
Quantum Field Theory
0. Introduction

Why RFT ? Construct laws of nature that are

compatible with locality

Gal : combine SR in GM
.

lessons : · Felds are central

· # particles not preserved .

#naples : RFT governed by locality , symmetries ,
and

renormalisation .

Convention - · h = c = 1 [L = T= M =]
-

· measure things in energy /or mass) -> eV.

· yp = day (1 ,

-1
.

- 1
.

- 1)

1. Classical Field Theory
Classical mech : action

S(t
,
+z) = Lide (tme - VI*)

.

3 facts :

1) Classical e. O . m .

obtained by extremises
2) B . C. are supplied extremally
3) S is built based on symmetries.



In field theory,

· place space and time on the same footing
· interested in a local object ,

ie . "feld"

Example Scaler field

↑ (xi , +) :R*" -> R
.

Notation ↑ (xi ,
+) = p(xM) = q(x) .

-

In general,

PaSxM) : /R
* "

-> K
.
R ....

Y
spaces of
field

Example EM potential

Am = JPW . A(x) : gange field .

E = --p-
,
D= + A

.

Gal : describe action principles for field

Lagrangian Lagrangian density
I

L = T- V L = Jd2x((x .

S = (d + L
->

S = (d+ (d >x2 = (dix((x) .

CIx) is a f" of the fields and its derivatives
.

Consider
L = 2 (Pak , up Pak ,

33p, ...
)

For simplicity· consider

2 ((tak , >Pal)
·



To getc. 0
.

m .:

SS = Sdix See+ Spal)

= (aix[Spa(-))
.

++ SP))
Tot

.

deriv

=> -kit) = 0
-

Example Simplest action ,

massive scaler field
mass-term
-Lieti24- temp

2

Im>0 const .)

:-
For Com

,
use E-L

- I) = 0

=> mid + qu2Np = 0 (Klein-Gordan equ)
N

H
22

M
= D = Ap + m- = 0

Example Maxwell theory
C = - EN Fur · Fir = &An-drAm .

e-0. m .i · - un/c) = 0

=> 2 FM = o



7. E = j Ei = Fri
=> 3 + 3 = Eit = Fij

.

Hamiltonian

Link Lagrangian and Hamiltonian formalism.

In the Hamiltonian formalism , we introduce the

concept of canonical momenta

#
*

(x)=Pal
Then

,
Hamiltonian density is

2 = Max+ +c - L

We favour iTQ over Geda. The Hamiltonian is

H = (d x 2
.

Example Massive Scaler field

= 1 p =GE
Hofax (TP-2) =Six-

Symmetries
symmetries are important

· dictate actions

· dictate fields /operators)
· dictate constrain observables

.



Examples · UC1) Symmetries + SU(2)

· spacetime translations

I· Lorentz (boost) Poincare

· Rotations

· Discrete symmetrics
·Conformal
· Supersymmetry

Lorentz Invariance

Most important one in CFT -

Def"The group of linear and hougeneous card transh

X* + 1 -
X-

which preserves the interval

S = XMX M,-

22 g
:

2
= S2

This impies
11 1=

=

100 (g = 15g1) .
↑
Defining properties
of A

Examples

1. Rotation : t = t 1j = Rij /oth-matrix)
Rot on (x .y) plane

11 = (coo (



2. Boost : mix time and space.
e

.f .

boost on x-dir

M fishysha b SS E

10

I

where n is rapidity,

cosh n:F snhy
.

More generally,

2 = 1
+

g1 2+)

Infer prop - about 1
.

First take det of (*)

=> Idet1)" = 1
.

e
.g .

boost + rot"

I

=> det 1 : ) ! proper Lor .
Trans"

improper parity ,

time reversal
.

For
proper transf" ,

we can write

1M
=

= g + E + 0(2)(**)

Replace (**) in (* )

=>

100
= -1

"

p
1

%

=

= y ,v (fMp + zMp +... ) (8 + -Y + ... )
=

Mor + Epr + Erp + 0JtY



=> Epr = -Eap

infinitetestimal param is antisym => Sindep choices of Ep

3 boost
.

I not
Fields revisited

Pa(x) has a definite trans" rule under lovents
.

Under Lorente,

↑ (x) -> G(x) = D[1]
- 9/1 + x)

where DI1J"a forms a representation of the
Lorentz group .

D[1 ,] DI1] = DI1
,
12]

D(1+) = DI1]

DI1] = 1
↑
identity

Example Trivial rep D[1] = /

=>Scaler field : P(x) -> p'(x) = p/d+x)

Emple Vector representation
D[1] Mr

.

= 1*

AN(x) + Am(x) = M- AY(1+x)

Corrector :

2nd- app' = (11)
↑
Lo %.



Actions revisited

Fake mass scaler

L = E 2nd G-pyM- Emp2

S = (d +x((x)
.

What's the effect of alorentz trans" ?
-y

=1+x

9 (x) = p'mx = p(1 + x) = p(y)

24 +> (1) 2- p/1"x) = (1") Yuh-py)

GM2,p2p isHi <poly) (1) Goply) your
= - %(y) 2-Ply) you

=> ((x +> ((x) = ((y) .,
Jacobian

S = (dPX((x) = (d +x((y)) -
det(1) = 1

= (a +

y (ly) = S

Guidance to write possible (come from symmetries.

In particular ,
Covents invar

,
and local.

Noether's theorem.

# WNoether's) 1) Every sto sym . of the action gives rise

to a conserved current ju , ie . SjM = 0
·
a

& jo + T. = 0

when e. o.
m . are used.



2) A conserved current implies that I a conserved

charge & .

!
,
where

& = Sdix jo .

It) : provided suitable boundary conditions .

P"A transf is Its if I a param , that can be taken

to be small. A continuous transformation is

Spai : = $(x) - Pa(X)

Ne : crords are fixed.

When this transf is a sym of action STP),

SS = S[p] - S[P] = 0

Implication forL is

SC = L'(x) - ((x) = 2 mFN .

can transform up
to a total derivative.

~
internal syn : act on fields

, not words
If : 1)to syn-local syn : act bother fields and words.

Take Stall = Pa(x)-Pa(x) .
Now

,

SL: Sta+,
slpt

- I-2plpa) Spe + 2 It is
Sym: 2MFN .

->EIntal)St-2pF
e -

o. m.
= 0



Impose e. o
.

m
.,

we have bj = 0
. With

jM-L SP-F

2) Given & : /d3x jo with LyjM = 0
,

Conservation- > de/dt = 0.

=Jddx-
=f E . d = 0

.

Usually V = IR3
.
Natural assumption j Ef0/ .

A

Energy-momentum Tensor

Implement Noether's thre for translations

X + XX - EM
.

with EM ciust-rec .

This is a local sym .

Under translations , field transform

↑a
+ Parx) = Pa(x + e)

= Pax + GM2Y(x) +
...

So

SPa = Pax) - P(x) = eCpa

The Lagrangian then transform as

S2 = ((x) - ((x) = E2mL =

an(



The conserved current

ja=pa) Sta-FM .

·tal EGrte-ENL

-huda-SP-L)E = TM - E

where TM,
is the energy-momentum tensor·

Th:) 2-%- SirL
where

anTh = 0

since 2jM = 0 .

From here
,

we can construct 4 conserved charges .

· Time translation :M = 11 , 0
.

0, 01

=> Energy E = /d3x Too
· Spatial translation

=> Momentum Pi = / dix Toi ·

Example Massive Scaler field

C = 1 2
uparp-Em

> p2

Th: Gop-SP .
2 = gaphrp-SP-L

=> TM = 2Mp2"p-niL

Energy : E = (63xTo = Jax (2 + E15p" + Em >"
↑ Hamiltonian



Momentum : P
:

= /dix To = /Dix Lip.
= /dx Trip .

Note : The energy-man tensor with this defi is not always

symmetric TM TYP · For this example ,
we do have

TM = TYP . One
way

to make TM symmetric is
, for

example ,

to add improvement term

④ M = TM + 2pJP => 2 GM = 0

Sot .
TPMV = - TNPY

, InLpYIMY = 0
.

Why is it nice to have TM = T ? It connects

to GR

=-4)
Sou = Yor

Internal Symmetry

Example is a complex scaler field.

↑(x = p
,

(x + iPz(x)

with P
, 42 real scales field. A simple Lagrangian (local,

Corentz invar)

C = 2 ** 244-V1141) (N2 = 4
*4)

.

