
Numerical Analysis

1 .
Poisson equation

Problem 1
. 1

.

Solve the Poisson equation JU : f
. (x . y) EL,

I an open connected domain in IR2 with a Jordan boundary

with Dirichlet b
. c. uxy)

= P(xy) ,
(x+y)22.

We cannot solve JU : F . MyEd directly , but we know

how to solve a linear system of egn

Ax : y ,
AERM

,
X

, y
EN

Consider - : [0 ,
10] + 1R

, we can approximate - with

= = If(0) , f(hl , .... flio)) , where hio is the step size .

If we approximate a by X
,
what should be the approximation

of I ? Consider

u'(a) =mathul

We replace JU = f, (x,y)ER by a finite - difference

formula . If a grid point lies in 1
,

all its neighbours are

in cld
.

Since y2 : A = 21 + 35
,

we need a finite -difference

approximation of second derivatives.

Prop1 Let ge C"tab) ,
x = (ath , b-h)

,
then

1ig(x) : = g(x+h) - 2g(x) +g(x+h) = hig"(x) + thg'(x) + 0(h %)

If : Expanding Taylor series,

g(x +h) - g(x) = hg'(x) + z hig(x) + y h3g"(x) +...

g(x -h) - g(x) =
- hg(x) + thig"(x) - 5439"(x) +...



Summing gives:*g((x) + OChE+ 2)
,

and take m : 2. 1

Remark 2 In approximating g" by Sig() = g(x-h) - zg(x) +g(x+ h),

it is useful to know

h (g(x-h) - 2g(x) + g(x+h) = g"(x) + jz4(g(x) + -y "g(4) + 0(46)
.

Cor3 The approximation

(12
, x

+Siy)u(x , y) = u(x-h
, y) + u(x+h ,y) + u(X , y

-h) +u(x, y +h) - 4u(x ,y)

= hi ju(x . y)

produces a local error of OChT).

Approximation The method justifies the fire-point method

Vis
,j

+ Kit.j + Uij + Uij-4 Hij = K fij ·

(h
, jh)E,

where fi = flih , jh) given , UijUlihijh) approximates the

exact sol" .

It is denoted by the computational stencil.

&

I - 4 I Mi
.j

= he fij
&

For lik
, jh) EG1 , we substitute the Dirichlet b

. c.



Approximation The stencil

produces a local error of OCh6). The nine-point method

produces error of OCh") ,
but adding th

* Jef to RHS

with 5-point approximation to hijf ,

this has order O(h6).

The boundary often fails to fit into a square grid ,
so

we may approximate J using non-equispaced points.

Example Grid points with spacing
h xh

., < e(0 . 1).

It can be verified that

= g(x-h)
- Eg(x) +-+)g(x + xh) = g"(x)h" ++(+ (g"(x)h3 + O(hY

with error OCh3)
,
and PCh4) if < = 1.

If we consider .

h
.

W .h.
/

* gix-ch)- g(x-+ g(x)+((+2)g(x + Ch)

= h
=

g"(x) + OChY)



The fire-point formula results in

125 2U(x .y) = U(X-h ,y) + u(x + h
,y) + u(x - y -h) +u(x

,y+h) - 4u(x , y).

Restricting & to a unit square ,
with h=+1, meI.

We estimate me unknown" values wlih , jhj. The

RIS of equ is hifix .y) ,
then this gives nxn system

withHim" unknown i ,j.

Hit
,j

+ Mitig + Rijn + Mijt-4Hij
= hiflih , jh) (*)

Having ordered grid points ,
we can write ( *) into

Al = b

We need to prove
that as ho

,

the numerical sol" (*)

tends to exact sol" of Ju = f 1 with appropriate

Dirichlet b
.

C .) .

Example (Natural ordering) A depends on how the grid points

are arranged in the ID array. In the natural ordering,

where grids are arranged by columns ,

-4

A-(I I , .) (1 -4

Ihm4(Gershgorin theorem) All evals of an uxn matrix A

are contained in the union of Gershgovin discs in the

complex plane.
Val <Uti .

Ti : /zee : Iz-aildril
, rail .



If : For any matrix
A

, if Ax = xx
,

and (xil = max (x
j

) .

Let I = X /Xi ,

so IXj)<1 for ji .

