
Quantum Information and computation.

① = Ha (11)

Hilbert-space (H .

S
.
) equipped with an nunnerproduct.

Drac Bracket notation

H = C

(a) = (a) (b) , aubi

(a)
, 1b7 : kets.

Eproduct
(u . v) = (u/v) =Give

Drac split the inner product
culv> + <u) · (v).

braf

cul = (ai
....

un) = Civ = (i
.... vi)(v)

Bras are vectors in Fl
*

= dual to 7 . In It* :-> C
.

elts

are linear functionals. <ul . 12 it <ulke K.

Prop. of inner products
· Positivity : <VIV> 0

,

"

= 0"Iff Iv = 0.

· linearity (in 2 ang) : (v = C , (a) + C2(b) , C , GEK ,
then

<ulv) = C
· Cula) + C-(ulb)·



· Antilinear (in 1st arg) <ul = r, (U) + rcluz),

<uIvL = r
*
<Iv + r

*
Calv>

.

· skew-sym : <ulv) = <vlu)*

-

Iv> EF1
, <VIEzL

*

lu)map cul

· <vl : (lv> )+
·
(v = (vll+·

· (ci(vi) + c2(ve)+ = c
*
(vi) + c

*Val

recs ((m + 1).

(n)
,
12 7) are arthogonal if culv = 0 .

· Thedorm of a vector (v)

livll=

A basis in IL /FLEC"
, n = dimit)

A maximal set of pairwiseorth . recs of unit length (10 :) st.

Chile) = Sij.

Any NEF1 .
(v) = [vilei)

. Vj(v)e.

& ilh :" is arthonomal basis (oub) of I*

<vl = Eve cel
.
V% = <vlej

Computational basis (H-C")

↓ (i) (sometimes (11) (1) .



Example n = 2
.
21 = KC

·

102 : (6) ·

11 = (i)
.

Colo) = 1 = <(1)
·

C011) = 0 = (110).

Postulates of QM

Postulate I : Any isolated quantum system. which can be

prepared ina perfectly distinguishable states , one can

associate a H . S. of dimension n s . t .

State of the system is

given by 147EFL is ofunit length (414) = 1/normalized

(14) + rayhe :014) VOER) .
① I .

HEC" .

state of the quantum sys , given by 147EF1 .
S .t . 11411 = 1,

eit global phase is physically irrelevant.

· I = C "
, comp .

basis [107
,

1171 .

Superposition principle : 147EFL ,
147 = a lo) + bl17 , a .bec.

Fundamental unit of 9 . info : gabit

Any g sys . St
.
HER"·

Bit-
G

Qubit-
I

Physically a gubit :

· electronic spin 147
.

It

· photon polarisation

In QM
, only mutually + states are perfectly distinguishable.



In HEC? .

· Comp . basis (107 , 113)

· Conjugate basis (1 +)
. 17th

,

17:

FLEC"
,

ob (1 :7): State 147Ezt
,
(414) = 1

.

14) = EC lei)

1 =<414) = S1012 Iiforset
Ci = (e : 14) is the prob amplitude

PostulateI : States of A .
A2 given by unit rectors in 11

, 0712.

A Az A Az

74 72
I = 71

, 0712

If I, ob Haile ,

Ele : ob 11bih
,
di = dimEc

,

du : diman
, then (191@1b;) onb of 22 ,

The

=> dim (7t * 712) = dida
.

Example 2-qubit system#F EC? .
H = H. He = /K :

/
* 2

1107 . 117) onb of C2 ,
so onb of 11 :

/10010) ,
113010)

,
103011) . 110112 . %.

For lat = (a) .

16) = (52)
(ab) = (a) 1b) = 19701b) = Ja I

So mb of 16 02
: <1007 ,

101
.
1107

,
111 1

.



Dirac notations for linear operator.

· Linear map A : 71 -> 22 · For (n) = c ,
/4 . ) + Caluz),

* (n) = c , A(n .
) + CA /n2)

.

· linear operators are endomorphism A : 71+ 71.

· Adjoint of A is

<VIAtIn) = CulAIrS
Y

flu)
. In EFL .

· Let ((71) = set of lin - ops .

On I . If A . BEL/71) , then

luTEFL
,

ABlus = AlBIn))
.

ABIu) = BAIuL unless AB = BA
.

ie . [A , B] = 0.

· I = identity on 11
.
[In) = /n> VluTEFL .

· At : inverse of A .

AA = I = AA

· (AB)
+= B At

· (A + BB)
+

= 2
* A+

+ B
+ BT

-

· (A+) +
= A

An operator A is

· normal if AAT = At A
.

8 -unitary if AAt = AtA = I

· Hermitian if A = At
.

Outer products (a) < bl = laXb/

If FLEC"
,

then laXbIE Mr(c)
.

where Mr() set of nxn

complex matrix.

(a) (2) 16) : (2) ·
then laxbl = (a) (b ... bihe Mud



Outer product is a lin op
. (o 71 or 2

*).

(i) (UXv1 on IXSEFL
,
then

luXv/(x) = /u> (v(x) = (v(x) lu> est.

(ii) (uXv1 on CylEI
*

<y((uXr1 = <y(n) </EF)*

Products of outer products
A = laXb1

,
B = laXd/

· BA = (cXd/laXbl = (c) < dia) < bl

= (d(a) (cXbIE Mn(c).

Haim Any AE((71) can be presented as a matrix in Mn(C).

(ie .
(in

.

op .

= Matrix) .

# : let Cli7h : onb
. of It .

Let Vi :, . .
.,

n
.

Alek = Ifi) Est .

Then Af; Xe; 1
, since

Ale= IfiX e) = (f)

Sig B

If (IfiC hi also onb of Ih ,
then A untary (preserve inner

product) .

Ale :) = Ifi) : Aless = If

Sij = <eilej = <eilAtAle;) AA
: I.

· Ifi) = (e) = I = Elexe)



For onb Gleith

· Cele; )
= Sij certhogonality

·Ceilei = E Completeness relation)

If hifilh : and Heid ; ob of 72 ,
then 7 unitary operator U

S.

t.

Ifil = Ulei >

I = ElfiXfil = [Ule :) SeilU+

= u [leixe :1 U += UIH
+= uUt

=> U unitary

If blilli onb . of FLECh , then any AcL(f) can be written

as

ASAij lix,
where dij-(ildj)

Orthogonal projector

PEL/71) S. t . pr = p ,
p

+
= P .

pk(n) = Plu> - K21
.

(4) +L

↓ lu7 etts. t · Culul = 1
,

Pu = (uXu1

luxult = luxul
, Pr = luxulluxul = luxu)

.

= De

· Pulv = (nxviu) = cr In

component of(v)
along(n).



· (ii): ord of 1EC" ·

lexe:
projects on to the subspace spanned by le...... 181).

· level projects into 72

↓ Iv EF) , (v) = [I) = leixe : 1 /v

= le:eilv
= Vilei) · VEK is prob amplitude.

Trace of operator

· Tr(laxb1) = <61a)
·

Note TrIA = SekAle : Ank

To(laxb1) = [cerlaxble = < (blek cella

= 4611 Xer) las

= (b(a)

TrCA) is indep of choice of ob ,
since any onl , e . g. (If ;<)

also satisfies I= fiXfil

Example HE , 10 : (6)
·

112 : /9)
-

(a) = a
. 10) + &2/17

(b) = b
,
107 + b2117



Pauli matrices/operators [C(t) ,

HE2·

X = x = (i ! ) .
Y 5 = (: ) ·

Zor = (ii)
· Hermitian and unitary
· Anticommute : (X , YY = XY + YX = 0

· traceless

X -Y
· XY = :Z

-
Z

· X 107 = 117

X11 = 103 .

IX : bit-flip operator

· z107 = 107 1 z : phase-flip up.

z/1) = - 117

· It) = Ho is an egenbasis of X :

X 1 +) = 1)
·

X 1-7 = -1-

· Y = - iZX
.

· x= = Y = z = I = (bi)
· /I = to = (oi) .

X
.
Y . zh is a basis of M2(e)

·

With

the Hilbert-Schmidt inner product.

A
. BE Mc(()

,
then < A

, BYs : TrlA+ B)

A
.
BChE. X . Y . El

.
then CA . Blns = 0 for A + B

.

CA
. Aims = 2

So 1 Eli
,

X/E
,
YIE

. EE) forms othonormal basis

of Mc (4)· E any
MEM2(c) can be written as

m = xX + BY + Vz + SI
.



Postulate#I (Physical evolution ofa states) : Any physically
admissible evolution of a closed a system is represented by

a unitary matrix on J.

· If system is in State 141t .
17 at time t and in 141tzl) at

time to
,
then 7 unitary operator USttz) (tusti

14(t2)) = UCt. +2) IN tib)
.

Schrodinger egn (time evolution (

* IN (t) = - HI4(t)

where H = Ht
,
HEL(Fe) Hamiltonian

· If It is time-indep ,
then

- iHt/h
14(t)) = U(t) 141017

.

Ult) = e
/

where echtlh = 1= +* ( - " H2 +..

· In fact
, any unitary matrix can be written as

U = u(t) =eit=(
for A =At

Basic unitaries : quantum logic gates => use to construct

more complex unitaries.

Orthogonal subspaces

[19: 42, onl
,

then

(1) (eile ;7
= Sij

(2) &le :xei1 = I

i = 1



(1) and (2) can be extended to subspaces of 2.

· E
.. Ez C Il mutually orthogonal if VIV .

TEE
.,
IVzTEEn

,

< v
, (va) = 0

.

· E, ,
.... ExCll form an I decomposition of 7)

H = E, 0 ...
# EK

if any 1vTEIL has a unique decomposition
k

(v) = [IVi) , where 1 Vi> En
.

i =
1

1 = (vIv = & (V;1 /Vi

=jivi = K

VY

(vi) = T
:
Iv

[V: /V > #1
.

↑

orthogonal proj
into E ,

(v: /vi) = < V: /T:TVi) = (VITt N: <

(v)=EIvi) if I= E

IViT = Tilv>

=> [T :
+ I

.