E-0 . M -

6&4 + = 0

2244
*

+ = 0

Internal symmetry in this example is

4(x + N'(x) = e
=
4(x)



with <EIR .
const -

4'(x) = e
*

f(x)

= (1 + ix + O(y)4(x)

=> S4 = 4'x1 - 4(x) = in 4(x)

S4
*

= - ix 4
*

Lagrangian is clearly invar ,
under this transf".

2. -> 2 = 2 (FM = 0)
.

SC = 0.

Current

jN=H 34+nyy 34*

= 24y Y

-ixy + 24(- ix4 * )

= is((244* 4 - 1244)4 * )
.

/4244*
- 4

* 244)
.

2. Quantum Fields - Free theories

In QM
,
the basic recipe is

[xi
,
pij = it Sij.

In CFT , Pal , T . are the variables
,
and the rule

[P(it) .
Th (xit1] = i SBE-E] Sah

.

& equal time
2. 1 Sanonical Quantisation

Ne : In DT notes
, Schrodinger picture (t =o)

Here
, Heisenburg picture (t +0)



The theory is

2 = IGCND2-Emp2(Free theory
E. 0 - m . :

22Mp + m = p = 0

One sol" to the e. 0 . m .:

p(x ~ explic · x + icot)
.

where
- 22 + k" +mi = 0

=> Wa=+m2

Nation : C=em" > 0

Then the sol" is

ik . x - Scot
P(x) = ]dik Talk e

+b(k)eik x +

i wt]
& arbitrary

L
functions

Note : · ((x) = p
+
(x)

↑
*

(=p (d [a * (1) - i ** + innt
+ 5(k) eP* -

init]

Flipk + - 1

= a
+

(k) = b(k)
.

b
*

(z) = a(k)

Then

9) (it) =/ Talk-it + a
*(b) ix +int]

= (E [alk) e"*

+ a
* (k) eik -X]

where k . x = k
*

Xp
= cot - kox

-



· Normalisation

↑ (xit) = (talk) e"*

+ a
* (k) eik .X]

↑
just a choice

of normalisation

Next
, quantise field .

We declare

[P(xit) , f(x) tl] = 0

I[xit) , TT(xit]] = 0

[P(t) · T(i + 1) = 19(3))x - X
.

where

#(x =px), = ((a(t)e
kX

- a
* (k)eikX)

.

&aim : A consequence of (A) is all) promoted to be an

operator .
a* 1) -> at16)

,
and

[alk)
, allil] = 0

[at (1)
,
at (k'l] = 0 I (5)

Tackl
,

a
+ (kY] = (2) SCE-1') .

Pf : Two ways
· Write a. at in terms of T

. % : ( * ) = (C)

· Use (1) and check (*) .

[pkt) ,
Tri+]

= [acpei-ilpat
asg) eig

* -insta+

(q) e
:q x + ing +]



&patg]
*

-gitg-

- [a+(p) , alq1] e-iF
- X +iy itwp-wq))

·

Note [alpl , attg)) = (2) SP-g) ,
so wp = Wq

Gi=

Check also [Pkit) , Pl *+ )] = 0

[TT Ikit)
.
T(it)] = 0

. A

2.2 Hamiltmian

what are the consequences of quantisation of it ?

H = (d x x = (d3x( * +" + = (Jp) + Em >2)
.

Step 1 : Write in terms of a at

-
write ap

: alpl.

= H =↓ (dx(d). Jap* -aptejaq-
F

/dixeix.-Egq) . -)+gl ... )
.

125713 Siz (p-q)
·

= H = ( [+m2) (apap edint+ajpata
= 0

- (c2
+ pi +m2)(apap + apap)]

*

-Swaptap + apa didnot more

left/right as
,

at's !* 1

-Likause casat]:I



To understand the second term
,
let's introduce the

vacuumState 10) .
We define 10) as

a(p) 10) = 0 V
&

acp) : destruction
, atty) : creation

Then

H10 = Eo10) =/ Sos(0) = 010)

Infinite vacuum energy!

Nature of divergence : two divergences

1) Infrared divergence due to (110)
.

(2) SK12) =I'm l dx e*-
· dix
= Vol(L)

.

A sol" :

E= energy density.

2) Ultraviolet divergence

2 - =Ju
-cost off

-gra Stri
-> u
Prox-&

We are assuming here that the theory is valid for all

ranges of frequencies/energies. This is absurd
,

hence

set a maximum (cutoff) .



Punchline : practical approach to it ,
choose

-

H10 = 0
.

selecting zero-point energy.

The approach ofOs is due to ambiguities in ordering
of operatorsJe .g .

see (*)

To fix the ambiguity of multiplying fields
,

introduce a

rule : normal ordering

Defi Inormal ordering) If we have a string of operators

↑ . >X, ... PalXn) ,

the quantity
: P. (X .]

... On(Xn) :

is the usual product with all alp operators placed to the

right of at<f)

Example H =:/d > X : = I wa
=> First destroy ,

then create .

=> H10) = 0 10)
.

2. 3 Fock space

All states (vacuum + excited)

[H , Apt] = Cop Ap

[H , ap] = -cop apt ·

This tells us that we can construct energy egenstate

by acting with at on 10)
.



Consider ↓
single particle state of mass m

,

(f)
= a

+

(f) 10)
.

relativistic dispersion

satisfies
E= Wp = 2 +M2

-

H(p)= 1)
energy

-

P =
- : /dxTJp := / Paptap. , theIor

# I =

P197 momentum eigenstate

Multiparticle State :

1f, . ..

, fn) = atp ...atpulo) .

Ne Because at's commute
,

the state is sym under

exchanges of pis ,
e -g . (p1 , pa) = /Pc , pi)

Fock Space (Hilbert space) is all possible combinations of
ats acting on vacuum.

10) , atplo) . atpatglo), ...

Useful to introduce the number operator

N = (apa
satisfies

N If, . . . , En>
= U(p . . . -

, En)

Then Fock space - # Thn : sum of the n-particle Hilbert
space

Notice that [H , N] = 0 -> # particles conserved - this

is a special feature of free theory . Iwill not be

true in interacting theories)
.



Relativistic Normalisation

We can choose Colo) = 1. . With this choice
,
then

<, q) = (2+)3g'(P -q)
Y

[ap , atg] = (2+)
> <BV (p -q)

But this is not Lorentz invar

We would like the states in a Corentz invar- theory

transforms
(p > -> (f) = ((1)(q)

↑
Definite transformation

inceps of unitary transf

To fix this
,

a shortcut would be consider

1qt = / 19) <1)

=>1=
not Grentz

↑mar

Strategy is to make (* ) Covent invar
.

This will tell us

how to normalise states .

Consider step fr

↓dipme
LI

= (dip S)(pol-ph - m2) &(PO)
·

↓

po =Im
: Idipmi = J



Soln :

11p2
= w at 107

Notation : write 1193 : 1P7

Ne : In other ref-

↑ =I (a)k) 5: + -.

)

2.4 Causality
Canonical quantisation seems to not respect Lorentz invar.

One reason is

[P(t) , T(xit)] = is( - y)

& : What happens at arbitrary spacetime separations ?

In a relativistic
,

we would like for spacelike separated
events to not influence each other-> causality .

Consider
1 (x - y) == [f(x) , P(y)]

= p() ply) -plys p() -

like a "field measurement"

Experties:

1) Evaluate for free theory

-SX- y) =J
p
([an ,atp] - ***

P3
+ tat

· ap] eike+)

· ISeea classical

number
=> AJX-y) is Cor . inv

· for free theory a c-number



2) Timelike separated points
Take (x-y)+= (t ,

0
, 0 . 0)

.

then

A (x-y) +
= JA top (Eicpt-eicpt) -jimt in+ + 0.

3) Spacelike separated points
Take (x-y) = 10 , X -y)

1 (x -y) = Stop(ef(y) -

g

- if - (-y)) = 0
.

-

#m
- p

=> space like separated don't influence each other
.

Lesson : S(x-y) vanishes outside lightcome.

2.5 Propagators
O :

prepare a particle at a point y . What is prob

of measuring it at x ?

Look at

[) P(x)PSy(10) = J -ip . (x-y)
= Day

With Dsx-y) the propagator -

For spacelike separation (x-y)= 0
.

1) (x -y) - e
- m(z -y) + 0

.

still
[P(x) , Plyl] = D(x-y) - Dry -x) = 0

if (x-y)* 0
.



Feynman Propagator

Most important quantities in Spect . ) QFT .

~ timeordering
Af(x -y) := < 01 +q(x) a(y) /07 .

