M(X) : Mo = Fing ,
8 : %

. caust.

Let ↑(1 = M() giPLel

Set of ground states is S'
, param . by Po)

Fluctuations : write MIDI = Mo + Mx)
,
P : PLE)

·

=> F = (d*x(m)" + 1MTM + gM" + EMo 100 + UMOMOR
S+ . - -

O is GB - has only devir interactions 1 : Finvar.

W . r .t . G = HL11
, Sym O- Ot cust . )

W3 : Y = MISMOcosy ,
SiOsy ,

coso)
,
M =M21)

,
O :01

,

Y =((*)
.

ground state : M = Mo. 8 : 00
. 4 : %

.

fluctuations : M = Mo + Mx )
,
0 : 0()

, Y = Y(E)
,

F = /d *x (EIT + 1pm" +gr + EMT7501" +Sio(y12)
A +

-- - )
c -f . metric on Sa

- invar under O(3)

PSA)
, YSE) are the GBs· (interacting) ·



Crit
. expts

Include - (ddx Balel Yal in F .

For Ball = Bra
,
Malt

,

let 4 : Mala,n

c -IT-Tcl
<

141m/T-TsI9 Y as Tr>Tc with Ba = o

- y

X ~ IT- Tal

141-IBI's as Ba -so
·
T = Tc

.

In MFT
, X . B ,

W ,
S has same value as for N = 1.

Correlation functions : use quadratic approx.

TC Tc : Same as for N =

z = e-Fermo exp[t(d *x dy Bales Go(x -y) Balyl]
where

G ( * -z ) =Ja
=> (Ya( * ) 46y17 = Bug Byl/B

= 0

"Sabholk-y) .

TcTo : assume (47 = (Mo .
0

. . . . , 0) (woul
.

Define

: X-19) .
For small I , Ya ,

a = 2
,

3, . . ., Nare

the GBS.

- pi2y2 + g144" = coust
.

+ EMPY,
to quadratic order in T . Mi = -24 as for N = 1

,
but

Ya ,
a=

2
, ...,

N is absent .



To compute (TV add - (d * x BaYaLEI .

z = e

- Fthermo ep[fd*

xday (BGu(X-y)Bi(y)+ Ba G
+(-y)B(y)]

where Gul-1)=
G+ (x -y) =)

G (X-y) a= b = 1 "longitudinal flue ,
"

=>(Ya() syl] = I G+ (x -y) a =b> 1 "transverse fluc .

"

E -/w

Correlation &" for TSTc and cour·f2 of gitudinalmode

for TCTC behave just like N = 1 :

Gon1 = -7)
-1asrx5

where 52-y-1/MR-1/IT-Tal
Define 2 by 5- /T-TCP = v = 12 is MFT prediction .

Define y by < Yals) t
Sabv-ld-n+) at T=Tco

is MFT prediction .

For ThTc
,
Gi has the sameform as Goultic. So Goldstone

-

modes have as correlation length. i

. e. in SSB of a c

sym ,
there are long range correlations in the broken phase

Snot just at CP).

G+ - r

- (d - 2)

Can show this is exact F TcTc. = no anomalous dimensions

for Goldstone modes.



The CP with diff values of N describes diff. universality
class . Will see do = 4 as for N = 1

.

Sie . CP described by

GFP for d=4
,
non-trivial FP for &C4).

Numerical data for d= 3 :

n
MFT 0 1/2

N= 1 (Ising) 0
. 03630 .6300

N = 2 0
. 03850 .6719

N = 3 0
.

0386 0
.702

(2 . B .
U

.
S follow from scaling as for w = 1) .

S

2 = 2 - 3 - = 210 for N22
.

&

=> c exhibit cusp DeaninHe
To T

Mermin-Wagner Theorem

Note -Did If de

=> G+
= 0 for d : 2

.

For d = 2
,
MFT predicted phase transition ,

but quadratic

fluctuations diverge in ordered phase (N22) -> MFT not

reliable·

# (MW Thu) There is no ordered phase for JE2 .
i

. SSB

of a cts sym can't occur for d2 => there are no GBs

for de2 .



! lower crit dim for OLN) model is

&de=? NFL So,screte syn)
RG for O (N) :

FIA) = (d*x (((54) + 1=

y2 +g(44 +...) (scalat=1)

GED :

pr = g
=... = 0

.
At GFP

, Sy E , A l
= 2

,

Ac =4-d J same as N = 1 T

Yg m + ag1d
-2

Repeat what we did for N= 1 : Start at go
: (por , go ,

0, ...
)

and use pert" they in
go.

Y' Vertex has more structure Ju = Yala 46 Yo.

e N = 1 : go (2)dgld)([ki]

!& N >1: go Sab Sad (2)dg(d)([ki)
·

2 Ya Y
"

be+
= (21d gC(k-k') Gold) Sab

=> Propagator a -
-

--
: Sab Golg) .



So at Olgo) we have

G
~i YeinY Sad Golf

7 k

↑
sym factor ,

also 90(2)d
Sab Sad Sid (k + 12 -E)

~

- 2g/Yale hold

·) YanYin Gold

· go (2)d Sab Sad Jodi (k + 12 +
q

- q)

= 49.

I

After Ra Step 1
, M2 = Mo + 4(N+2) g.isdidhttp:

Ne factor of N arises on 1st diagram because label a on

Yo" isn't determined by external lines.

Sim
, at Olgo? )

w · ↳contracting

factor of S
.

dotted line from
L/R an 1st vertex-connecting

↓ E

sym , factor 2x2x2 2 x 4 x 2 x 2 dotted lines 4 + 4X2
↑

11 T" I defted into L, 32 swap 2
1 into R on 2nd vertex

vertices



->

go-go-N+gdtop
note : 1-Et

.

& I's can be read off from N = I results by adjusting coeffs

I
= 2m2+ 5 + 0597

d - 4 : 3.5 : 1
*

g=d = 25-g+ Opgs

linearise around GFP -A ,
= 2

,
Ac : E

=> I relevant direction ifEco (d >4)

WF FP : M =- 12 + 015%

x= + 0(32

Linearise around FP = St = 11 = 2- 2 +O

Ag = Ac = - 2 + 0(dY

=> I relevant direction for 230 (624) = dc = 4
.

and
n

: 0(s) as before . 12 loops :

7: 1

Scaling : v=+2 + 0(82

↓= 3 ( predicts incorrect sign for d

for w = 2
, 3)

=-+1)E

v = 1+02

S = 3 + 5 (indpt . of N)