T Sijti (no summates is

-
extension of for projection Ittil
completeness rel.

reduces to

↳ Ele :Xe : 1 : I

if Ti = / :Xeil rank-1proj



Postulate IV (Measurement Postulate) :

(a) A complete (projectivel measurement on a g system

with Hilbert space It is determined by the choice

of an onb Cleil. (in fact , every such onl in principle

represents a possible mmt).

· Outcome = label of basis vector beil

· Problem) = p(k) = Kep14) 12 if initial state of sys is 147.

147 = E( : 14719)

If outcome is en.

143 14 : leh: 4 = 1x

Example H = "
.

147:10) + 511
.

Measure in <10 , 11)

Prob(o) = p(0) = 1014))
"

= 5

Prob(1) = p(1) = ( < 1 . 4312 =

3

.

If outcome = 0.

14214 14 = 107.

Example F = "
,

147: 1) + #1) ,
measure in 41) . 1-))

Outcomes are to -- and p(t) = E
.

etc.

Projective Measurement

Measurement is equivalently specified by <Pch

P :
= 12. Xeil

if sys is in state 14).

p(en) = p(k)
= +r(Pk)4X41)

= <41p14) = (He(Cen14) = /ep14712



If outcome is eK.

14) 14:
Eple H = e=, 147 : alt) + bl-7

·
a . bEK.

Measure in 111) 3.

P+ = 1 +X+ 1

Probl+) = p(t) = Tr(P+ 1xX4)

= <41P+ /4) = 1912
global phase

If outcome is +, ↓for some DEIR.

147 147:
Incomplete projective measurement

Let I= E: (1)
,
IE : CEL) mutually +

Let it: oth . proj. on Ei

HiTtj = Sij Ti

· An incompletemust of 141 EFt w . r. t . the decomposition (1).

· mot outcomes ithl ..... k) .

· Probli) = Plil =<41T1 : 14).

If outcome is is 141 14 :I
Ne A complete mot is a special case of an incompletemmt,

where Ei 1-dim subspaces and I: rank-1 projections.

An incomplete mot can be completed via a complete mut. For

= E
.
HER" ,



· Choose oub consistent with 11

I-
m ,

= dim(Ei)

Denote lisexe') the oth
. proj on Ei.

· Perform complete mmt on 147 in basis B and recover outcome

probs of incomplete most by summing relavant probs of

complete mut.

Probli) = <41 147
-

incomplete must = <41 legx el; 14)
i = 1, ....

K

-M Ice 14

Example (Parity mut)

Parity of a 2-bit string b
,
be 40 .

112 = b
. 0 b

* addition mod .

000 = 0 = 10/

Example/Parity mint on a state of 2 qubite) = (C4@2

Excompletemut It = o El

Eo = SpanG100 ,
1111 I even par.

E
,

= Span 41017 , 1107 /odd par.
I

Let 14LET initial state ,
147=odij (i) 1,

Possible outcomes of parity mut are 0.

Problo) = p(o) = <41 to 147
,

To = 100X001 + 111X1/

=> po = 1900+ 19 . 11"

Equir .
to doing a complete mont in basis $100

. 10K
.
110)

.
1113 .

Problo) =

poo + Pl



Poo = Probloo) = <41Pool4) = 1900l" Complete

p.
= (41P . 14)

.

= lau1

Encomp :

Prop(o) = 1900l" + 19112

· Post measurement states corresponding to even parity outcome

14==

In QM
,

measure a quantum observable A , and outcome are

evals of A

Spectral decomp
A= acti

· If A: nm-degenerate ,
then ITi = le: Xeil

· If a: degenerate ·
T: orth. proj on

Ei = Spanklets , j = , ..., mil

E incomp .

must corrsponding to =  Ei.
with me the degeneracy of Ai.

· If a nudey ,

eval equ
: All: ) = a : (ei)

Ti = /2: X (i) = Pi
.

Extended Born Rule

Consider a measurement on only a part of a composite system.

e .g. composite system S
. S2 .

H . *Th.

B
,

= Sles hin .

Be = hifjh onl of H ,
E

.
TEC

We want to measure in E = (19i7 @19;hi
.... m

onb of 71 ,
Q7Lz.

j = 1 ...., n



This amounts to an incomp-
cut.

2 = 1 . 02 = E ·
Ei = Span(le * 147 V14ETch

Check that P : Q I = I: orthe prog.

M Ei

Outcomes of mut keS1 ..... m

Prob(k) = p(k) =<4/POII) (P = leaxen1]

say . 14) = i
..

m Aigle)(f) ., then

ji, ...,
h

p(k) =a(e)
= a dijeile><eplei) (fj1fj)

=
If outcome is K. 143 - 14=

-. g. Complete must in (14) , 1)/ characterised by Pe = /IXI

states with quaranteed diff - outcomes lie in mutually I subspace

of It - 2 States 142 , 14 are perfectly distinguishable iff
<410) = 0.

~Perfectly distinguishability of 2 states means thatI a must

which gives 2 distinct outcomes w . p .
1 when applied to the 2

states



Entanglement

In RIC
,
into encoded in states of a systems.

(closed sys) : 1 , 147 EF.

I-Ho

Consider 2 systems A .
B (e

.g .
2 qubits)

· Suppose AB is in state

IYAB) = 14 TAB -FA @ F

147 isaroduct state if it can be written as

143
=

1) * /B) .
ICTEFA

, 18> EJB .

if not
,

then 143 is entangledstate

Example Ja ,I = C2.

14=
Claim : This is entangled.
-

Assume J(7 = alo) + b117
, 1B)

= clos + &117 S . t . 147 = /x@1p) .

#
1

= (ald + bliz) (c107 +↓(1)

= acloos + adloi + bel10 + by /117

=> ad = 0. bc = 0

=> a= 0 or d = 0
,

b= 0 or c = 0. #

=> 14) entangled .

In Sheet, Any 147 = <1007 + Bloc
+ U110) + $1117 .

141 entangled # CS-BUF0 .

Note 28-3U + 0 no longer sufficies if A
.B qubits

-

(Rudit (d
,
C , d

. n > 2).



Eple look +ulo is ent ?

= 10 @ (F (02 + 113) = 10) (t)

So no

Entanglement is a valuable resource in RIC.

Quantum logic gates

· Physically it is a device which performs aNeedunitary
operation on a selected set of qubits in a fixed period

of time

· Mathly , a 9. gate = unitary op.

·Amantum circuit : a device consistingofgates.

Example U unitary .
HE?

--

· read from left to right.

· line represent a qubit

a quantum wire can represent

-

a translation in space le .g . atoms travelling through a

cauty,

photons in an optical fibre

- a translation in time Ce .g. Sequence of operations performed

on a gubit).

·- : matix VI.



Single qubit gates

1
.
Hadamard gate It

H =(i -i)
In Dirac notation.

H= [loxo + 10x 11 + 11x01 - 11X11]

· H107 = H + )
,
Hil = 1 - >

· H+ =H
,
H" = 1 = H" =H = Hit) = 103

, H1-3 = /17

H : a special case of a quantum Tourier transform (Fn)

H = E2
,

where Fracts on IXLE90 , 13"

Fn(x: & eintxeln (y) .

YE40 , 134

2. X-gate / Not gate (bit flip gate)

X = (10) X (k) = 1k017
:
k = 0

,
I

addition mod 2

X 107 = 11

->
X (1) = 10)

3
. Z-gate (phase-flip gate)

z = (0 -i)
.
Elon = 10

. El1 = -11)
.

4. Phase gate

Po = (d eio) · Polo = 103
. Poli = e

:%11)
.

In particular. z = Pi
.

· Sogate -BS- S = (i) .

·T-gate5- T = (ii)



Rak Check HXHT = HXH = Z

HZH = X

HYH =
- Y

Unitaries such H which take Parli ops
-> Parli ops under conjugation

are called Chifford gates

Question which place gate is in the Chifford group ?-

Example 107 - IAHS1- 147 =?

Ce
, o+ (1 - ei0)1

= ei0(cos10 + i sing (1)

So 10) ->CoSE10 + isiE 117
.

This Q-circuit is called single-qubit interference circuit .

2-qubit gates

1 . CNOT or CX gate (C : controlled

( &

Crot = (EE T- = 70000 (
CNOT (i) (j) = /:) ligj) ,

< ,jego .
17 .

V(43EC"

CNOT 10) 14) = 107147 .
CNOTID147 : 11 X147.

1st abit : control qubit ,

2nd qubit : target qubit



This can be extended by linearity to arbitrary state of

control qubit.

Caot It) 14) = CNOT) 10) + 117) 14) /5

= E (10) 14) + 11X147)

(i)

"T
(j) - 1i0j).

If you change roles of control and target qubits , get a

different gate.

CNOT
.. 2
10)

,
1172

= 107
, 1172

CNOT ,,
103

, 1172 = 117 , 1172

Exercise Check
-

CNOT
= (HOH) CNOT

,2(404)

↑=

Quantum version of discrete FT : Em = 10
, 1

, ..., N-1)
,

then

x. y &Ea . FaIX) =E eizixy on
ly> . FzEH.

2. Controlled Unitary gate ⑥

I
CU10) 14) = 103143 -

Cul1)(4) = 117 U14).

e . g. Cz ,
U = z.

cu = ( )



3. Toffole gate -

1x)1p(14) 1-> K718> 14) if (,B) + (1, 1) #
1131131471- 113/13 X 14)·

-

Quantum circuit for entanglement generation

To (10 = /100 + 114)

10710)F It 10)

=E (10) + 11) 10)

= (10> 102 + 11 10 (

CNOT
1->

== (10)(0) + 11)(x) = 14+).

In fact,

110)
.
(11) in

F transferstheob.
/Bell basis

C look 1 - (pt) = Elloo + 111)

Clo 1+ 14+ = =(101 + 1107)

C110) 1+ (p) : (1003-1112)
< 11.3 it 14% = Cl01 - 1103) .

If reversecircuit : R+L.

Bell basis states -- camp .
basis states.

But is mont on 2-qubits in the Bell basis.

Do this
,

e
. g . by rotating' Bell basis to comp basis then do mut

in comp .

basis.



No cloning theorem

Note crot gate can copy a bit value in the first qubit.