Since A = XE,

[aij; = Xi = X.

So splitting the sum and consider * : :

1 .

jX; + Ai =

Applying triangle inequality,

| x-ai)-1ajx; ) = (a) (X)

Elay) = Vi. I

↓

em 5 For any ordering of grid points ,
the matrix A of (*)

is symmetric and negative definite.

If : If dij 0 for itj ,
then ith and jth points of the

grid (ph , qh) are nearest neighbours ,

so An to =

Aj = di : 1 ,
so A has real eval and evec.

Let Ax =1 ,
and let i = argmax (Xj) , then rendering

(AV) := /Xi ,
we have

= (t)

Here Acc = -4
, age do

, 11 for ji
,
with at most 4

non-zero elt on RHS
,

So 130 is impossible.

Assume 10
,
then IX1 : (i) whenever dij = 1

.

So we can

change i to any such ; and repeat the argument.



Then every elt of I will have modulus (Xi)
.

but (t)

at the boundary of the grid and have fewer than 4

off-diagonal terms is not true. So x = 0 impossible,

so10 => A-ve def. D

Hop6 The evals of A are

xkl = -4 (Sinh +sin
where hot

,

k
,
l=, . .

..
m.

if : For each (k , 1)
,

the rectors

V = (Vij) · Vij = Sinixsinjy · x = kith
, yelih

are evec of A. For iij= , .... m,

(AF)iij = Sin(jy) (sinlix-x) - 2Sin(ix) + Sin(ix +x)
+ sin(ix))sin(jy - y) - zsin(jy) + sin(jy +y)

= sinIjy) sin(ix)(2cosX-2) + sin(ix) Sinliy) (2 cosy -2)

- X Viij .

Note that Mizcig , Kijt do not appear for i .je) or

iij =
m

,

so we should have dropped the corresponding

components ,

but they equals O Since Sinli-1)x = 0 for i,

sin(i + ) X = 0 for i'm Since X:t ,
so evals are

↓ke = (2 cosX - 2) + (2 cosy - 2)

=- 4(sin** + sin) = - 4 (since + sin) is
Remark For 1k , 1m

,
we have sinx =X .

So the

eval for discretised /aplacian In are

- (h) = (b)



 

Recall that the exact evals of Jare- (k+12) k,EN

withef " Ve(X ,y) = sinktx snling. So the evec for

On are the values of Ve(xy) on grid points ,
and

evals forIn approximates the cts case.

Convergence of 5-point formula

Let Vij = Ulih
, jh) and Cy = Mij - Hi, be pointwise error.

set e : (eij) < /R
, n =M2 and for XER" ,

lll = /I'l be

Euclidean norm .

IXII
*==

IhmT Subject to sufficient smoothness of the fof and of
the boundary conditions

,
I Go indet of himi S

.

t.

1211 Ch .

If : We already know

Mi
.;

+ Wit
, j

+ Vij + With 44:j = 4fij Hij,

where
Mij

= OCh4)
· Subtracting from the approximation,

Citig + litlig + binje + Eijth-Heiij = Hig.

or in matrix form , A2 :

A ,
A symmetric ,

so

Ac = A = = = Ag = 1211- 1A'11 1q11 .

Since A satisfies (gj1 <Chd , him . Vij = , ....
m

,
so

llAlic Mi Comind(C48 = ch

=> 11911 eh'



Note also A sym , so At sym ,
andIt'll = PLAT) is

the spectral radius of A" . P(At) = max(kl , Xievals

of At. The evals of Al are reciprocal of evals of A . So

11 A11=a m (sin + sin)

-sinth) Th
Therefore ,

1811 < DAIHA/ Ch for some co. D

observation The system Al = b can be written in

()()-( :) (
I B = (

-

B is a TST-matrix (tridiagona , symmetric , Toeplitz (const.

in dag . ))
.

The evale and othogonal evecs are

Bae-lef · De = -4 + zcos
, E : Um (since

where =1 . .... m
. Um = E is the normalisation rector.

So B = QDQ = QDQ
.

D = day() . Q = QT = (ge) .

Note that all mxm TST matrices share the same full set

of evecs so they commute.