- I D(x-y)
If Xo > yo

Day-x) If youxo

and

Tp(x) pry) = 1
↑(x) Psy) if xo > yo

P(y)(x) if yoxo

Why time ordering ? amplitude If /i

+-+s

Y
t + -y

Daim : AFX-y) = Static Ep
. (x-y)

Pf : Col TP( (y) 107

- (0)(py) 10) (x-yo) + <01p(y)4(10) @ (yo -x)

-J gicayxy

-S to gyx)gity
- ki> -1

=(i)
with T = Xo -yo ,

and WIS :

e-iWk (t) + eINT(-t) = ENKIdro
RHSEW dgirwa+a) +0(2

with 2 = 20- rewrite 2 + E



② ) - F + [2)
↑ Tco

.

I = jodwis) -
>

-

If Tco
, then ok-is .

- iCT
= gImW . J e-iRew . -

[> 0
e [

closing above = I
,

= 0

If so
,
then closing below

=> I = -2TigWi(t) + 0(d)
.

M

I2 : (.do in atial
".

If Tco
, closing above ,

=> I2 = 2i eict PaC-T) +Ofa)

If Ico
, closing below ,

Iz = 0
.

Then 1** 1 is tone
.

Replacing (**) in (* )
,

↑F(x -y) = Sol Tex phys lot

-JewsAs part).
I

-Ixig evik - (x-y)
- 22 = 32+m2

I

k" = - v2+ k2
A

.

Properties/comments :

1 Aflx-y) is Lor . inv.

2. - Netm2
, Ar(xy) is off-shell .

(doesn't satisfy com)



3. i coming from contour integral - don't forget it .

4. E is a way to keep track of time ordering .

-

5. AF(X-y) is a Green's fr

122" + M2) Six-y)= (-+m2) eik
. (xy)

= -i -ik - (x - y)

= - jg((x -y) .

=> S2y2N +m2) Jf(x -y) = - iS/4 (x -y)
.

6. Claim : TakPly) =: P(xply) : + Af(x -y) .

Pf : Choose Xoyo ,
then

Tp(p(y) =: P(x) Phys + D(x-y)

and choose you Xo ,
then

Tp(x) p(y) = = p(x) p(y) : + D(y -x)
.

3. OFT : Interactions

3. I Couplings in CFT

Free theory : where we can fully characterise the Fock space .

As we will see
, scattering in this theory is boring .

Want to do more complicated things , we need a strategy.
· Perturbative CFT : C =

Gree + Cit
-

L controlled (small pert)



· How to organise/classify Lint ? (EFTS)
.

Example Lo = &2 ,n + 2Mp-Em > p2

Lint = -X P".

what are the conditions to treat Line as something small ?

Nave answer : In 1
. Wrong ! Why ? In has units.

Recall 2: t = 1 = [M] = [L"] : [T-1 Exmension then
[c] = [t] = 0

Apply this to the action

S : /dexC , [S] = [h) = 0
.
[dix] = -4

.

=> [C] = 4

Then Co = E2up24p-Emp2 .

[Co] = 4 : [2m] = 1
,
[m] = 1

,
=[p] = 1 .

field has units of inverse length.

Next
, Line--xnp

"
= [xn] = 4-n -

5 In dimensionful . Generally it makes no sense to writeuse
.

To construct a dimensionless param . (that we can say it's

small)
,
consider E

,

which is a typical energy scale. in the

problem
=> A-4- [Eny = 0

.

) (this ok)
·

This also indicates that there are different classes of I's .



1
. [n] = 4 -n30

,
ie . n = 3 = [13] = 1 ., dimensionless

If high energy . Small (E) . If low energy , big . (E)
E

big , important
relevant

2. [x] = 4 -n = 0
, n =4 .

↓ 1 makes this pert. . => marginal coupling

3. [x]= 4-nCo
,

n>4. The combination InEN-4 can be

made small at low energies - ignie - Irrelevant

Study2 classes of theory
· o "theory : Lint--***

· Scaler Yukawa theory :

Lo = 12424D-Empa + 2MP2p+ -M44t

Lint :

-g4
+
4 P .

s
Sumatrix (cross sections

,deay
Goal : evaluate a scattering process

in RFT with Lint
.

3.2 LSE reduction formula

in =
-
-

- - final Sattering
-

*
States

or

-
-

(

*
day



We need :

1. Define initial and final states

2. Relate linitial with I final) /prob .

to transition)

3. Method to evaluate S-matrix
.

S 1 : Define initial and final= > Asymptotic States

↳naitf I initial ti) = <final /S/ initial)
-

Jahr
pic Heisenberg pl :

operator evolve : S : Smatrix

Assumption : interactions only
occur in a finite interval of

time. If

linitial) occurs at ti + - v

II final ( tf- + ↓

Free states =>

Asy -
states

This means

P() =J ((t)e P*

= ai(t)eP)
=> interactions (modification of e . 0. m .

) add time dependence

to a and at

The assumption is then

Apt) = eiHit-to)pCtol -
H2t-to)

.
-

fre at to free
-

where H = Ho + Hint. This is because

i 2+ y = [0 , H]



The implementation of a symp · states

taplt) = ap : reoperators

As we prepare states
,

we will write
,

e
.g.

linitial ,
-OL =w, atp

,2-1)atpal -c) (t)

I final ,
+O)=n atp(+)ap(++) 187

·

Here let is the vacuum of the whole (int .) theory

(12 + 10)) ,
with:up and pi-py for itj .

G : evaluate S-matrix for this choice of initial and

final state

< IS (i) : Stinal ,
+ 10 (initial, - 17

(3)

- Fr; J21T <p +) App+) ap-0)ap(e)
213

Lain : Ep Jaica-at-0)):Tax e-
< PY

(1 +mi $(x)
·

for any interacting theory that complies with assumption of

asymp .
States 22

If : Free theory
:

Apa) = apl-b = ap .,
and 11:0 by e . o . m.

Interacting : Recall from free theory
pap = i/dx ep* Po

·
cop ait = -i) dx e

"
**

= Po

where fitt Etg(t) = feeg-(refig



To
prove claim , start from BHS <11

·

- iS(4x eiPX(it + m2) P(x) .

= - i)dixe -P(ai - - +mi)p(x)
.

EBP
- ]d P

XePX(2-m pi

=

= ifdix 2x(e** 2ep-bleP)p) .

=
- ifdix2+ (eiPP)

into over to

use (2)

- Top Japtia-ap-0) -

I

Analogously,

Eup (ap(o) - apl- b)) = i /d4xe* (A +mi)p(). 14?

Next ,
we can rewrite (3) as follows

(fIsti)= <1T(9p(0) - apl-0))(appsol-Appl-0)

initial -

"I'd,i
This is LSZ formula for 2-2 scattering.



Simple generalisation if initial states hasa particles,

final n
/

and in the middle
,

</ Tp(xi) ... p(x) PSX ... P(X) /17. :
4th - point correlation

-

function

Shorthand notation : <%... In % ... In) , but

· always time - ordered

· always against 127.

Apply LSE to Scaler Yukawa theory .

+-M44+PhD-E
I => Fock space for "p" type particle

↑(x) =1p(bpeix + ateiPX)
.

[NS
. t) · Tp (yit) = is

*
1x -y)

↓

[bp . bii] = (2T)
·

g13/8-p'
[Cp . <] = (2+) g(31 (p-# 1) .

Hamiltonian : Ho = / Scpaptap + Topbbp + top 2Cp)

where
cop=m , op :F+ M2·

Charge : Q = 1/(3x : (4*4-4
+ 4) :

= I -b.



Fock space :

↓ - particle : Apto) -> E = C
,,
C = 0

by 102 - E = cop ,

C : -1

Cp
+

10) -> E = cop ,
Q = + 1

.

Turn on interactions on Scaler Yukawa theory
Gen of (1) + (4)

, for example

· (bi 10 - bis-u) : - i/d +x ePY)Ax +M214+ x)
.

Example initial : bipco) 1)

final : (H) big (+r) b ( +b) 127·

Then (flSli7

- i/d *x : /dby ,
e "P*)Mx +M2) e

: %:%; /Ax +MY

(21T4+(x)4* y .
) 4(yz) Psys)/2)

Goal : How to evaluate<RIT ... 157 ?

3.3 Schwinger - Dyson Equation

· Prescription that favours the Lagrangian form=> SRT
.