CNOT(X) (0) = (x> IX)
.,

XES0 . 11 .

Question : can cast also
copy superposition states ?

CNOT 147107 1 143147 · 147 = alop +bik.

No !
CNOT 14 < 10) = croT (alo +b(13) 10

-+I
CNUT : superposition in the

m
entangled state

control qubit of both qubits .

No cloning thm :

· classical setting : cloning allowed

+ 15) + AJ + 1)
↑ ↑ A ↑

text blank original copy

· In quantum setting . I a universal quantum cloner/copier.

Quantum cloning involves 39 systems :

· A :

g info to be copied encoded in A .
Flat

· B : I = HA initially in a fixed State 1403 (or 103) of Hp.

· M : cloning machine
,
initially in

say (MO) (readyState

Let s be
any set of states of a 9 sys A .

that contains at

least 1 pair of non-1 states
,

then 7 any minitary cloning process

that achieves cloning for all states in S.



P : Assume Juniversal 9 .

cloner
· Suppose 14) , 197 St .

<4197 + 0
.

<414) #1 distinct.

Q cloner : 14710)/Mo)-> 147147/M47 (1)

1p) 102 IMO-> 10) 10) /Mp7 (2)

Since operator unitary ,
inner prod preserved.

(41p) = < 4107 < M+ /Mp). (S)

Let x = <17 · XtO
,

X*1 .

(3) = X = X
*

/MyIMp >/

= 1 = x(My(mp3) << MylMp).

=> <MylMp3 >#

So states of a systems cannot be cloned. D

Hilbert proposed superluminal communication (he assumed g.

doning was possible).

If a cloning possible => superluminal communication <unphysical) .

1957 = =(100 + 111)
- -

Alice Bob

(Ps) = =(10110 + 11/1B)
.

Claim 14 + ) = = (1 + +) + 1 -))
.

#ercise F ME /2 (C) .
ricochet condition.
-

(10m)(pt) = (M+QI)(pt)

M =So Mij lixi
P : z(l ++ + 1- ) =(HQH)((00 + 111)

= (HQF)( = 0H)(p
+ 7 = (HH * E)(p +7 = (pt)

.

5



Outcomes and Final State Final State of B
Alice's message Her action (mmt

Probs AB

Yes in basis 0 wp
. 1 = Po 10 10) 107

B=

= (10) ,

11 Y 1 w . p .
5 = P , 117/1 117

in - w . p . E 1 +> +> 1 + <
No

B ,
= 41 +. 1 - ch

- w . p . I 1 - > 1 - 2 1 - 7

Extended Born rule

Po = 10Xo) ,
P

.
= / , X11 P= = 1 =Y = /

po
= (p

+ 1PQ [14 + )

If 10 : 10) + (POQI) (p-3/Do

If 'Yes'
,

then B wp= I (i)

No'
,

then B1E up . &. Y (ii)
Alice's mmt = preparation of B In (i)

, (ii)

Claim These 2 preparation of state of B are completely

indistinguishable to Bob

(a) by any local mut on B

(b) from the case in which Alice does no mut.

If : Suppose Bob does must corresponding to TTc . (proj op . ) . Suppose

B is in state (4) after Alice's mut.

Prob (outcome = i) = (NIT147
.

Pryes(i) = Prob(Alice = yes => Bob =i

=ColTilo7 +(11Till]



- TrITTloXol) + Tr (It: li X 11)

: I Tr(T (l0x0) + 11 X 11)

= Tr (Til

Prli) = 1(+Ttilt) + &<- Ittil -) = ETrCiti) .

If Alice does no mmt,

Prli) = <P + /@Tilp +
7 = EtrITti).

f
Bob's must D

Herbert : let'sclone B.

Alice does must on 12pm .
Bob : just after 12pm ,

he clones qubit

B. say 100
,
times

,
and he does mont on each copy of B in

Bo = /10) ·
112]· -> outcome b = bib ...but 40 . 12"

.
n = 100

Gain If Alice's message is "Yes"
,

then bil Bob has

-
107 ... 107

after cloning - 117 ... 117
W . p . 12 .

1 +>
...

1 + 7

If message was "No"
,

bob has - w .p .
112

- 1 ... 1 -]

b is now a uniformly random bit string
"b

, ... bu"
,

bi = 0 ,
1
wp .

112 .

Such a string can be distinguished from -0 ...

except
-1 .. - b

wp . 2/105 .
Bob could clone more and more

,
and mut o each

copy
t prob of error + - superluminal communication.

At A special case of the No Signalling Principle/Thm.

Alke
->

1 PABTEFIB -

Bob

FA , FLEC" .



Alice cannot convey any info to Bob just by doing local mmt MA.

i

. e . no local action on A alone by Alice can change the

outcome prob .
dist

. of any mut by Bob on B.

da
# Ibasic case) : Bob does a complete must on B in basis (lb>/p

d = dim H
,

ab of He .

Let Glashdo = dimita
,

onl of Fa

LaseI : only Bob do mot

IAB) = [Cabla) (b)
.
EFGQALB .

a , b

Prob(b) =

p(b) = < PAB1 In@ Pb 1 HAB]

= El Cabl (x)

If outcome is b,

19)-As

Case I : When Alice does a must pror to Bob's must.
-

Suppose Alive does mot on a in Glash.

· Proble) =

plas
: &I Cabl

~ If outcome is a

19AB > + (PatEB) IPABT/) .

= 1 t1B) .

Now Bob mut m B in Clash .

p(bla) = /P31 Ea Po1P1B] .

=tal (PAB1 (PaQIr) (In@ Pp)(Pc@IB) 1PaB)

= Ital <Parl PaQPy/dar]
=> plai b) = < HABIPa@ Py1P1B] = /Cas1"

p(b) = <plaib) = Elcabl = ( *). A



Ne : The same holds if Alice and B do incomplete mut.

Distinguishing non-orthogonal States

You are given a g . sys in unknown state 143 You are told.

147 w
. p . 1/2

where K02
,
K , > distinct

,

non-1
.

( <ok]0
, 1)

Am : Determine whether 142 What is best you can do ?

E
.g. do nothing : random guess.

Prob , of success = Psuce .

= 112
.

Clam Can do better by doing a mmt on the sys.

Do mut Sto .. S (infer Ko) , 11) Proj - ops · Mo +T= E.

Define -erage prob of success

Psuce(Tr) = E Probloutcome = 0 (14) = K01)

+ E Probl - 11143 = 11)

= E + = Tr[Tto)-X] ]
= E + [Tr(tos)

.

Consider 1 := KoXXol- 1 , XX1) .
Properties

· St = 1 = evals ER
,

evecs onb.

· VIEF) St
. (BIO) = 0 =<P1x · Alp) =0

.

=>A acts ametrically only on states in V = Spanddo) .
K. L].

· Tr (1) = 0 - evals are
, say ,

+S
.
-S

. Let corr
.

evec 1p) , 1m) and

Pg = (pXpl . Es = (mXm/



Spectral decomposition

1 = SPS-SPs = 5/1pxpl-imxm)

In the basis hips , imch of V,

1 = (6)

Determine S in terms of 10 3 K .
7 :

let KokEV is <
+

+
10) = 0 = (107

,
1907/ ob of V.

=> (1) = Coldo7 + C. :7
.

VEK"
, so WLOG use

102 = (6) = 10.
·
157 : (i) = 117

, 117 = (a)

(
10 . 12 - Coci

*

(A =
- G

*
C

,
- 12, 12

End evals of 1 = X = 1161 = S : 191
,

-8 = -191

Let 16 . 7
,

19.7 best
.

Os Kolcis/1,

(Col > / = cosp, 0 <OCT12.

Then Kol = cost
.
IC1 : Fro : Isino)

=> kil = Since .
S = 1 l = sing .

Then

Psucs (Tio) = = + Tr(ToA)

= I + E Tr [To (sipxpl-slmxm1)]

= E+ [CpITtolp) - (m/Tolm)]

Projective mot To ,
It

, are oth proj ops·

Claim : <mITtolm) 20
-

Pf : [m/o (m) = <m/Tto2 /mi

= < m) ToTHolm] = 11 Tolm> 112 = 0
. 17



~
<pITtolp) <<plp) = /

=> Psuce(tto) -+pITTolp)+

Can you find /To .

T. S . t
. equality holds ? If To =< plp) ,

then

Ps = mat Pauctto) <+ SinO
,

Koldis) : cost

and pance is achieved.

Ihm (Helstrom - Holew thm) Given any one of z equally likely (distinct

and non 1) States (0) ,
11) with Kold)) = cosp , for some

OCOTTI , the prob . Psuce of correctly identifying the state

by any g . mut satisfies

psuce - E + Se

and this bound is tight.

Entanglement and its applications

· The Bell basis-onb of C2QK2. , consists of4ximally

entangled states.

1197 .
1 PEB) . 147 . 141) /

183) = = (100 + 1 : 1)
·

(4) = E(10 = /10)
.

laka EPR States)

· If we do a local mut onA /or m B)

Problo) = E = Prob (1).

=> even though we know the state of AB completely ,
we know

nothing about A /or B) individually.

ItAB) = pure state .
2 = P , ↑F.

This is quantum phenomenon.



· The 4 Bell States can be characterised by 2 bits.

0%+ 14+7(10+ !
1 1PT]

10 1+ 187
11 1 14-7

.

phase bit+
A
parity but

Parity bit : are spins It or antill ?

107 = 19)
.
(17 = /]

Parity bit = 10 if constituent states in Superposition have even parity
odd

Phase bit: Go if superposition 2+)

1-

If A. B In same location
,

and do joint mut on them
, then

complete mut in basis (10) . 14h .

Proj ops : Poo = 10+X+

Pol
= 14+X** ! outcomes ForPo = 10-XP1

Pil E 14-X4-1 11

Superdence coding
Aim : Alice wants to send 2 bits to Bob

.
but no way for

classical communication (CC).

She
can achieve aim of they share a Bell state to start with.

IPB)
Alice - - Bob

(A) (B)



Alice's Act on A Final State Bob's

message by a unitary up of AB action

Ou I 1P
+

7

10 Z 14
- 2

Bell

0 X 14+
7

mut

11 XZ 14-3.

Quantum Teleportation

X
x(02 +B11) .