Method8 (The Hockney method) Set Un = Qu
,
@ :Qb,

then

() ( : (



Reordering the grids by rows
,

so we permute + = PI
,

2- = Pe ,

So we have the new system

(1 ... )(i) - (i)
1-Me

man
I S

k =1 ....,
m.

These arem uncoupled systems /Ek : E. Being

tridiagonal ,

the system can be solved at cost OCm). So

the steps and costs are

(1) Ek = QbK · K=, ..., m OCMS)

(2) Solve 1k = Am)

(3) Uk = QXR Olm3)
.

(Permutation G · In basically free) .

Method 9 (Improved Hockney algorithm) Noting Ge = Um sin ,
so

(Qy)n = sinYi

- Im expi) 45

= In expe
forl = 1, . .

.,
m.



10 (Discrete Tourier transform (DFT))
.

Let ito be the

space of bl-infinite complex n-periodic sequences :A heem.

S .
t . Xatl = Xn

.

Set Wn = exp()
.

The DFT of X is

E :
Tn + Tn St Y-EX ,

where

Ij= we
j = 0, ...,

n - 1
.

-

Exercise Prove that E is an isol ofiim onto itself ,
and

-

= - Ey . Xe-wilge :

1 = 0 ...., n - 1
.

Observation : multiplication by Q can be reduced to calculate

an inverse DFT
.

Since we need to evaluate DFT in a

single period ,
we can do so by multiplying a rector by a

matrix at O(na) operations.

Fast Fourier Transform (FFT)

Assume n is power of 2
,

12 .

H = 2 m = 2 P
,
and for yeTzm.

denote by
y
(E)

= <Yelen %10 : Synthet
the even and odd portions of 7. Note y(E) , yeTm.

Suppose X(E-"y(t) , X0-y(0) ,
then it is

possible to assemble X = Ey in a small no of operations.

Note that = 1 and Wim : Wm
,

the

Xilyonlyl s



-iEW will
= xE) +wX

where 100 ..... M-1
. Therefore , it costs m products to

evaluate the first half ofI
, provided XCE)

, X10 known.

It costs nothing to evaluate the second half
,

since

comtl) = wil
, cm=-Xmt = X-wx

l = 0..... m- 1
.

Altogether ,
the cost of FFT is pzP": In logan .

2. Partial Differential Equations of Evolution

Diffusion equation

Consider the solv to the diffusion equ

Ut = Uxx
,

X 50. 1)
.
+Elo ,0

-

with IC u(x . o) = Ho(x) for t = 0 and Dinchlet B
.

C.

u10 .+) = folt) at X= 0 and Ull . t)= . Ct) at X = 1.

Taylor gives

Ut = [n(x , ++) - u(xt] + O(k)
, k = 1t

Uxx = th Tux-hit) - 2u(x . +) + u(x+hit)] +OCh
,

high



So for the true sol" , We obtain

u(x , + +k) = u(xit) + [u(x-hit) - 24(x , +) + u(x+ h
, +1) +O(k2+ khz)

.

This motivates the scheme with Um = Uxmiful on the

rectangular mesh (Xnitu) = (mh .
nk).

utum +M( - zu + Um

m= 1 .. . . .. M .

Here h=r · Mot: is the Courant number.

With i fixed, k =nh" ,
so the local truncation error

is UCh")
· Substituting IC Umand BC Go and Un-

we have enough information to advance in furm

:= (H) . .... Un) to Ut := (4t ..... Un)

Convergence

We say that the method is convergent if for a fixedM.

and VTC0 . /-Usxmitul) = 0 uniformly for

(xmitz) E [0 . 1] x [0
.T]

In other words
,
if em := um-Ulmhink) Is the error of

approx ,
and := (e ,

"

..... em) with 12/1 : Hello = max lel
,

a

then the convergence is equivalent to

lim max

hto knsT/
12'1 = 0.

Thm 2 . 1 If MSI · then the above method converges.

# : Let en := Um-klmh
,
nk) . ev := (ei .....

e)
, Hell : 12/10

.

max

lgs equir to o lant/ Hell = 0 for every const .
Two

subtracting the above expressions.

en
"

= en + M(em - 2em + em) + O(h").
= Mem + (1-yu) En + Em + 0(h4).