Assumption 1 : At any given moment of time , the Hilbert

space of the interacting theory is the same as the

free theory Fock Space
< causality

[P(xit) , PlEt)] = 0

true also for

[P(xit) · T(it)] = iS4)(x - (1) (a) interacting theory
RQM .

*sumption 2 : Our fields will satisfy e . o . m .. ie, if

↓ = Lo + Lint[P) ,



assume for simplicity
then ~ no 24

2A +m2l P(x) - Lint [P] = 0
,

(2)

where Lint = -Lint/2p .

Equivalent statement in Hamiltonian approach

i @+ % = [0 , H]

(this is same as e . a
.
m .
)

&aim : (Ax + m2) (axby) = (JAx +m2@ Py) - iS
*
(x -y) .

(Recall <*Py) = <R1TP(41) 187 .

Pf : In free theory , (2) = (Ax + m2)4 = 0
,
then

(Tx +m2) <*x y7 =
- iS "(x-y)

-

Af(x -y) .

So true for free theory
.

Next , for an interacting theory , first look at

2
x (Pxby7 = 2x0((2/@xPy(9) G(X0 -yo)

+Chlbyx(R) & (yo -Xo)
= (2xdxPy) + <R /*Py/h)-Yexo-39

+ColbyPlayOly -Xo) .

= - S(y =-X%
=(2xody) +S

0 - yo) (2)[@x · PyJ187
(1) => 0

= S2xoxDyl

Take
a second derivative

,

& (ty Py) = Gx0 (2x4x Py7
= T

↓
= (23 *x Py) + S(x0ye) Sel [2x00x , Py7/r7
= <2xxPy) - is (x - y) .



Finally .

Jx and m2 do not interfere with time ordering,

So

JAx+ M2 < Px Py7 = <JEx +m2Pxby7-ig'(x -y1
.

B

Use (2) , we can rewrite

JMx + m2) (0xPy) = (Cint[PX] dy] - iS' NX -y)

Natural generalisation

(tt ,
+ m 2) (p . . - · In) = <(A ,

+m2) . . . . Pn7

-&X-Xj) < 02 ...P P .P

= <Lint [P .] ... In 7

- isx -Xj) (P...

This is the Schw-Dyson egn .

=ample Free theory ,
2 point ,

m2 = 0 .

Write AF(X,-X2) = Ar
.

We know

D, Aiz = -iS(X . -Xa)
.

(x)

< P.2) = (d *x g((x-x . ) (PX Pa)

#i (dix (Ax1 ,x) <@xP2)

IBP** /d *x Six Ex (4x P2)

SDegr
; / dix Six J-iS/X-X2l) = S

,

Emple Free theory , 4 point ,
m = o

< P , 02 43447

= /d * x S((x -X ,) <Px P-434)



= i(d *x (+ Axx) < @x4243Pp)

= i(dix A , x (Ax <4x42424x7)
141

= i /dix Six ( -i S
*(x - x2) < 4344) - iS(x- x3) <*244)

- isx -xy) <$24s))
= Siz Asp + 113 124 + 1

,4123

I
1 --2

II +--
↑Aside : Wick Thm

T P , %2 =: P . % : + Siz

Generalisation

TP ... on =: d, ... In : + "all possible contractions"
-

replace two pairs of field with
1

Sij = P:,

Example TP.... + = : % .... + + : p.:E + permutations
+ + perm.

=> CoIT4 .... 4410) =G +

perm J

Example Co = E2P24P ·
Lint : &43

Schw-Dyson :

#x >0xp, ... but= Spit.... PuT -i &S(X-X; ) (0 , ... % -1 45+ . ... Pn) (4)



(a) <#x7 = (day S(x-y) (Py
& defh of IF

= iS diy (AgBxy) Joy7
↓ IBP

= :J diy Dxy My Spy)
& (H) ·

= i) diy bxy. <%7

(b) <P ,+2) = i) day Sy , My < Py +27

G(4)
=i (dy Syr (<Pyte) - iSly-xe))

.

= 112 + 19(dy By (Pjpa) .

x
free torg)

.

Now
,
back to (9) :

_
Ogl

(0(gz)
<0x) :g /diy Dxy (Syy + ]dzAyz <Pete)).

- 19 + 01

(c) (p ,%4) = i (dix Ax . Ax <Px424)

- i/d*x 1x (<** P2P) - i Six-x2) (43]

- iS(x- xz)(42))
~ Olg)

(a) <P%-P> P7 = :/ d * x Aix 1x <*x &24947

- i fix Six ( * < ***244) - > Ssx-x2) < 43447

- iS(X- Xs)(9adx) - iSSX-Xx)(P2P))
-

= Diz Azy + 1
,31m + 0

, 4123 + 0(g) .



Then in (c)
,

<P , Pct) Idisalig (dix Sxx(1xx 123 + 20x2(xs)
.

-> I Siz (d *

y SysAyy + 13 (d +y SyzSxy + 0(g)
I

· X

-ig
2

+) +01

Then in (b)
, using (2)

< 9 1 %2) = 01 + /dy A
.
y
<dy4)

= D12+ dix (dy 3.x 12x(yxAyy)

- Lis)" (d4x /diy 1.Say(1xx1yy + 2Siy) + 0(g)

+ light_O(
-3.4 Feymann Diagrams

proliferate
V

Co .
. -.n) = i (d ** Six (Cint [P. ]P2 ... P27

~ isx-xj) (t...
T

contractions

↓

loops

Via example of 43 . we saw that there was an iterative

process of proliferate + contract and at each under in g.

we have all possible combinations of it.



co , ...n) via Feymann Diagrams :

1) start with n-extremal points i :, . . .,
n

.

Draw a line from each point
2) A line can either

· contract : join another existing line. This gives Af(Xi-Xj)
· split ,

where this gives rise to vertex .

The coeff .
will be come with in /[int= Pn)

# of lines coming out is (n-1)
.

3) At any given order In ,

the result is the sum of all

diagrams with all lines contracted integrated over positions

of vertex .

4) symmetry factors : We write

Lint= p -> the vertex ixn .

Warning : this might be an over count.

In S-Degn , Cint
,
hence at - E: ·

the

additional contractions remove (n-1 ! But there are

cases where there are not enough contractions. For

example,

:
=> symmetry factor of 2

Sii
-> C-E sym , fac of 4



(iii)

:-
=> sym - fac .

2
.

Example (Scaler Yukawa theory) Lint = - g4
+

4 p .

Assumption :

() e. a . m .: /A +m2)d -1-94+4) : 0

(n + M2)4 - ( - 944) = 0

(2) [f(z +) ,
d + p(y .+1) = iS((x -7)

[ +(t) , 24+ y , t)] =; <(3(x-7)
.

Then S-D egn :

(Ex +m 2) <ex , .. In 4. . ... 4n 4, ... Th ]

= - g[PxYt ...
) - iSS(-X]) Jo, ... ... I 4...

44t4t)
.

/Ex + M2 < 4x P. . . . On 4, ... 4n1 Nit ... 7
== g(4x *xP ... 4 ...

4t
..) -ii) .4...44..... )

.

We also have two ways to introduce Six-y) in the correlator.

(Ex +mi) Af(x -y) = - iS(x +y)
,

where AF(x-y)= <olTP(x) plys 107 ,
,

or

(1x + M2) j
+
(x -y) = i S(x -y)

where JFlxy) = <01 + Y+ (x) P(y) /07 .

= Is P-

Me : (01 + 4(x) Ply> 107 = 0
.



Say ,
we want to evaluate

2 , 4
+ 43 7

= (dix S(X-Xi) (PX42 407

= if d *
x Six (Ex +m2) <*x4c+ 43]

=

- ig) dixAix (4x4* 42+ 43]

= - i-g(dix(d +yAxxxy (ty +M2) (4y ** 42 43)

=

- j2g(dix(d4y Axxy/-g <4yPy *x
+ Pat 4s]

- Sx -y) (t
+ 437 - isy -x2)( ** 437)

.

- Fig) (d * x/dYy Sxxxy (S(x-y) <ets) + Sly-X2)(4))
freethy free + Dig + 01g4
+ Olg)

= (-ig) /dix(d +
y Six xx 523 + J-ig)(dix Six 5x25xs + 01gh) .

Writing

Dij = < P : Pi) = ) p
=> (A +m2) Aj = -is (Xi - Xj) : ------

:j = <4; 4) =SE
=> (A + M2) Jij =

- iS((xi - Xj) :

+

-

4t

Then <P4Ny3= ig/d " x9x (5xx 523 + 5x25xs) + 0Sg2

= -ig(--yo + -- ) + 0(g2)
302

P
T



Note : 1) Arrows keep a "flow" (due to Lint) .