2
,9 -

1470 a

omo

A B
1 PTAs

Alice Bob

Am : send 147 to Bob
. but she cannot sendC physically to Bob

·

of any g .
channel between them. Only CC is allowed.

~
classical communication

Protocol :a teleportation
-

InitialState : CAB. CA(Alice)
.

B (Bob)
·

147@1PAB = (10 +&(1)@ (1007 + 111)Ai

= (100 + 1113) (< 102 + B(1))
= 1P+Tca14i

- (100 - 1 ,x)(< 10 + p(() = 10Tca(z14(4)

- (101+ 110) (102 +B(()
= 14 +7c(X1473)

+ (10 . 3 - 1107) (< 102 +&(1) = 147m(Xz/47B)
.



· Alice does a Bell mine + ij ,
i . jelo ,

11

· CC: she sents ij to Bob.

Q : If :0 , j : 1 .
What is post-mot state of CAB ?

14+c@ (X(4))i

So Bob's state is (N14B
.

He acts on this with

X (x 43)i = X<47 = 147
.

If outcome ij ,
Bob needs to act on his final state with zix]

because his final state is X : 14) before his action
,

and

zixi xiz :

(4) = 147 .

Exercise Check diff. values of i .

j.-

Bob ends up with a copy of 147 .
Does this violate no-cloning thm ?

No ! C is no longer in State 14).

State transfer is unaffected by any physical process in the

intervening space .

Example of no-signalling :

· Preparation 1 of B : part of a Bell State 1P) .

· Prep 2 : B's state after Alice's mmt.

143 . 214)
, X14) ,

Xz14)
.

Bob cannot distinguish before prop .

1
.

2 unless he knows

Alice's outcome



14) C

To i*
Quantum Cryptography

Disadvantage of encoding info in g . states

· Cannot be reliably identified

· Read/infer message ,
do a mmt Partial infopohabl

ita

=> Advantage for 9 . cryptography.

One task for g . crypto : secure/private communication

Alice (A) Bob (B)

-

M message b Eve (E)

eavesdrop

Assume

11) The channel is authenticated.

B can verify that mag .
comes from A . E cannot modify the msg.

F a perfectly secure cryptosystem to do this.

One-timepad :

E does not know

· A
,

i share a private key K/a sequence of randombite)

· K is created prio to this use



· K indpt . of the msg .

(M)

· 1k1 = IM/
no

. of bits
: e - g .

K
,
ME10

,
137

Steps of one-time pad :

n = 4

1 . A compute C = MOK encrypted msg. · M = 0 110

2. Send C to Bob through the channel
. #0

3. Bob does CDK = MOK OK =M.

E knows C
,
but cannot infer M from it.

Problany K)=n
-

choice of key
.

One-time pad is secure but inefficient. This is where QIC helps.

Quantum Key Distribution (QKD)

It allows Alice
,

Bob generate is secret key /which they can

use for the one-time pad) without having to meet or to

trust an intermediary.

Note QKD is not used to encode the mag itself, but to

generate the key
.

Protocols :13384 ,
191

,
Eal, ..

~

Bennett
,

Brassard
.

public classical

- channel
L

A B

↑ qubit channel

E



StepofBB 2 m-bit strings uniformly at ranis

* = X
,
Xz ...

Xm 40 . 1/m

y = Y , Yz ... Yo 10 . 14"

and prepares m qubits in state

(4y) = 14 x
, y ,

> . - 14 xmym]
with 1400) = 107

,
14 ..
7 = 11

.

(401) = 1 + )
·
14. 07 = 1-

.

Ify :
= 0

,
then she encodes X: in Bo = / 102 , 112

Yi = 1 B ,
= (1+ , 1-)

then she sends 14xy.) ,
i /..... m to Bob through muses of

qubit channel .

Bob receives m qubits , but they need not be in State Itzy
due to Eve's tempering (mmt) . (x)

· Noise in channel (10)-> 11 but flip)

Case 1 : Assume no (K)
.

2. Bob generates an mist string uniformly at random.

y = Y ,

'
... I'm 10

, 17
m

If Yi = 0 ,

then he measures : the qubit in Bo = (10) . 1 .77
.

Yi = 1 outcomes of the mmm- B .
= (1) , 11 .

-C I

Let X 1 = Xi ... Xm 40 , 1 Im Equivalently · H/Yxy :
7 E Bo

.

then do mut in Bo
.

&aim If Y: = Yi ,
then Xi = Xi :

If : Suppose yi' = Y : = 0
,
then 14x y :

>= 14x
:
03 & Bo = < 10 , 1121 .

Since yo ,

mot by Bob in Bot w
. p , I he get right outcome,



ie . X: = Xi
.

If y =

y :
= 1 : 14x: 17 B ..

Bob : 114x 17EB,

and mot in Do

=> determines X : unambiguously ,

ie
. Xi = X :

.
I

3. Alice and Bob compare over the public classical channel

& and
1

. They discard all Xi ,
X: for which y:yi

They do not reveal the other Xi
.
Xis .

= left with shorter

strings E,

If we are in Case I
,
then = * = shared secret key,

Example m =8

Generates X = 0 I 1 / 0 100

y = 110100 %

Prepare 14xy) = 14x
, y ,

>
... (4xgys]

Sends & qubits to Bob.

Bob generates y' = 01110 : 10

X 1
= 0

, y 1
= 1 = 1407 = 1 +)

.

= +(10) + 11)

&
y ,

'
= 0 = mut in Bo

,
outcome 0 . 1 w . p .

E each

Say Xi =

Xz = 1 , Ye = ) E 14. 7 : It
, Ye = 1

,
X2 = 1

wp.

Suppose we get X = 01/10X)

[
: 1101 orX



claim On average , the shared key- (&) bits long.

If : IP(yi = y = ) = E =P(y : =yi)

=> IP(discard Xi
,
Xi1) = IP(yi +y) = E A

Case 2 : (*) can happen ( *** in general
4. Information Reconcilation (IR)

5. Privacy Amplification (PA)

=> shared key where Eve has no info .

4. IR

For IFE in general,

· Alive
, Bob want to find the Biterior rate (BER) of I ,

E·

BER =
proportion of bits in E which do not

match with corr· bits in E.

· To do this
, they publicly compare a sample of bits from their

strings.

(A) - X - X-X - E

(B) - A - AX - E

· they determine BER in this sample .

· They discard thebitXX
in the sampa

· They assume that ,
I' have same BER as in the

considered samplee.

·

They correct these errors (even though they do not know their

locations) via IR - Sacrafice some of it -> end
up of 2

strings which match
=> this leaks info to Eve .

X
*

= Y*



5
.
PA

From the estimated BER , they infer how info Eve has about

final string.

Remarks : · BER depends on info Eve gets .
More info more

disturbance (due to mmt) - > higher BER.

· Keypoint : Alice using MuBs for encoding .

· Noise (in 9 .

channell also contributes to BER.

~ But Alice
,
Bob can assume that all errors arose from Eve's

tempering
BER > proportion of bits about which Eve holds infor.

A B
3

E

Eve's action :

1 . Intercept+ resend attack ,
:

She intercepts the qubits one-by-one and does must and

records (sends the post mut States)

2. ->

-
Them mut an

ancilla -> info
about multiple qubits-

Eve

auxillary system (ancilla)



Example mint of each qubit in the Breidbart basis (10) ,
I./E2.

Kir 1112 +)
Kol = cosT8 102 + Sing 117

c ko)

( . ) =
- SinT8 10) + Cos +18 11)

.

>/d

If a qubit sent by Alice is in 107 or It
,

then
-1 -

Els must outcome
-

0 Lcors
·
(0))

- 1 (come 1
:3)

Problo) = cost · Probl11 = sin2().

For each of the 4 encoding stateYe
What is Rob(x' =x)

,
XCI

,

X'E*?

If A Sent 102
, we know B dommt in Bo : / 10)

, 111.
·

II . I' consists of bits : for which ye = y : ) X
,
and E are

strings for which #basis of B:encoding basis of A .

For XE , XEX! ,
find prob of error in B's inference·

Say X-0 .
X1 = / ↓ Y

- O ---
X

(P(X= 0
,
x1= 1) = 1P(X)= 11 A sent 101) - OE

*

- - E

= IP(X' = 11 EsentKo)) · IPlEgeto ol Asent 10) (

+ 1P(X' = 11 Esent K ,2) (PCEgets 11 Asent (1)

= Kikol Kolel + 111 .>//lo> 12

= 2 sincos' = E
.

Similarly , IP(X = 0
,

X'= 1) = 114 when A sends 1 +7.

I (X = 1
, x= 0) = 1 when A sends 11) or 1

.

- iP(x' = x) = y - (4 - 4) = 4
.

=> Eve's action leads to BER = "14
.



Now A and B estimated BER.

* Simple example of IR

In Step 4, Suppose A
.
B have E . (7 bits). Estimated BER=*

Write * = a = a
, ... ,

I' = b = b, .
. . by

· Using classical channel they decide to act on 1 .
b by H

Check matrix of the HammingCode [T.4)
,

where H is 3x7

matrix of's and 0's.

· A compute the syndrome

st = HaT = H()= ( , sizoh.

She sends s.
A- > B via classical channel .

i = 1 , 2 , 3

· B compute B = Hb" = (
[ = SB - SA =

1-(b -a)T = HeT
.

(1)

where Wel = 1
. Hamming weight of E = #1s in it.

Eart : F ! bit string Elo .
11 " with WILLI S .t. H2" = 5 (

(1) , (2) => V = 1
.

· B replaces b by b-e ·

Possible becauseB knows [ and 11.

and b-E = -
,
the shared key.

Simple example of PA

Suppose A ,
B end up with a = a , acds = b

Suppose E knows at most / bit.



Let2 : (a : 0 as
,
Az0a3] Cho

.
11 2

Claim E knows nothing about 1 ·
-

Possible values of a : 000
,

001
,

010
,

011
,

100
.. -(****-

car value of 2 :%,

01
,

10 ,
.

. .

-
Suppose E knows ac = 0. This restricts E to these four choices

but this yields no info.