Then lle/ = maxle(2 + 11-2) l +ch

= lev11 + ch"

since M&E .

Since lle'11 =0
,

induction yield-

I'll -
> Cah" Eh" =Th + o

as h-> 0. 1

In practice , we choose luk of comparable size. som = k/h

is likely to be large.

Stability
. Consistency and the Lax equivalence the

Suppose a numerical method for a PDE can be written in

unt = Ay"
-

YEIM
, An-1RMXM ,

h=1. Fix a norm on RM
,

and let

11 Anll = Sup
If we define stability as preserving the boundedness of

1"with respect to 11 · 11
, then since

11 yell = 11 An roll- 11 An 100

So 11 Anll1 as 6-o -> the method is stable.

If we denote the exact sol as " = UCmknt) ,

then

+ =A +Y"

A is the local truncation error. The error = U - In

satisfies
e = An ?

"

+q

Using IIAul11 and assume 112'1 : 0
, we get

11 en 11 = 11%+11 +... + 11 goll

If consistency holds
,

i

.e. 11411 : O(KE)
,

then ll1 * nakd for



some const . co
.

Since nST/ So lle'll * CTh
,

so

ll1l +> 0 as keo uniformly in ne [1 . T1k]· &

Th2.2/Lax equivalence thm)" consistency + Stability = convergence
"

orms

· supnorm : 11411 : 111lla = max I will

The corresponding norm for a matrix A EIRMM is

11 Allo-o : = Sup = maxA
In thm 2 . 1.

(A- ( llAlloto = 11-2u) +mu) ifM=

· Normalised Euclidean norm : 11H11 = FF
The reason for it is to ensure convergence of Riemann Sum

11411 := (k)" -> (So'lxidx)" = Mulli-

The induced matrix norm is the spectral norm

/Alla : =
"All

11 =112

The is equal to the largest singular value of A.

Equivalently. 11Alle = / PLAATII"
P(M) : = max(111 : / eval of M1 .

Proving Stability directly
Problem 2. 3 We will prove stability EM* Let 12 = (h, ,

. . .,
Um

um = Un +u(Hm- 24 + Cutl ,

m = 1 . . . . .,M.



In matrix form,

: Ant . An ItuAx ,
Ax = (2)

Here A TST
,
YelAx) = -4 sn Xe(Ax) : 1-Yuxe,

so spectrum
les in [xm

,
1 . ]

.

Since An sym,

II Anllz = P(An) = I 11-4Msin < u=

11 - PUs) MI

We distinguish between

(i)
M

= : 11411 < HAI . 14 ... /IAMIno11401

as n+1 for every 10.

(ii) Choose No as ever for 1st .
1131. Then

u2 = /"40 ,

unbounded as new.

Semidiscretisation

Let Um(t) = UCmhit)
.

M = / , . .

.,
M

. +20 . Approximating 2

as before , we deduce from the PDE that the semidiscretisation

dam-t (Um--24m + Un+ ), (x )

u = 1, . . .,M carries an error of OCh 2).

This is an ODE . Euler's method yields

Um = Um +M(Um ,
- 2 m + umt)

Backward Enter's method gives

u - (c-2 + Umi) = un

This method is often known as the method of lines



Method 2 . 4 (Crank- Nicolson scheme) Discretising (*) and using

trapezoidal rule
, we get

Um - In (Um-2 + Mil = Um +B /um:-2Um + Um

m = 1 . . . .,
M

.
with error OCK3 + kh").

Each step requires solving a system ,
but the matrix is TST.

so we can use Cholesky factorisation
,

with OCM) operations.

2.
5 A is namal if A = QDQT = QDQY

, D day .
Qunitary.

In other words .
A normal if it has a complete set of

orthonormal evecs.

wate
: Sym matrices and skew-sym matrices are normal .

Prop2 . 6 If A normal
,
then 1All = /(A).

If : Let ye &
"

, we expand it in the orthonormal basis

of evecy= age .

Then Al-Sidigi.

1) Allz :=Sup Imax
D

Remark For any A
. llANz = /PCAAt) 1" and the above prop.

can be deduced from this.

Example (Crank - Nicolson method for diffusion equ) .