It means

that ---*iswrmg- 0

2) No symmetry factors !

33. 5 Scattering Process

<final ,
+ 01 initial ,

-07 : <fIS/i7

Work with an example , in S-Yukawa theory ,
to see

mechanics

Example (Nuclear Scattering) .

a
+ 127 = "meson"

b 127 => "anti-nucleo"

2 127 => "nucleon"

The
process is Istat) -> 1ctat)

·

initial final
P1 P2 E34

(fis(i) t isx
incoming

(11 +M2) e

- = P2X2
(Az + M2)

outgoingMem,
Use Feynman diagram to evaluate [N .McNet4ut)

.

3

103
<4. 4. 4st 4)
= -

4

-
2 4

-
proliferate one

,

contract everything else , but not possible



&

+ ligh ,itsit.(
& ·perm

-

Per &2

--booted contributions

(
2

+ligh' (
-

connected diagrams
+ tree

+ sig" (Y ... )
.

-
-

connected diagrams.
- loop .

and

< 4 . 4244t]c = Sig loss
- Ligh [dYx/dty (5x Exa Say Jay Syn

- Six 5xp(xyzySys) + ...

Use in <fIS/i >= (fIS-d/i7

CfISliT= iP(d *
X;
ePXg-iPexneiPXs eiPY

(is)/d *x(d4y()- : 14 S(x-x1) S/x- X3) Sxy Sty -x2)f(y -xY)

+ (32+4))
↑

= 1-ig.
2 [dixday(eiPixe-iPay gipax giput Sxy + 23 54)



= (-ig) /daxd4y]ma (e-Pixe-iPay a P3X -iP4y
e

-ik(x-y)
+ 237147)

.

= brigh It is ((T14 85-p. + By -1)

(2+24 8(42 +px +1) + 53734))
.

= Crighs2n)" S)-p .
- Pu + R +Ps)([al-m2 "Six-m)

+ Olg3)·

Nes : 1) Conservation of momentum & connected v. S. disconnected .

<f Isl : i = S'(inilP :
- y Pf) 1 ...

(

CfIS/i'disconnected= +
...

: &(p .
-px8'(pa-pu

S ...)
2) (fISliteFiCn" S1[Pi-Ept)P,-

S-matax

Feynman Rules

For the S-matrix in Scaler-Yukawa theory
·

1) Draw Feynman diagrams relevant for the process

· use ---- for o Smesons) /AF ,
at)

-> for 4 Sauceous) /Cit ,
5)

-> for p+Cantinucleous) (bin
,

j)
.

· lines split via

----
· only include connected diagram.



2) For each diagram ,
their contribution to S-matrix is

(i) Assign momenta to each line

---- -

T T

(ii) In the internal lines

-

-
=(i

=>
=I

(iii)To each vertex
,

write

- - X = Fig) (PP-p
Pr I

direction is
= (ig) (2+)

*

&(pz-p,
-ps)

arbitrary

Siv) External lines - do nothing .

3) Sum over all diagrams Integrate over under momenta

( : sym fastors if exist .

Example 4
+ 4 -> 4+4 .

btp atp , big Itps
Goal : (fIsliTc in leading order to g.

I) +O



[ISli)s =/mig (ig(24)***Yp ,
-k- ps) &

*

]p2 + k - P4)
.

->Iis Light Sp .
+

pu + q) S-p3 -px-g)
.

= i( - =g) (2+)4g* p .
+ p-- ps -pet-misspimiis]

+...

Mandlester Variables

In 2-2 scattering , it is useful to introduce some notation

-
Conservation of 4-man :

P, + P2 = Ps + Py

Define
5 = (P1 + P2)2 = [P3 + Pc)2

t = (p ,
- Pz)" = (P -Px)"

u = ( P ,
- Pc)" = <Pa - B3)2

Peti I

-2py4

- - channel S-channel

Identify :
Set tu = <Mi = 4m

S = 4E2 , with E=total centre of mass energy

-

PlJE, PE) MATTER



4. Dirac Equations

4 .
1 Representations Lorentz group .

↑ a (x) -> DIN]abp4(x)

where DIN] is a

rep . of Lorentz.

D[1] = exp)IRpeRPT) .

and tepo = -Rep 6 numbers (3 rot + 3 boost)
·

RPO is a

generator of theGretz algebra ,
hence it satisfies

[RPT , RFT =

g
&TROV - get por-pogo

What are examples of R's ?

=ple Infinite-dim rep .

RPT -> (Pr = (x - x 529
Check that the L Satisfy (*)

.

Example A 4x4 rep .

ROU- (MON N = goMyro-yogor
M satisfy ( * )

.

1 = D(1) = explor Mo%

UN - DIA]V = MrV"
.

Pot about Z-axis

I ((M+ = 101
= explain) =(3)

Boost along x

SMO-(1) ap 152 =(in



Spiner Representations
We want to build a different R's. One way

to construct

is to consider first Clifford algebra .

Defe /24 , 20 = yMyV-20/N =

2 y****x4
,

where Wh 4x4
.

Equivalently , Jro = 1
,
Crip--1 ,

UNW-r2P for per

A simple rep . of Us /chiral rep . )

vo - (i) vi =(*)
where2i Pauli matrices

.
(ti ,
wil : esij

Claim Define SPU : &Iro , pay = & roro-Evo00
, then

S's form a rep. of Lorentz.

# : Check that 90
-

satisfy (*)

What transforms under it ?

Defi <Spinar)

↑
-

> DI1J94* (1+ x) = S[1]
%

64% +x)

where S[1] = exp(ERpoSP)
.

Note : S's are 4x* repo of Lorentz
.
Is S's IM's ,

the

other 4x4 rep
? Answer : No !

Rotations of Spinars :

Si = [Jgi") (8) =- gisk (08) Ji +j)

S = SX3 = - [(0) = ST1] = exp(Mi - 2S') = exp)- it(i))



What happens hiz = 0:2it ?

S[1] = (er) = - 1 = 4 + -4

1 = M[1]2r = 1 = V-> V

Boost of Spinar :

Soi= (0 "ji)

=> S[1] = (etFlick) ,
where Mio-choi,

Very different from 1 : explIRM) ·

= Spiners are not vectors.

5.2 Action

We have introduced

4(x)- S[1]4(14x)
.

The next task is to construct comb" of4's s. t
. they

are Lorentz inv
. = actions/ Lagrangians.

We need same object O(x) -> 0(1 + x) SI1] "
.
St.

0(x14(x) -> OS[1]"SI1J4 : 04 EK , I
.

A first go to determine O is to consider

4
+
(x) = (4* (x))5 .

Form the transf of P
,

4+
(x) - 4

+
11+ x)S51]t

.

where

SEATT = exp(i &pr (900 +)
·



In the chiral rep.

& UN80 = (UM - Vot = 20
,

(vi) t = -ri

This means,

(8007t = + [(rost , 100st) =
- 10 gorg o

then

S[1]+ = exp(t &pr(50+)
= exp(Erpr)-rosporil

Cros : 1x
= vexpl- epesor) vo

What is S[1J" ?

S[1]" = exp(-- &pr18)
Hence 4t does not transform with S[1]" (it is not0

Claim Define FCx = 4t(x)VoAdjant Spina , then(x)4(X)

is Lorentz invar.

If :

↑(x -> 4+ (1-x)S51]+ 20

= 4+/1"x)2
% S51]"2080

= [S1+ x) St1]

=> Exs NLX) Lorentz scaler
. A

Claim ↑~Mpth()foreachMo,-

ED : Need to prove

S[17" UMS[1] = 14-V"
.

- -

few defi expect from
a 4-vec

.

Will show this infinitestimally .



S[1] : G + ERrSon + 02

1 = 1 + [hp-M
+

+ 0(M4
.

LHS = 11-ERprS00 +... ) UN/2 + Epson+... )

= UP-IRpr [S00 , VMJ +...

RHS = 11 + Expomer +... (- UV

- UN + Edpe (MP4P -
2

+...

For LHS = RHS
, to leading order of 2 ,

- [SPO
,
UM) = IMPUMoV" .

(4)
~

(MUV = Songo-go gon) UV = yoN 00-gUNUP.

[SO2
,
2M] : UMyOM-rOgPN

S (k) true
,

So CHS : RIS = FVM4 transf .
as 4-res. It

&aim Can also show
.