=>I private shared key .

Basic notions of classical computation and computational complexity
· Computational task :

· input bit string

input size = # bit

Example Given a n-bit string I VNEW ,
is I prime

?

· Output = another bit string

· If output isY
,

the task is a decision problem.

· B = B = Go
, 17 binary alphabet

Bn = 10 , 132

B
*

=EB
Language L is LCB *

· A decision problem corr to the recognitionof a language.

of those binary string when used as input
+yes/accept/0

as answer.



Example (Primality testing)
LE subset of all bit strings that represents numbers in binary
More generally , output is of length al.

e . g. FACTOR (x) , output y

To solve a problem ,
we use an ago : precise set of instructions

Efficiency of an algo :

· An also is efficient if # of elementary Steps /runtime Tins) needed

to execute it scales no faster than polynomially ina (input size).

Thus
"

2 ,
e .g .

factorize # , digit

n2
,

e
.%. multiply 2 n-digit no.

n

Model of classical computation
· Turing machine

· Cellular automata

· Circuit model (gate array

Circuit model

· Input String X = b
, ...b 10

. 11 % is extended to b
. . . bro ...

- -

extraemputationalStep : application of designated Boolean
workspace

gates f : Bu+ in > updated string
There fixed operations/gates should not become more complicated

asA Increase-



· Universal set of gates SAND , NOT
.

ORI :
any Boolean &" (gatel

-

can be constructed from these.

· Oput : value of some designated bits after the final step.

· Circuit : For each input size n
, you have a circuit GE a

-

prescribed Seg of computational steps

#In only depend on n and no on the particular input

C = algo . = computer program.

Randomised Classical computation

Input string extended to

A..bn, . . . up 0 ... O

- -

Input random bits (chosen uniformly at random)

· If computation is repeated with same b.... bu
,

then.... UK

generally different- > get diff . output .

~
no- of strings

Problany particular output)- r. . .. Uk

giving the output

Require
Prob(output correct) > 1- S

for some chosen S.

Example r .--

pop-output



Time -

complexity of algo.

In a circuit model,

Thal = total # of gates used in algo.

Q : Is Thn) < ent An large enough for some aso ? Does Tcn)

grow faster than polynomial in n ?

If faster
, called exponential ,

e .g .

24
.

25 , nigh

If satisfy ,
then it is called polycus/poly-time algo,

Digression (Notation)

· For a the f TCM)
, we Corte TM) : Pln) if Fo

,
a >o Set ,

Thi efcul & nano
.

("T grows no faster than of")

· T(n) = Olpoly (n) if Thul = Plak) for some kn0.

Time - complexity classes

↑ (poly-time) : class of languages where membership can be deduced

Iwp .
1) by an poly(u) algo .

(Class of problems which can be

solved on a classical computer with a deterministic algo- in poly-time

BPP /bounded error probabilistic poly-time) : class of problems

able in polytime via a randomised also w.p .
2.

· Threshold 2 can be increased to 1-2 F Occ112

If J polytime algo that succeeds w .p. (E+ S) for any chosen Szo
,

then 7 a poly-time also that succeeds w i

p .

(1-2) Vocaliz.



Suppose repeat the algo , say K times
,

which gives correct answer

w . p .
(E + S)

.

Reasonable strategy : take majority/vote.

&ernoff bound tells you how well this strategy works
.

Thm (Chernoff bound) Let XI ... Xn discrete id r . r. takes value /

w . p .
It + S)

,
0 w - p .

(E-S)
, ie - Xim Bernle + S) .,

then

IP) ? X: < 1/2) : e25in

· Interpret value / correct result of a decision problem

o

wrong
· Value of [Xi = # correct answers ina trials

Do K trials
,

IP (majority vote gives correct answer

= P(Xi > k(2)
-
257k

-1 - e

=> Prob of making an error by taking majority vote decrease

exponentially in K.

· In BPP , we choose E +
S=

.

·Choose k a few hundred
,
then Problema) - 102.

EXP c -g . FACTOR (N , M1

BPP
Given Integers W. M In binary digit),
MCN

,
decide If N has a nu-trinal

⑨ factor <M .

Best known algo : T(r) = exp0Cn" llogn(
*/3)



Black box/Orack promise problems

Instead of input bit string of length n
,

we are given f :But Bm.

f : Bn -> Bm

I
black box/cack

We can query the orac by giving it imputs and processing the

outputs.

&art f unknown , you are given a promise about it.

I ask : determine/find some desired property of f by averying the

crack the least # of times.

consider orack as another gate.

Everycomplexity
:

no . of times of the cracke is used (as

a fo of its size

Examples of Black box promise problem
1

.

Balanced v .s. constant problem

Input : BB for F : Bn -> B /output : 1 bit)
-

Promise : - is either coust . (f(x) = 0 Ex or fix : /Ex
,

XcBn)·
-

or balanced (fix) = 0/1 for exactly half the no - of strings ,
i

.

e.

2n +1 O's and I's) -

Problem Find if f crest or bal
.,
with some desired. prob .

(e .g . 0. 99)
-



2. Search

Enput : f : But is

Promise : 7 unique XEBr St · f(x = 1 (0 ow)
-

Problem · Find this special x

-

3. Periodicity
Eput : f : En + An

.
In : 10 ....., n -11 addition

- mod n

Promise : f periodic with period r
.

:e. fixirs = f(x) Xx
-

Problem : find W.

Circuit model of quantum computation

Classical Quantum

Input b. . . . bn0 ... 0 1b . > ... 1bnb 10] ... 107
,-

bit 10 , 17 ,
1b : 7 E2

Te .g. H10 : I +· mue in 50
. 11 E outcomes 0

.
1 w . p .

12
.]

Computational Step : application of a g. gate, to a prescribed

choice of qubits. These gates make up a g. circuit .
(C).

#put : The result of doing a mot .
On some specified sets

of qubits.
Mont is done right at the end.

Quantum computation is defined by
(C

,
Cr

,
... , En ,

-- . ) family of circuits

Important fact : Q gates reversible,
but not for classical me

in general.,



e
- g .

X AND y = 0
, xy 6901 ,

10 , 001 .

Not (6)
= 0 Es b=

&
-1 b= 0

Poly-time quantum computations and BQP

BQP (bounded - error quantum poly-time)- :class of problems that

can be solved in poly-time with some fixed accuracy on a

g . computer.

For each inputsize m we have a circuit In
,

(cul = no of gates in Cn = Olpoly (n))·

w . p .
= 3

.

&aim BPP : BOP
.

Reason : Any poly(n) classical circuit can be replaced by an egu.

classicalcircuitwisiblgateandthisisane
basis as a set-

Q : IS BQP > BpP ? This is open question .

Evidence : FACTORIM
,N) EBOP

,
not known if is In BPP.

Black-box promise problems lin g. compt)
8 : If : Bm -> Bn)

Quantum analogue : unitary op . Up which the g- analogue

of a reversible version of f. (f).



W Any f : Bm-1Bn can be expressed egualy in a reversible form.

F : Both-Both.

For be Bm
.
CEBn

,

+ mod 2

-
f(b .c) = = (b

,

<@ f(b))

If we can compute f ,
do ① then can we can evaluate 7.

conversely ,

set c= 0
... 0 and read out lasta bits of F -

then

EGbic) = (b
, f(bi)

I reversible :

↑(f (b , (1) = F (b .
< @f(b))

- (b
,
c@f(b) OfIbi) = (b

, ch
.

=> Any classical algo using crackof can equally well be done

using an orad for F.

Quantum crac for f : Bm->B IF : Both + Bruth)

Uf(x) (y) = (x)/yo f) ·

A 1

m qubit n qubit

mimics action of F -

(x)
, 1y) :

comp basis states ,
X210 . 1 ye 0

,
1/2

For 143c(2(@cmth) has rb hixocy > \xEBm
, y eB

14) = [Gy(x) (y)
XEBm

YEBn

=>U14) = [cxy Uf(x) by >

=Exxy (x) /y @ fix) ·

We call 1x7 : input register , lys : output register.



In classical
, any problem in PEE poly-time algo using gates

LAND
,
NOTh , mi XUY = 1X11 %12.

In quantum , o version of LAND , NTh -> Toffoli ,
Xh.

/
(a)- (a)

13 is

(c)-lab) .

It is important to have 1x at the output , since classically,

no bits are lost.

N

Noteof is permutation of cmtnl-bit string ,
so If corresponds

to a classical computation will be a perm. matrix ,
and

randomness in BPP generated by superpositions and monts

computation viag. parallelism

If can act on a superposition of input register

14m) = E& lequal superposition state) .

↓ input register
UfMm) (y) .=Uf&xys

=U * /y

= (xlyof(x) = 14)

14th generated by a single use ofUf depends on fix) EXE Bm .

This

is computation in g . parallelism.



By further g . Processing of 14th /acting of other gates on it & mmt)

can get global info about f with just I use of Up-

Contrast this with classical case :
1 use off gives output corrs

to 1 input .

Q : How do you create 14m) ?

Hem /@m = 1 H10
Om

= 1 +>Om

= (10)+11) @ :(10 + 117)Q ...

Im times
-

Bak Created a superposition of 2 terms with only a linear no .

of application of H (H*m)
·

Approximately universal set of g. gates
&ace : LAND

, with universal set

Pease :

g. gates are unitary operators.

U = eiPA
,

A self-adjoint . OER .

U parameterized by acts param .

O . no finite set of g.

gates can generate all other g. gates exactly ,
even with very

large circuits.

But I approximately universal sets of g. gates



· The notion of closeness of 2 unitary ops. U .
V :

-

We say IIU-VIIE ,

Exto, 1 if
↑

operator nurm max 11(14)-VI4i11 : E
.

143
<4147= 1

A set ofg. gates (f) lacting on qubits) isaproximately universal

if Funitary Wacting on any no · of qubits ,
and Facto,

- a circuit C composed of gates from G ,

whose overall unitary

action satisfies
IIW-C11 E

.

·

Generally 181 : Olexphall ,
n = # qubits on which acts

,

(b for CFT .
(c) = O(poly (n)) -

Soloray- Klaer Thm

Roughly ,
if G is an approx . uni. set of g. gates ,

Let

IIW-

_

figin ... Sipl9 , gijEg.