Let

Um - In (Um-zU + Umi) = Um - In (Um-2U + Mint)

for m = 1 . . . ..
M

. Then B = CU "

, where

B =-trad ,
C-I +ut. Ax = (i) mum



Then U"" = B"CU" · All TST matrices have the same evals,

so does BTC. The evecs are orthogonal , and A : BiC is

normal and the evecs are

X (A)= =

I-zusi
= (xk(A)) = I

1 + 2 snh

for k = 1 . . . ..
M . So Crank-Nicolson is stable VM30.

Example (Convergence for Crank - Nicolson for diffusion equation). It

can be verified that the local error of Crank - Nicolson is

= O(k3 + kh2)
,
where Olk3) inherited from trapezoidal rule

(Compared to O(k2) for Euler's method) .
We also have

114'1 = /hmml(" = OCk3 + kh2

Hence
, for the error vector , we have

Ben = Cer + y = 111 /l B " C11 ll11 + 1B'11A'll .

We proved 11B"C11-1 .
So llB"11[1

,
Since all evals of B are

21 (by Geushgorin's thm)
,

so le
*I He'll + I'll ,

and

I"11 < 11 + UllA1 = NAI * (3 +k = CT (b + h2)·

Taking K = ch will result in OCh4 error of approx.

Consider the advection equation

= OSX11 , t = 0.

with IC n(x . o) = Mo(X) ,
and Dirichlet B . C. US , t) = Polt)

and u (l . t) = P .
(t)

If we discretise RHS by = In(uixthit) - U(x-hit)) + O(42)
,

we get dmn(Um+ -Um-) .



Example (Crank - Nicolson for advection equation) . Let

um- Um =M(u-u)+ (um-um +)

In this case U = B"C &"

3 = (i) ,
To s : (P) ,

d = d + zipcoskx,sin

X = th= , so S normal
,

have same ever ,
so does A=BTC,

So A normal and

↓ (A)=SeAlk=
So Crank - Nicolsion Stable VMS0 .

Example (Euler for advection equation) .

Consider

unt - un =M(Um -hm) ,
m = l

.....
M

Then U = Au , where

A = ImmuI S
but A not normal , although evals are bounded by 1 if M12 ,

levals are IMM ,
since upper triangular).

It is easier to work withAllies given by 11-u/M
and this is <1 when M=P.



Technique 2 .7 (Fourier analysis of stability) Assume recurrance in

the form

Saunbumme
The coeffs ak ,

be indpt of min but typically depend upon M.

Let = (Vmimen1z/k)
.

It's Fourer transform is

~ (0) =E time -TO

Equip sequences
and fis with norms.

111 = (IR) D=valdo1

Lem 2 .8 (Parseral's identity) For any VELITI ,
III11 = /VI *

If : -timova do

-mue-imo do

- Um emp do

=m Sm = 12.

using [ gilodo = 25(1).

This implies FT is an immetry of the Exalidean norm.

Analysis 2
.9 (Fourier Analysis of Stability) For OEI-T

,T ,

let

un(0)= empun be FT of t() . Multiplying
byeimo and sum up for meI.

& -impanU
m= -



=Sa elm-o
= (aneiro in

Similarly ,

on the RHS
,
ENCO) =H(P)N0)

,

(t) where

H(0)=b
H is called the amplification factor of the recurrence.

Thm 2 .
10 The method (* ) is Stable 1H10)11I VOEETT]

.

If : The defi of stability is equivalent to that Ja30 St.

114411C Felt ·

Note that FT is isometry ,
so stability

is equivalent to 11F/** C Frett
· Iterating (t) .

we have

[01 = [H(ll]"v(d 19EIT , nett.

Assume (H1911 F 101 , then (10)1 < lic)))

=> I=unaldo IGO'dO =N

Hence stability
.

Assume 700CEN ,

i) S .t . (HIP)) = 1 + 2 * 31
, say ,

Since H

cts
.

7 - < O , <@ < S · t · H(d21 + E V PEIO ,
O2].

Set y= 02-0
,
and choose IC as the fe

400 =( 0= 01 D

O %w

Then NUF=IHO 1011' do

-So I 101 do



(1 +(2) do
= (1+ 2) -> n as ne U

.

So the method is unstable. D

Example Consider the

Carchy problem for diffusion equ.