· [CNy "

4 -> 2- tense

· ↑24 -> corrector

~
least # of denir- and

With this we can build a minimal action
powers of field .

S : Sax (FiSN24 - mY(4(x))
This is Diracaction .

"
reality of the action :

(4 : 2/24)t
=

- iCrMp) + iTUM2pY .

Total derir

E. 0 . m.: =2). /4)
.



=> Jira-m)4 = 0
.
Firs +m) = 0

.

N : Here
,

the simplest action just has one deriv due to JUM.

Hence
,
1st order ODE .

There is also and order e. o. m
.

/ ; (M2p + m) (i <M2 -m)4 = 0

=> C- UN20(2 - m2) 4 = 0

=> l 2p20-m2) =%

=> (22 +m2)4 = 0

=>I also satisfy KG
.

5. 3 Symmetrics

(i) Space-time translations

X -> XM + S4
,

Scoust
- rea

S4 : <N24

Energy-momentum tensor

TM=G4LF- Fiat alla

-

= O

=> E = H = (d'x To = Jdx : 4004
.

(ii) Lorentz transfi

4 + S[1]4(1 +x)

infinitestimally , ↓ ↳
S4= ERpeS024-28 xr2p4 .



Current

(5MyX = - XVTR + X +No+SYN-

usual ang. men .

Isame exp, as
,
e

.g . p). = Spir

(iii) Internal restor syn -

↑ ->4
,
XAR coust .

- ei i

Current

jn = ju 4 .

Charge

& = /d *x 524 = /d3x4+
4 .

5. 4 Plane wave solutions

Find solutions to
1 : (M2x -m) 4 = 0

We also know
(22

+ m2)4 = 0

From KG
, wesan see

4(x) - u(q)eP + v(p)eiPx
with p" = m2 and USP) , v/p1 are spirer.

Now
, if we impose Dirac

. egu on plane waves,

) - PMV + m) u(q) = 0 => 1 - p +m)u = 0 (i

(pMVn + m) v(p1 = 0 + (P + m)v = 0 (2)

Notation : PMW = P
, UM2m : 4

Solve for (1) , (2) using explicit rep for 2.



un = (E)
where = ( ,

(i)
,
EN = (1 .

- xi)
.

Then (1) :

(P)) = 0.

Where u ,, u2 are z-ept objects.

=> I
mu

.
= <P . 2) U2

muz = (p . =) u
,

But these are the same
,

since

m
=

= (P . r) (p . c) = ph
Then

up :(S
and 5' = (b) ,

3 : (i)

Similarly . Solving (2).

~ (p) = (Fr
Then the most general solu

↑ (x)=[bupieP+
*

v(q)e"
*

]

5.5 Weyl (Curral) Spinar
In the chiral rep .,

S[1rt] = (eitF12) ,
hij-ikyk.

S[borst] : (er) ,

Mio = X



=> Reducible rep .
due to 2x2 block structure

Then in chinal rep.

4= (v) + (i)
UI two spt. objects where under not

u+
-> git .Fu

+, u - eiForku-
* some sign

and under boost

u+

-> e

*8ky +
·

u -

- -
* Fu-

-

X
opp. Sign-

UI are weyl (chiral) Spiners .

This is obvious in the chiral
rep for

Vs
,

but it is

general property. We can make this manifest by introducing

25 = - ; 50 22223 .

It satisfies

125 , (M1 = 0

,

10512 = 1
.

[ SM
,
25] to invar - under Lor.

In chiral rep,

v5 = (ii)
.

Then we can define propagation operator.

P+ = < (1+5) P- = =(1 - (5)

with

PE = P+, PE = P
-

,
P+ P- = 0

.

Then
↑+

= P+ 4 = (4)
S

↑. = P-4hiralre



Final remark : Dirac
. Legrangian in terms of UE

2 = Plid-m)4
.

chorale.-
-m(+ +)

Lor-inv
-

mix term
,

no mass term for just U+

or H
--

6. Quantising Diran Field : Free Theory
6. I Canonical Quantisation

L = Flip - m)4

Canonical man :

# = :420 = :Pt

We want to declare some rule/commutator between

4
, T .

Route 1 : [Pa(it)
, Tplyst)] = i Sabg( ( * -7) .

E [4a(its . Poly ,+)] = 0
.

i [Palt) , 451y · ts] = i Sab & (x-y)

&e2 :

<Parts
, Plyiti) = > Sab 89 (x - y)

& Pakt)
, Posyit)) = 0

.

For bu routes,

↑( = [Si (b UP" + civSpeP)
.



Investing,

b= /dx eP
*

(p)0
:

4(x)

C= / d'x
*

j( 203(4)
and

H = Sd3xTY

- if dxP+i

-[ wp)b
+ be -

Ga : construct a Fock space ,
ie

.

(a) States have the norm

(b) spectrum of H to be bounded.

For route I :
-

[b , 6 pt) = (2+39lp-p1) Ess

[Cp , <Pit] = -(2) S&

(p-P) Sss' (* )

all other zero. and

[H , bet] =

cop bet
[H . Cet] = cop

Create with bt
,
Ct

, then (b) is ok
, but (a) fails due

to (*) .

Create with bt , C
, then (a) is ok

, but (b) fails

For route2 :

↑ b , b = (2π)S/4-f1)Sss

↑ eith = (2 824-4') SSS



and
[H , bet] = up b
[H. c* ] = Cp a

with this we can create a correct Fock space.

Following route 2. the Fock space is then

· ground state : blo = 210) = 0
.

· one particle space : 167 = Ep b 107

12 = Sup107 .

· Hamiltonian (and normal ordering) .

H = [Jup :(bb- :

= /up(bbp +c

=> H10T = 0
,

H(b = wplb) , 11a] =

Cup() .

· ULI internal sym :

& = 5)-
alb7 = (b)

, Q1) : - (c)

· Any man : Je in the rest frame /p = %)
.

Jz 1b , s7 = = + 1637 . S = 1 , 2
.

+
Jz /c , 37 = It 1937

.

Our Fock space has charged particles (1) and with intrinsic spon

#E
.



Multiple Particle States
,

e
.g .

wp,b
+ bat102 = /p ..

s
, i passed .

: - I
prises posit

Note : Hamiltarian and vacuum
energy before normalising

H =5 Wp (bitb-cptap)

- [Wp(bb + epp) -Jewp-2(24)383328) ..

Feynman Propagator

↑() = 5)p (b , up -iP
*

-apt v > (4) ePx)

↑( =3) (bei+ cpspigiPY) .

First evaluate

<) Palxs Ey Cys 107

=
-top Half be e-iPax -y

= lif ( + man e
- "p(x-y)

.

= City +

m)Pitm
D,

scaler
Next,

Co) Es (y) Pa(x107 key ! dictates time

- ordering rules

=I 2 (p-m)gipx
-3) = =(ixx +m) D(y - x)

.



The rules for normal ordering for spiners are

Pax Pbly) Xi , yo↑ (4alx) Fbiys) = 1- Eszys Pax y° Xo

Next
, as we construct Feynman propagator

<1 T4a(x)bly) 10) = Ji *x + m)ab At(X-y) = SF(x-y)
.

↑ ↑

=> SF(x-y) is Loventr covanant .

F. P. for massive F. P. for
Scaler field Dirac Spiner

# follows that

(ixx -m) SF(x-y) = iS'(xy)
.

Since (Ax +m2) Af(x-y) = - ig'4 (x-y2 .

SF(x -y) = Im ei

#kThe for Spiners :

T(4(x)[(y)) = = 4(x14(y) : + Se(x-y)

3 = # swaps
Note that ↓

TC4. 4 wty 44) = 1- 133434
, 444u

↑
XjzXic Xi >Xi

Spin and Statistics theorem

We have encountered

Scaler field (spin of -> comm relations (Bose Statistics)

Spiner field (spin"2) + anti-comm relations ( Fermi stat.
)

.

There are I way that we can discover this.



(a) Stability : Hamiltonian of free theory is bounded .
Good

Fock space

(b) Lorentz inv
. of Smatrix :

implications in <TO .... 07

(c) Casuality : [OMX) , Oly)] = 0 if Spacelike (x-y)* 0
.

& j

observables

Ne :
(42x

, P(y)) = 0 if (x-y> 0
.

6. 3 QFT for Spinars : Interaction

Example to illustrate how to evaluate S-matrix will be

Yokawa theory ·

Lo = E&PaMp-typ + P/iCN2p -m)4 .