C

With IC1 = K
,

then Kellogya)" ,

C=2 const-

Suppose E-2"2 ,
then 17-12 gates.

The Deutsch-Jossa (DJ) algo.

· Example of also showing exponential speed up over c. me

Problem Bal
.

ve .
cust

Input Oracle for f : Bm -> B
-

Promisef cust o bal.



Iask : find if f bal. or cust -

Classically ,
one needs 124 + 1) queries in the Worst case

scenarios.

·

Inspect outputs Cor
·
to first I" inputs

· If op same for all z"tilp ,
check

- ... - -... -
next olp .

E (2 +"
+ 1) +h opp -

00. --
O

If same -> const. ..... 1

else = > bal .

=> In worst case Scenarios (WCs) , checking 24 + 1 suffices .

Necessity (Proof) of 24
-

+1
queries.

Adversary (A) is in control off Coracle

· Suppose we have a deterministiccl. also that solves the

problem by making K2" " queries

· When the algo is applied, A hasn't yet chosen f.

A simply output O's to all queries .

At the end of 1) queries , f "f has been fixed on K inputs.

ButIf K*2"" ,
thenAshas the freedom to choose the

next .

-
>utput so as to contradict the outcome of the

algo

=> 2"" + 1 queries are necessary in Was.



In Quantum, DJ also has query complexity = 1.

Quack Uf(x> (y) = (x) ly@f(x) ,
XeBr

, y EB

-

(n+1) qubit states

(i) Initialise all qubits in state 107
.

-

(x) (y) = 10)
*

10.

(ii) /1*** HX) (10) or 107) = 1 +7
*

@ 17
.

-=A (1)
.

(iii) UpIA)= Up

-(1)

-
where flxs = fixs # 1

[ ] = Uf(x) I (x)(
(k) = (x)) - ) of f(x) = 0

-
- (x)1 -> of f(x) = 1

= (-1)
**
(x)1-7

-

=> UfIA) =Exc -f(x) 1 - (a)

We : First n qubits uncorrelated with last qubit

(iv) Discard last qubit , left with n-qubit state

If) : = EE-f (3)

& : What does If look like if (a) f cust
,

1b1 +bat?



(a) Iff const
,
If) =* I .

1 : fix same sign EXE

= Hou/y On
(4)

If we applyHor on If2,

Hou If) = = los@n 1: H = 1) (5)

(b) Iff bal .

IfI has equal no . of +o - signs at unknown locations .

& How do you detect such a state ?

A : Let
1n3 : En 1x 16)

Take inner product of 142) andIf

<nif)=
- (+f) = 0

- If f balanced ,
then If21 14n7

Write Ha = H* If n-qubit state

· Hulf]1He/Yn) - HulfT1 l0]Qu

=> Hulf) = [G(x)
,

(7)
XE Br

With 200.0
= 0

,

ie . X00
..... 0. If f bal.

(v) Apply Haon If].

(vi)mut on these n qubits in comp-

basis

· If Ifs const
-

outcome 00 ... 0 - fast . W. p.

· "bet
,

not outcomea all zeros -> f bal
. w .p .

1.



# of query= 1
.

I use of Up.

-> 13n+2) operations :

· (n+1) It's and I X

· n It's on If

· a single qubit mut.

10- -tEFb,

10)- = ba

I

i I

&

I Uf I
"

10- -F bu

Hulf] bithocl)
10) -EX-A -

lA7 11
-

discard

Q : What if classically one allow bounded error ?

Ina case , DJ workIn I guey , but
,

there is a classical

bounded error algo . that solves the problem with only a

const · no · of queries (depend only with 5
, not on n)

OClog") On

=> Exponential speed-up of 9 . over classical is lost.



Randomised classical algo.

· Choose /bits X .. ... / Uniformly at random.

· Evaluate f(xi) ,
fixu) ..

... f(xk)-

(a) If get fixil o Vi : . . .

.,
k or fixi) = 1 Vi = 1

, ..
.,

k.

infor thatf cust

(b) else
, f bal .

In case (b) ,
no error.

In case Cal
,

could be an error.

Pe = IP (Inferf crust If ball =
Then pece if => k < logE +

=> k = P(logE) sufficies to guarantee pedd Un
.

Is there a BB promise problem where you do get a g . advantage

even when over bounded error classical also ?

msProblem/A. But B

~
1 - 1f" (f(x) = fly) (> X =y)

-

Promise f
- z - 1 fr (5x # X S. t · f(x) = fix = fly))

Equivalently · f(x) = f(y) < y = x05( X0y = 5
.

5 = 00 ... 0 = 1 - 1

3 + 0 ...
0 = 2- 1

Problem Determine whether f is 1-1(5 = 00... %) or 2-1.

andIn 2-1 case
,
find 5.



# f(x 03) = f(x)
, \ f has period 5

.

f(x 303) = f(x)

Query complexity : Q : Plus
, 21 : Olexpins).

Example of St. Ex
.ye Br

,

7 ! 50
...

0 for which fix =fly)

& X = 000
,

00
,

00
,

011
,

100
,

101
,

110
,

111

fix=% ,

010
, 000

,

110
. 000 .

110 .ul OL0

-

Xy = 0006110 = 110 & 3 = 110
.

X y = 00 100 : 110

&: Why hard classically !

Need to find I diff input X
, y

s. t
. fix : fly) ,

but no structure

of f is known.

Suppose make 2414 queries ·
X... Yea

,

Xie Bu

The # of pairs of queries is

1244)21242( : (2)= < 1)

Total no - of pairs of values of f(x) is 24 (1: all flx values appear

in pairs).

Prob(pick a pair of Input (X , y) s - t ·
fex -flyl) at

=> Total prob of successfully detecting 50 (ie
. f is 2-1)

< (2442 zat = 2 . 2

-n/2

Even as

many as
2014 queries cannot help you detect that 50

with better thanexponentially small prob.

=> It cannot form the basis of any bounded error algo.



The Quantum Fourier Transform

· Generalisation of Hadamard op .
(H) H10 : I etc.

Defi : Let To be N-dim Hilbert space.

· Ba = < 107
, 117 ..... INCL .

/ ie - este labelled by elt of Ea
.

Ref RETW = QFT modulo N . E AFT -

·

Unitary op acts on Im : VIx2@ Ba,

QFTW IX)= eiLTxyNy ()

= covya (2)

with c = e

"N
.

If N = 2
. HE

,
onb(10 , 117) ,

I = 10) - QFTI0T = = (102 + 117) = 17
·

(x7 = 117 = CFT Il = 1-7
.

So

QFTz = H

QFT EMw(K) .

↓
j .
ke10..... N-1)

(OFT)jk = <jIQFTIk)

= Er Cj1d eTikmNa

=IN-wi
↓

- [QFTIjk= wil (3)

Elt of th now
. Fjelo, ...,N-1) ,

...



Denote

Sj=w

(wisk (4)

Recall

SNK=N (5)

Set< = ci = eLij/N. (6)

N wi = 1

=> Si = Li wi = 1

wir j= 0
,

:

: co = 1 E) JEO modN
,

but jeSo, ....
N - 11= =0.

N j = 0

=> Sj =

o

(7)I j = 0

If jEo , Sj=-0 .

Using (7) can prove RFT initary

RFTT OFT = I = QFT QFTT
.

28)

Periodicity Determination

Problem : Given input blackbox for a f"f : En -> Em.
-

Promise : - periodic with period U ,
ie. r is smallest in Ea S .

t.
-

fixerl : fix) .

And assume f1-1 within each period , ie . FX , #2
,

* X2 Gho
,

1
. . . .

, r - h
,
f(x) =fixa)

.

Tk : Find a method of determining with some desired accuracy

Indpt . of N.
O(zigN") = 0 (explogN1)

-Y

In cl
.,

can show OIN"2) queries nec and suff .
(n . a

. s
.

c .)



-> Not bounded by poly(log(N)

In g . case. Olloglogn) queries sufficies , and poly (lug W) further

processing steps.
- Q algo is exponentially faster than do one.

Q
. also for periodicity determination

·Construct 140) =FEX) ET luniform superposition state

·Consider a state

1tw) 10) & In o Im

· Uf 14) 10)=[Uf(x10)=
Sincer period of f, rIN

,
A = N/r is the periods.

· Domut on 2nd register in basis Bor (102, ..., IN - 1).

· Let outcome be y
= f(x) .

Xo -10
,

1 , 2, . . .
., 5-1) is the lowest

value of X S - t
. f(x) =y

r

I I

Xo Yotr ---

y = f(Xo)

If has period v
, y = f(xo) = f(xotr) =... = f(xo + (A-1) v)

Stop at Xo + (A + 1) r
,

since Xo +Ar = Xo + N = Xo

· Prob of outcome y = f(xo) : plyl
Terms contributing to this outcome is

(xo +ju ) (y).



By extended Born rule,

pays = 11 F Notjoc 11"

-
= t
= E

So Ply = f(x)) : In XXoeS0
,

1
, . . .

.,
r-17

.

· Post must state of 1st register
A -1

Iper) =F Notjr) log

=> Iper)= Not

· Moe on 1st register in basis Bu . Say outcome is (o +jor)

for some jo flo ,
1
...., A-th

.

W . p . /A .

Thus we have a random period joth period and a random

#in that period

↓---her-- jor

This gives no info about U.

Prob

-

--- (outcomes of nut)

↓ Your Xoxer- labels of ket



Resolution of the problem

· Instead of measuringIper) ,
act on it using RFT (ERFTN) :

VIX) E Bar
,

OFT(x) =Gcxly] ,
c = e.

RETIperLOFT 1x +j

-WotjrY,

-coxcore(i)(y)
S

STry-LA Get
Note x = col = e2iy/A and X = 1 if Y : KA ,

K = 0, 1, . . .,-1
.

If G + 1
,
then

y + KA for some kelo,,...., r-12 .

A = eat y = 1= 0

So

SAlwiry =
A y : kA

,
oak

o/W.

Then

OFT Iper)= Yok A IkA

Rewriting

OFT(per) = EXORA (A)
= IE]

.

=F [uXokN/r(ka/r]



Now ,
domut of state in Br .

Outcome is

C = koA = koN/r

for some ko -10..... r- 11
.

Prob)C = koA) = +1cXkN/rp2 : to (no dependence on Xo)

Bob-

↓ -

wircair say
> labels of (outcomes)

Lets

C =N =-
or

t
unknown

& : How can we finda from and N ?

Case I : When god (k0 ,
r) = 1.

-

·Cancel Po down to lowest term and denominator is r.

Eample ko = 3 , 0 = 4
,

C = 18
,
N : 24

==

CaseI : gid (k0 ,
r) + 1

.

-

· Cancellation leads to denominator ar

Example ko = 3.= 9 .
c= 15

, N= 45
-

*= = 5 = r = 3 cr = 9

So see flo fir)
,
i = denom after cancellation.

If frol : firt , E = rv , else Far.



ko chosen uniformly at random from look
..... -11

Q : What is prob that such a uniformly random ke is

coprime with (unknown) period r ?

#m (Coprimality thu) The no
· of integer essthan r

that are coprime tor grows as 2/r/10glog v) with Increasing .

So if kocr chosen uniformly at random , then

1)(k0 . 2) = 1) = 0 Allgr) = Olloglog 2)

↑total no
- of possible ko

( ko 10 , 1
. . ...

r-11)

Ne We write finl : felgci) if F const . 2 and NoENs. t . Vuzno
,

f(n) = <g(n)

Claim If we repeat the process Olloglog2) < Olloglog N
-

times
, we will obtain a Coprimeko in at least one

case with any fixed const . level of prob .

This follows from

Lem If a single trial has prob . of success p . Repeat trial

m times indptly ,
thenF coust . EECo

, 1).

Psuce := P(21 trial Successful) > 1-E .

if m = 9-47 ,
ie . m = 0( //p).

In our case , p= /loglogy and hence Olloglog r) Suffices to

get I success.



lof of Lemi Pruc = 1-P(all fail

= 1 - (l-p)n = 1 - E

=> (l-p)m = E

=> mlog)l-p) = log &

- m=osd-
(p< -log(l -p) -pe(0, 1)

=> m =[3) suffices -

Query complexity

· Uf 1 + 1 + 1 = 3

↓ ↓

If flos Mrs

If we repeat OlloglogN) ,
we use Olloglog 2) queries·

& What about implementing QFTh ?

A : poly(log N) ( = (log NK) computational steps.

·Cancelling cn to lowest term (finding gad , Euclid's algo)

All other steps can be implemented in O/poly (log N)) steps·

Periodicity determination for periodic fis on Ea
.

- extended to

arbitrary group G : hidden subgroup problem.

Quantum Algorithm for Search Problems

Many problems can be cast as search problems.

e.g. Factoring N
.

E search among all integer < N that

divides N exactly
.



The unstructuredSearch problem .

Given : A large database of N items

Am : locate a particular (good) item.

Assume : Database is unstructured, but given any item , easy-

to check if it is a good me .

&Require : Algo should locate good item wop .
Success I-E for

Some fixed deCo
, 1)

.

indpt- of N .

Each access to db is a query.

Classical : UCN) queries nec , and suff.
-

Quantum : ON)
-

=> quadratic speed up, algo : Grover's algo.

Preliminaries

Let (v> e V = It
,

<Hv) = 1.

Defe . Ta = 1XCI rank-1 proj . op.

· In) = I-2kX1) reflection op

# Exc() = - (c) .

127

- Mirror line

- IX)
.

If 147 st . <147 = 0
,
Fin 14)= 147 ·



Take any IE7EV,

dim Si
(E) = ak) + &bilpi) ,

i = /

where Sa = Span(IVEV/ <VIC) = 01
.. <PikT= o

, < ip) = Sij.

[K>
(E) = - ald) + Ebilpil .

Flc> : flips the sign of amplitude of 1).

Note V unitary U.

· UTIUT = UlaxcInt : Tue

· UIUt = Iman
.

If V =C * It
,
(v eV

,

(v) = a(c) + b1x+)
·

Ik (v) = - alx7 + b 1+ 7
·

+ (v) = a(x) - blct
.

- - [ IV).

=>lk = - Fix, if V is 2.D
.

Grover's algo
· Needs Olfa) queries

· Choose N : 2"E label the items by n-bit str.

· Search problem = black-box problem.

· Replace db
. by b

.
b

. for f : Br + B
.
f = )!

Quantum : Uf :

g rack.

Uf(x)1y)
I-qubit

n-qubit state
loutput reg .

)
(input reg.



In fact , instead of using Uf ,
use a related operator

Exo = [Ixo

Ex=
X = Xo

I X E Xo
.

· If Xo = 0 ...
0 , Exo = To = Flo.....

How can we see Ixo related to Up ?

(1y7 -> 1 -
, then Uf(x)1-7 -> action of Exo

.)
·

( (x>It= Uf (1x) 10) - (x7 117)

= ((x)(f(x) - (x) (f(x)

I S
~ IX071-7 .

X = Xo

IX 71-7. XXo
.

= Ex (x7 1) ·

Want to find XoEBn
·
with least no

. of queries. (of Uf = [x
.

)

· start with equal superposition state .

1407 = Hul0T*, Hn = H
On

(1)

· Consider acting on it by Grover iteration operator

Q = - An 10 An Exo (2)

Note
140) =En (3)

I
all real



To analyse action of Q on 1407
,

use geom . prop of Ex (ref)

described in terms of real Euclidean geometry.

Facts

① In the plane P(Xo) = Span (140 , 1)
,
& causesa

through an angle 24.,
with

Sinc= Fo se
3 1%]

# In the plane to to PNo)
,
Q acts as -I

.

Q : How do we use these ?

-/X0)
A : 14) rotated rector determined by

:..Q24-7.

repeated action of Q
.,
14'TE((OU

12
QING

12
·

1 140)

N for - large n , 1407 is almost 1 to10]

(140): 0.

⑦ roth by 22
,
sind=F 0-24 = 2 sind =E

How
many iterations of Q needed to move (o) close to (x07.

Let o be initial angle % Ito] andIoT,

For v - large N
, B = T.

2x · It iter) = B. = m=
-

M

=> OIN) queries suffices (repeated rot" : 14. )+ 14 close to (X0))
+ must in

comp .

basis



Fofinite N, 140) : #E I

cosp = (xol4o7 : F = B = cos" (1/E)·
Q rotates through 24

.

sind =E2x = csint(//)

=> m== lindpt - of Xo).

Example Search one in four.

· N =4 => n : 2
.

· not" 29
,

< = sint(t) => C= +16 = 2x = =13
.

· 1407 = * (1007+ 101 + 1107+ 1117) ·

* Xo &300 , 01
,

10 ,
111

.. (Xol4o = coup=2 .

E B = #3

=> m= = 1

For 1-in-4
, just need / query to locate good item wop . 1.

Geometric prop, of Q

#of : Q= Hno HnIXo
.

(a)

Q =
- Fina Ixo (b)

# : AnFoHn = FINe (c)

LHS = Hn /I - 2 10
... 0 Xo ...01) Hm

- Ion - 2/H107(
*
KolH)on

An
= +on - 2(1 +X+1)

· yon - 214oXNo) = EI4c ·

Also
,
& = FIN Ex ,

1457 : <Nol4oT= 0
·

(d)



· For any
NE P(Xo)

, QIVEP(X0) ,
ie . @ preserves P(XO)

.

(b) : VIV e PIXo)
,

#o (v) = (v) - 2 (Xolv) IXo]
·

F (V7 = 1V7 - 2(40/v) 1407
,

· Causes not"through angle 2x.

Lem let M ..Mz be 2 mirror lines in RE, intersecting at 0
,

Then ref"about M1 , then Me ,
is anticlockwise

Mz

coth by 20.
> 0

MI

Casel V = 0
⑤

M2
~ Angle between 0

.
B = 20.

7 ~ ②
1032

M
,> u

O

②
Case 2 : 2 > 0 -

-

10 Mr

③
(2

M
,

① A

~
14ot -IX0)& : Fry Exo

B
M.

c,
> 1407

M ,



Q cares not" of 29,

<Xol4o) = cosp = cosl-c) = Sind

11

=
So lem => sinc = Y .

= E I

Pf of I : US Q : - FINEX
·
If (vi < piXo

-/Xo] .
Exo(v) = 1v)

,
InoiIv : /v

=> QIVT : -(v) => R = - I
3
140]

A

No . of iterations needed for large but finite a

Let T : #iter. -
IXo7

Angle between IXo) and rotated vec 14.T) = Si -

14
<140Si = p - 2xT : ( -c) - 2aT

= - c(l + 2T)
·

- E- (1 +2T) sin" //)
·

Do a mut on 1407 in comp . basis in (4)
on

p(Xo .
T) = Prob(outcome = Xo : T)

= ((Xo) YoTY 12 .

= cos's = Sin
= ((1 + 2T) Sin"(1/N))

·



Choose T to be the closet integer for which

(1 + 2T) sint (/) = 12 .

Use sin"(x) = X + 0(X3) for small x.

T=)
- * = E-E-On)

,

i

. e. T = OIN).

a Prob

M
"T

Exercise Use above to check for 1 in 4
,
T: 1 suffices ,

-

↑ IXo , 1) = 1
.

What if there are r>l good items ?

· Task : find one/all of them.

f : B.+ , f(x) = 26
Vies, .... r
/w.

Analogy to 1-good item case

Exo = I-2XoXXol -> Ig : I-2 XiXXi

Falx =

- (x) if Xe ( 1
,

. .., 24I (x) %
. ~b)+ 1497

Q = -HnFolula
, (4g): i) , 1467:

-

good bad



1407:E:g+47

Q = [Not Fing) INb]
-
1497

cost = < 40 1497 . *
sinc =<Yol4g7:N- m

21407

Show's factoring Algo.

N : a given pos . int . (NE [+)

Oput : (i) a factor , say K , of N , or

(ii) N if N prime
with prob (1-2) for a fixed Sto , 1)

&aim : Algo runs in O(n) time , n : of binary digit of N.