[int = -Xq54 .

was an EFT for nuclear face [meseSantil - nucleos (spin)

Dimensions : [C] = 4
,
[2p] = 1

, [p] = 1
, [M] = 1

,
[4] = 3/2

[m] = 1
,
[x] = 0

So A is marginal

LSE formula (spinos)

⑪ Fi
F ->3

P2 , Si

li : -02 = Ep , Top b ( .%) -12)
If , 0 = Fip, Fi batros C10 127



S-matrix for this process
is

<f/S1i)

=Top Top top Top CRITIC14 bob-act(r)
(*)

ba ba+

S -5)
We want to relate

ept(@
withcptc-y) (and for

destruction tool .

Consider

if d *xP1i + m) UseP. Y (t)

with (P-m) Uscp)-0 and wi = &2 + m2
·

Ne : In free thy this is 0
.

Hi(dP x PliV2-ivisi +m) usep) e-iP
- X

= i (dix ↑() ( : 2020 - irilipi) +m) Helpse-pY
using

(poro-piri -m)Us(p) =0= i/dix Tex (iv2o + portAsple
iP

. X

= i(dix F ( : 202 + i22(us(pe PY

= i(dix 201 : 500UsipieP
.x)

.

Total time derir .
Use that at t+ 10

,
Hilbert space equals

free they Fock space

= - Top (b (+ b) - b+ ( -x) (A)

Similarly,

Tp((pt-) - c
+
( +01) = - if dix g **

vs(p))- 14 +m)4(x)
.

(B)
.



Replacing (A). JB) (and destruction) in (*) ,

sfISli)= : / dixe**s
,
(Pt (- iCz + m) e

"P *
is ; (pi) fil +m)

<el +↑(x4)4(x3) T(x1)P(x2)/527

(ic,

+m(Us(p ,
)e-iPiX) (Ji + m>VsiSP2) giP-X)

Feynman rules

Rules for <f/S/ : ) in Yukawa thy· Emphasis on spiners.

Non----"I

=> 14,
7

.

1) Ingoing fermions

It cit.
2) Outgoing fermions

:
3) Vertex

= (ix) (A SSpi +P-P

4) Internal lines

---J
note : this is

#
=I 4x4 Matrix

7

5) Add extra minus sign for statistics of fermion .



What is behind rule (5) ?

Consider

<enlT(45x1)4(x2) PSX) YIx)) (02) = <4. 424 Th7
·

In free they ,

· Wick's thu

· Schw-Dyson egn .

for fermions ?
(if)x -m)(4(x)5, ... 427 = iS(x-Xj) .

4 with Yo
and signed

<4. 42 Esta) = ((4x S(x-Xi)(4x4244s)

Recall JiGx-m) SF(x-y) = :Six-y) ,
and nece

SF(x -y) (i2y +m) = - if(x -y) .

Hence

<4.4-5) = i/dix Se(X-X1)(ix+m)(4x42 n)

IBP

= i (dYxSF(X ,
-x) (-i@x + m) < 4x4-Tsi]

.

SI-i2/d4xSt(X , -x)[-Yid permtocontract
-xse

+ S2Xa -x) St (x2- Xs)]

Example Nuclea Scattering : 44 +44
.

at tree level
.

(b+ b +
-> b+ bt)

.

Di-"dk
- -

p
, s :

in ·
t-channel u-channel



(fIflite Usip ·Usp)mixia1 - :x)(2+)4S'(p - pi -k)
.

level

ir . (g Ur(q) · ( - =x) (2)
* 519 + k - g)

.

- Uni (g)Us(p)+ ia(-iN(2474 8/p-g :
- k)

Us : (p) ur(q) (- ix)(2+)48(g + k -p)

= i (2+Y S(p+ g -pl - gl)( - i))"

#gisp's
· Usips) (UrSq%Un (q)

(p-p ,)2 - M2

qosCpsAll

Spin sums

A common quantity to evaluate in particle physics is the cross

section. In short , master formula

N =

F cross section↑
# events

ser unit Flux
/time # incoming particle(

per unit area
, unit time)

Diff cross section

do=robper unitie

Prob P-
Recall(fISli) = iCT4S/EP : - &Py)A

=> Kf(Sli)12 : 33t" >(spi-EPf)SOIA + :



Focus on ItK .
and further just consider

B = (usi(p · Usips) (ir . (g ·ur(q))
·

Take
IBR = /Es · Us) (i - ur) (Us.us) + (in-cert

= (tus) (is usi Surur) (Ur-Ur

Further input from particle physics .

PAR
44-44Qs

is the spin-averaged prob · lamplitudecominga

Then

IBRE Tr((p +m) (P +m))Tr(1q +m)(q +m))
.G

& ya(p)is(p) = ( + m1) ab

& To (PinPo &MV" + -P (Pu + Pp) m +m2) Tr( . . . )
.

7. Quantum Electrodynamics
7. I Classical Field Theory
· Am-gauge field -> vector rep of Lorentz

·

· Fir = C
mAr-2rAp

-> field strength

Action Principle and e.
o . m

.

Lagrangian for Maxwell theory

L = - # FrFMr .



EOM :

Conlan) = 0 = 2FN = 0
.

(1)

Branchi identity :

2 Fin + 2 Frx + 2
- Exy = 0

Consequence of Fir : GAr-GrAm , F = dA) .

Gange symmetry
How

many
d. o

. f. do we have ?

Naive : Ap has 4 comp , maybe 4 dof ? No !

First inspect e . o .m .

211 : 2xLMAr-202mAM = 0

v = i : -Ai -
2 : /20A + 2

j As) = 0
·

(2)

V = 0 : Ao - 20/2010 + 2jA)) = 0

H

7Ao + 2015 · A) = 0
.

(3)

&
no time devir of do

Solve for Do in terms of A

=> Ao(z) = (d3xi (5 · E) (e)
.

Out of 4 Cpt ,
down to 3 e0 . m.

Still
, we have redundancy in our system.

Note
, if 2 gauseesfu

Ap -> Ap + 2 x 2x) ,

where X/x) Smooth arb . F" ,
then

Fin- Fyo + (Lynd-2020) 1 = Fyr



invariant . So for any Ap . Ap that differ by this transfe

solves e . 0
. m , Engagesymmetry.

Why is this redundancy ?

1) Noether's thm.

Place it on the same footing as any
other Its transt"

JM- SAv = -FMXF-GLFM
2 . 0. m

.

The so-called charge is

a = /x jo = (d3x2(F*x) = 0

I
no sources

field decay at o

=> "gange transf" do not give rise to changes" (*** (

2) Re-write Maxwell equ

&ASME
A ne

=> (v -2n2) 20x = 0

=> CALp-2 A) X = 0

Given some initial data
,

we cannot distinguish between

An and An : Ap + 2X .

=> out of 3 apt ,
down to 2 spts. => 2 dof

When studying theories that have a gange syn . we need

to be aware that physics (obs] do not depend on X . ( ***/



·8*
gangs impose conditions on

fixing
=>

Ap S- t- gange

transf disappears
Common choices of gauge fixing
1) Coulomb gauge

Ito.
If A has J . A = Y(X) ,

can find ↓ st .
32X = Y .

In this gange , from(3) ,

Dro : Full g .f .

i
contain

2) Lorentz gange

#Ar=o
If A was &Ak = f(x) ,

then find AX = f. But this is only

partial gange fixing since can still do transf with

Ap -> Am + Exx

S . t . AX' = 0
.

Pro : Lowe inv
.

i Con : partial

7. 2 OFT : Free theory
7. 2 . 1 Cormical Quantication in Conlumb Gauge

CG : J . A= 0
.

Ao = 0
.,

then e. am . (2) + (3) is

MA ;
= o



This tells us Ap-Ep/p)eP
*

+ sple' with pro
and choice of gauge

Eo(p) = 0

f.(p) = 0

Choosing a frame ,
e. g. Pu = JE

,
0

.
0

.
E) (p== 0)

.
Two sol" to SM

E = (0 , 1
,

0
, 0) , E = 20

,
0

, 1
. 03

In general , polarisation rectors &p satisfy

Er)p) . p = 0,

Er
: Es = frs

and completeness relation

& [(p) 3/p) =Six-
Therefore , general sol" in Ca for Ap.

AMS) =) p
Next , we also need canonical mom

Mi== -Fei

Note since J . A : 0
,
J . E = 0

.

Commutation relation :

Naive guess : [Ailt)
, ijlyit)] = :SysP)(x -y) /*)

This cannot be right. Why ?