21 : Best known algo : runtime expl0/n"llogn(23)).

determination#eyidea : Convert factoring W to periodicity
& RFT

1

but need some modification.

Factoring as a periodicity determination problem.

StepsO Choose an integer a (Ka < N) uniformly at random.

② Euclid also t b = gad(a ,
w)

(i) If by 1 - bIN , output b.



(ii) If b = 1 => then (a ,
N) = 1

.

E number. theory·

Thm (Euler's thm)
.
If an coprime .

I least integer v
,
Kred,

-

S . t. av = 1 mod N. - ()

Consider f : 1+ In the modulo exponential f(x)

k>
a"mod a

#act f(k + k2) : f(k) f(kz)
·

(3)

(1) - Fr s.t· fill : / (4)

By (3) , (4) ·

f(k+r) = f(k) f(u) = f(k) -

=> f periodic with period r .

Since o is least integer satisfying (1)
, f must be 1-to-1

within each period.

Suppose we can compute Cusing RFT)

Cases

& r even , then a - 1 = lat -1)(a + 1) = 0 mod N ,

i
.

e. N divides the product. ,
but cannot divide (a"-1)

by minimality of r. Suppose N does not divide lar + 1) ,

thenN partly divides Lat 1) .

Use Euclid - god /a"1 ,
w) -> factors of N.

: We find factors if a,N are coprime provided (a) reven

(b) ark +1 0 (mod N)



If Nodd
, NEpl , pprime ,

1 : It
.

then if

a (KacN) chosen unif. at random , and (a ,
w) = 1 ,

then

#P ((a) and (b)) = 112 .

=> factor w .

p . = 112.

· Given a candidate factor ,
check if in polylas time via

test division into N.

· Repeating the process # times (e .g .

k = 10).

Pa = (1 - Psue)" = (1-1)" = 2 = E
.

· We saw k = log : Psuce ? 1-E .

Example N = 15
,
choose a

=7 ., (a ,
N) = 1 .

f(k) = a "mod N = 7 " mod 15

Values of F : 1
. 7 ,
4

,
13

, 1
,....4 (period) even

· at - 1 = 74 - 1 = (7" - 1) (7 + 1) = 48 . 50
.

=> (b) holds-

gad (48 ,
15) = 3

, gad (50 ,
15) = 5

.

Summary-

Yes -> 2

(i) Never?
-
No -> go to (ii)

(ii) Is N = pl for some
p prime , let+?

Yes (compute roots of Nk , K = 2
. 3, ..., logN · Done

in poly (n) time. If any result int = factor



No - go to (iii)

(iii) Choose KacN at random.

Compute b = gad(a ,
N) -

b 1 -+ b.

- b=1 = coprime -> go to livl

(iv) End
period r of flk)-a "mod N.

Ignantum)

· r odd => return to (iii)

· r even
-> compute (at -1) mod N. Can do

"
+ "also)

· Compute + = gad (a
+

-1
, N)

I -

+ 1 - output +
+ : 1 - failed -> (iii)

.

Computing periodr of flk)

We f:+ Fa . To use quantum period finding also , need

to restrict domain off to Em for some suitable MEI.

Then restricted fr is not in general periodic ,
but

Claim For suff. large M( : OIN2)
,
there are enough-

complete periods S.t. the incomplete ones has negligible

effect in period-finding algo.

rvEss <bar
.

11 S ...... &

Choose M = 2
,

m is smallest int. S .t.

2 M >N2

M = Br + b . 1 B = # complete periods.



steps for finding r

(i) Construct unif - Sup .
State

m qubit state
-
14m) = EE' *) · (1)

(ii)
Uf (4m>

10 107EBa :(, ...,

input
reg .

reg .

Uf(x) (0) = (x) |f(x)
&

Ug14m) 10) = #Ex IfI (2)

(iii) mot on

undregisterinbasisBa
Sa

on
a

y = f(x),

- r period,

f(x) = f(xo + jr) . j = 1 B- if X6

!
Xb Xo>b =5

Write j = 0
, 1

....,

A-1
, where A = [BX .

(3)

Probly = f(x0)) =/l+je
· Post-mut State of 1st reg .

when outcome is y
: flxo)

(per)= No +jr) (4)

A = (B+=Cr + If you- (5)
if XoLb



(iv) ApplyAFTzm

RFTzm Iper)=MA coloisa
I

S

(GFTM (x) = E Sco
* (y) w = e2π)/2

-gas 1)
where

g(c)= x ora

-wo ,

=were

Exact percodicity/recall)
:

~ /2 exactly ,
A =2

..
S :L where

CA-e2ic -
1 + So if < = 1.

But now we have inexact periodicity ,
2m = Br +b .

(Non-zero prob for getting a values even when L = c
*

#1 .

&aim : A mut on UFTE/peri yields a value of a which is close

to a multiple of zn/ with high prob.

Prob

Igcas)

"ll1 , ili . 1111111
a

-

-2

Reason :Consider kzh/r ,

kno,..., r- 1
->

-

no longer int.



Fact.: Each KeM/r is within a distance of 112 from a

-

unique nearest int.

If : If kerr : Ste ,
some sett

,
(x)

& I I

We know r < N
,

2>N
*

= <2M S k2*S+ 1

So
any factor of 2 in- gets cancelled by 2 in 2.

and # any remnant 2 in denom
, so # not possible

We consider integer values of a Cr of them) Set.

(c-k2Yr)E
.

(t)

We choose 2M>N2 exactly for (f) to get a unique

integer within 112 of Kar for each k0 ....., -1
. I

Ihm If we do must on QFTem (per = g()(2) in basis

Bmy = (10),
.... IM-17) ,

M = 2
"

Vk= 0
,

1, . . ..
- 1

.
Let CEC be

the unique int. S . t . 1c-K2r1 112
,

then

1) (outcome = <x) > V /r
,

V = 4/π
2

We will be interested in these OK S.t . K is coprime
to r

By the coprimality thm , prob of obtaining a good value c

& I'loglogv) & (l/loglog N) .

=> By Olloglog N) iter,
we can obtain a good value of a

with high prob.



Where we have arrived : We have a c values.t

1c-Kamyr) < / ,
Kir coprime.

Task Getting r from such a a value.

-)
Note <N ,

2 M >N:

=> 2m
+

- 2n

=> -**e with r <N (**)

Note %m is a known fraction.

&aim. There is at most one fraction kr with denominator

~ <N satisfying (** )
.

If : Suppose Kyr
.
Kye" both Satisfy (**). and kr'-k"/r".

~
all integers ,

and non-zero

numerator-

It-)=i
But krl kr" by assumption ,

is within a distance of

/N of <m

=> It-t #
.

Hence
,

there is one unique
kr with ran satisfying

(** )
.

A

Ne This uniqueness is reason to choose zM>N
·
It

guarantees that k/r is uniquely determined by 12m.



Example N = 39
· suppose a:7

~: period of flk)-at mod N.

No = 1521 , 2 < N * 2" = 2048. - choose M= 1.

suppose mut on QFTzlper) yields c = 853. Our theory
tells us with high prob.

& - Le for kelon .....
r - 1)

.

If this is actually the case
, then klr is the unique

fraction with denom r< 39( =N) S.

t.

1-1)

What we do to find r
: check all - /kacb <N = 39) to

see which ones satisfy

12-5) =-5)
There are OIN' fractions, we findb satisfies this.

This is consistent with K = 5
,

V = 12
,
and K=10 , r = 24

:

and k = 15
,

V= 36
,

But theory guarantees Kir coprime ,
so v = 12.

Check f(k) :7 mod 39 . Check f(r) : T
*

mod 39 = 1.

Theory of continued fractions

Any rational sit (sct) can
be expressed as

*=it (CF)

"The



where a, A2, . . ., @l E /N.

To do this, write

= = a st
= E=t

Repeat for s . /t , = az+ ..

=-
Note Sptk : Sky .

So we get a seg of the int.

&k ,
Sk

, In S.t . St = Sky
.
(talk strictly decreasing of

non-neg int. = process must terminate after 1 steps.

S/t = [a .,
an

,
- . . . 9l] .

S:
.

= (2 ,
15

, 2

#to For each K= / :,
...,
I can truncate CF at k-th level

to get a seg, of rational numbers

= tais,, a...
Prqn : the k-th convergent of IF of Slt.



Properties of CFS

Lem Let al ..... ak be the numbers (not nec , integers)
.

Set

po = 0
, go

= 1 , g ,
= a

,

(i) then [a . . . . .

. al] = PK/qK ,
where PK = ARPK + Pl-e ,

8k = 9
: 8K-1 + 2k- ,

472

If ak's integen ,
then

(ii) &P -

Pig
= 1-1) for 12

(iii) gad (Ph · f) =1 k =/

Thm OF S/t = Ia
, . . ...
an] .

Let PK/qu : Ta , , . .

.,
9k] , kit

, . . .
,

.

If sit are met length integers (after It cancelled to

lowest terms) ,
then the length 1 ofOF is 0lm).

and the CF and the
convergence can be calculated in

Olms) time.

#m Let Ocx1 , X(Q and suppose PlgEQ S . t .

(x-y)g ( **)

Then pla is a convergent of CF of X.

Back to our problem : getting r from a good a.

-Els zer
↑ N

2m >N2

and I-Elte of the form of ( **)
-



We sawJ unique fraction s
.t . 2M >Nh

,

r < N Gold.

In the context of (** ) ,

X = Em
.

0.2+=
so I is a convergent of CF of

Note C ,
2 m are Olm) bit integers ,

2m = 01N2)
·
Nisn-bit

int
, so c

,
2n are Uln) bit integers .

So all agto of clzm

can be computed in Olus) time , and Oln) of such asts.

So compute all cate of Cl2m and Check list of Olu) egt

to find the unique are satisfying (** )
.

Example N = 39
, a =7

, N = 1521
· v = period of f(k) =7 mod 39

.

m = 11 ·

Suppose c= 853,= = [2 .
2

, 2 ,
42

, 43.

Convergents are [2] = t
.

52
. 2) = , [2 : 2 .27 =E -

check 5 fractions ,
we find only satisfies /-

and has denum < 39 = r = 12 .