In the quantum theory ,
we still want to respect our

gauge choice (fixing). The commutator (4) does not respect it.



[JA , DI]
= ifijDg(x-y,

= O

So (4) is wrong !

The correct guess is

5 Alect),jlyct)] = i (Sij- * ) g( ( = -y)

= :S (Sij-E)gif
We can take a derivative

[GA
. Tj] = iSc (pi-E) gif

: ( - y)
= 0

.

From here
,

can show

[a] , ag] = [apt , at] = 0

jap , agt] = 12t gr> 253-q)
.

1the e

Hamiltonian

H =(d3x (TIAi - 2)

= [ (d3+(E - E + B - B)

where Ei = Foi , F: Bask . Then in normal ondering,

H =/1a

7 .
2 . 2 Propagator
In GG

, the Feynman propagator is

4) TAik) Ajly) 10) = Stic (S-H) gipxy



Using As in terms of at ,
as

Goal is to construct CoITApAvIo) in Lorente gange .

&aim S01T Als Arly)107
-Iis) -

yar
- (x-1) evip

y

Ne : This is Lor inv

If : key : FP are Green's f" ,
so

"com" <TAp(x) Arly)) = "-iskxy)"
:

Illustrate with massive scaler field. At -> G
.

(A + mr)G(x) = J(x)
source

Transform to Fourier space

=> (A +mr)/ alpiPX-cpeip
- X

=> ( - p2 +m2) G(p) = J(p)

=> alp)=m

If J(x) = - iS(x)
,

G(p)=m

=> G(x) =J eip- *

For the gauge field,
doth. similar

.

aMFur = Jo

In terms of Am ,

/you i
- 202m) Am = Jo



E

EPAAs m
=> Amp) = ( -1) M- - <P)

Issue :F not investible due to gange sym

# r pV = 0 = eral = 0
.

To fix this ,
consider

L = - EFM"Fpr -teAM multipher
which enforces 2pAM = 0

E. 0 . m .:

(n
*

A + (E - 1)2
+
2) Ay = 0

Construct Green's f" .
In men . Space,

PP)ApFT,
We have

Hyr = - yp-p2 + ( * - 1) Pppr

It:t
+

(1)pr
SoM Tipx = SYX .

Solve for Green's flat Th Six-y)

=> CoIT ApLos Arly) 10) = C : i
pu
e-ipcxys A

Notes :

1) MinusSign is correct : Tur =

-yarp" +.... Recall in CG
,



A(x) propagate and their sign should be the

2)a is not physical - observables do not depend on it.

· useful to keep2 to check S-matrix indpt . of it .

· convenient to select value ofc to make prop. easier

to manipulate ,
e .g. X = 1 : Feymann gauge ,

2 : 0 : Landon gauge

a = 0 : Unitary gauge

8. RED : Interactions

Couple light (Ap) to matter 14 , 0)
.

EoM point of view : in Maxwell equ , we have

2MFM = j"
-
current contains ,

e
.g. change density

&2n = 2rj2
sym antisym

=> anj" = o conserved

Action point of view : Zuj" = o can also to tied to gange

inv
.

2 = - E Fp-FM--jMAm .

( x)
.

Do a gange transfe Ani> Antep) .

5 = (d *x2 + (d *x(- - Ed-jMJAm + 2,nx))
.

- S-(d *x [2m(jMX) - (njM)X]



If ; to as X-0
,
then

s -> S + (dix(2,jM)) .

Action is gange inv . if CpjK = 0.

For 4
, this gives guidance on how to write an action

that is gange inv
.

For 4 (Dirac spine) ,
we had global

(internal) USCIS sym

jm = F -M4 .

Couple Ap to 4 ,
we would write

L = -EFMFyr + ↑Jid-m) 4.

- ejYAp
where e is a coust . (coupling)·

=> L =
- ↑ Fur FM + PliD-m)4-eFUN4Am

== # Fur FM + ↑ ( : D -m) 4
.

with D = DMWM , and

DrY = 24 + is An4
.

is the covariant derivative
·

Now
, Lagrangian is inv .

An -> An + 2x(X)
- Tex()

4 .4 - e

↑- > gisist F

Rule : couple light to matter is to make global sym, of

matter into a local syn and combines with gauge inv

If X(x) const. => UCD Sym.



Check : Dn4 -> giex) DP .

↑ Du4 -> I Du4
.

Noether's change :

Consider (*) , the change would be

& f dx Frid , X .

= (d3x(-2 : Foil/+devi

=- (dxj0((x) -

= (dix jo [Pick X = -1)
.

= e/dx5U4.

Lesson : for theory with a gange sym , we can construct

a change from the global part of the transf

X (x) + const
. (large gange transfu) .

=> only the matter is giving rice to conserved quantity.

Example e
,
electric charge also controls the coupling

C-entc-1/137 .

Next , we can also couple Ap to scalers

real scaler field -> no internal
,
does not interact toAm

LjM)

complex scaler feld -> Y = 0 , +:% .

y-> eixy
,

I cust



construct an action that is gange inr .

DrC = 2uY + ieApY .

then

2 = - * FurFMU + (DMC)
*

(DMY) - m1412 .

This is scaler DED /SRED)
.

Action/Lagrangian is now invar
- under

An -Am + 2
,/ ,

y - city .

for X(X) arb.

Interaction terms :

Lint = is*
- *** )An

extra term

Noether's current for global

jm-y , sy-y by
*

= Gies)) < 2 Y
*

)Y- Y* Ap-zieAny
*Y)

Feynman Rules for RED .

New ingredient is Ap (photon)·

From 0
.
2

- in Coulmb gange,

Top artipsz is(p/dix
eP*

2Ap .

ingoing photon

Ewp Arp) -> : G! (p)/d4x ei** 22Ap .

outgoing plecton



with E2 = 0
,

E - B = 0
.

External lines :

1) Photon :
we add polarisation vector

~
= sup) .

incoming

⑪
mu

- Ep(p) outgoing

2) Fermions (electrons)

-> urcp) incoming fermion
-
-> ur(p) incoming antifermion
T

⑪ urcpi outgoing fermio

⑪ v
-

<p) outgoing autofermion

Internal lines

1) Vertex
XP
xip

: - ieUN (2)
*
Spi + pu +Ps)

2) Photon propagator

↑ lis
3) Fermin propagator

=> Sit initia (P +m)
.

And minus if fermion are exchanged.



&al : evaluate (fIS-11:) using pert . thy (Feyn rules/LSE)

=> Restriction on S-matrix (amplitude)

(flS-11 : ) = iRN SCEPE-EPE) Alp) .

al If we have an internal photon,

A = Mp- FM (p) .

A is indpt . of C , since we do not expect to depend

on a choice of gauge.

=> MprpMpV = 0 (Ward identity)

6) If we have an external photon
A = 35(p) . Mp .

If we do har- transfe A ismar. We know that

p
, M = 1m

- pr

expect
Mi = 1 m Mr.

.

Does E transform as a rec.?

EX : PM = /E .
0

.
0

.
E)

,

S = 10 ,
1

, 0
,

03. Consider

3/210 - 1/2

& 10 - Ini- ( O - W (
12 E '12

Check1 y 1 = % ., and

1 - pV = pM leaves p invar .

1M-E"
,

= &M
,

+ EPM -> & is not transforming as a rea.

In general, E = /NEMs + CJ1) PM E looks like a

gauge transfe . p = 0
,

p2 = 0.



If we do ahar . transf of

A = My + A + spmM,
= A

=> prMm = O

Anytime when replace ENp> by Pr , the A should

vanish
.

Example Electron Scattering ec+ec- -
at

tree level
,

=is
-

P. S

, 13 grs

-
Gin gir- T

CfIS-1/i) = ( ie) /<+up :Ftp-pVsqrug) .
Sp-p , p

- (plz gis'+ r)) . (ii) Siptgupl-gl) .

-

Look at one vertex

&
=- Mpr-1-1A ·

k = p-pl =g-g

is (pi) UMULp) #pr(p-p : ) irsq1) V urg) ·

= (p) kUNU(p)i" (g) Kor"ur(g) .

We will use

1 - p +m) yjp) = 0
.

S + )

icp) (p-m) = 0
. (**)



and -Y *)

is <pi /Usp) = is(pi) (Dup.
= i (p) (m-m)csp = 0

,

i" (g) / u(q) = 0

=> A is indep of < /MprkMk" = 0)
.

Ne : In this example, diagram is a indpt . separately. In

general , Ward id
.

is valid on the sum of diag ,

to each

other in coupling.