(i) Enter method : = C + u(Um--2Um + Umi)

= H(d) = 1 +u(e
20

- 2 +e)
= 1- Busine TIqu ,

17

So stable iff n= .

(ii) Backward Euler : Un* /Um-2Um
*

+ Until = Mi

=> H(0) = (1 -u(e
10

- z +eir)" = (1 +qusin)" =10 , 1)

So stable for all
u.

(iii) Crank - Nicolson

unt-En(mt-zu +Uni) = Um + &(Um-zum + Um + 1)

Then

1 + zu(ei0 - 2 + e)
H(0) =

1- InCep-2 + ei) =usiI
So stable for all M30 .

Advection Equation

Problem 2 . 11 (Advection equation)

Ut = Ux
,

Xz0 .

U= U(x .+) .
U(X .

ol=Y(x) .

Exact Solv is UNX ,+) = Y(x++)



Example (Downwind instability) Consider

Zumt (Umit-Uml
So coming to ODE Unit) = 5h(Umit)-Um-lt)) . For Euler

method,
um = Um (U- Um) , net

The amplification error is

H(0) = 1+
-Me

For O:Tr
, IHOK = (f)

*

>1 ,
so unstable XM.

Example (Upwind method) Semidiscretize Zult(Umtilt) - Umit))
.

then
un = Un +M(Um-Um) ,

neL+

The local error is Olk' + kh) ,
which is OCh for a fixedM,

hence convergence if stable.

iO
H(0) = I-Me

Then IH(O) = 11 quei0 < /1-MIM = 1 formeto ,].

So stability forM21 .

For M31 . IH(-1-2131 , so

instability for Ms.

Using Euler method for advection equ .

Un
"

- um =M(Umt-Um) ,

mel
....,

M
,

we have ur+= Al" ,

n = )M. (
But A not normal.



Method 2 . 12 (Leapfrog method) At in(Umelt) - Um- , (t).

Solve with mid-pt rule

Yn+1
= yn - 1

+ 2kf(tn , yn)
Outcome is

unt = M/Um - Um , ) + unt

local error is 01k3 + 1h2) = 0(h3).

Assuming we are solving a Cauchy problem,

(0) =u(e[ - e [P)un(0) + Y + (0).

whence

+(0) - Lisino (10) - Y+ (0) = 0
,
neLtt

Our goal is to determine values ofMs .t . /ECO)) is

uniformly bounded Un ,
O.

This is a difference
equ Watitbontcrim-0 with general

sol" Wh = C
,
X

,

"

+ Cate
,
1

.. 1 roots to +b) + c =0·

If X. =1
,

Wh = (c + culd" Here

↓
1 ,
(P) = insing If using

Stability equivalent to /x , 210) -1 VO
,

and this is

true iff M-1.

Wave Equation
Problem 2 . 13 (Waveequ) Utt = Uxx , t = 0

, given u(X. 0) and

U+
(x

.
0 ) . The usual approx look like

U-2Um + Um = M(Um-2 Um + uYm-1

with M= K2/h2



Fourier analysis of Cauchy problem (infinite domain) gives

unt 10) - 24 10 + Y2 10) :
- 4USING 10).

Then char egn is X-2/1-zusin-E)X + 1 = 0 .

Product of

root is 1
,

so Stability (/X1 .2)[/) equivalent to

roots being complex conjugate ,
so need

1-zusin
this is true iff M = 1 2 1 .

Diffusion egn in 2 space dimensions

Problem 2. 14 (2D diffusion equl Solving

-y , Oxy .
t

where U= U(x. y . t) · with IC at too and Dirichlet B . C .

at

2
.

Let Unit = Ulth , mh , t) ,
h= Ax = by and Mem : Mem(nk).

the fire-point formula give

Hem = t (Hem + Mexim + Me
, me

+ Me ,
me

- 4em

or

u= A+ 1
, u = (Hen) @RN

where

Ax =(i) ( IH=)



Euler method yields

= Wim +M(Mem + Vitim + Kim-1 + Yeine-en)
N

yut = Ayn -
A = IyuA*

where M = k/h2· The local error isa
= Olk' + kh) = OCh").

Note : We choose spectural analysis for bounded domain,

Fourier analysis for unbounded domain.

Note that A sym ,
so normal

,
so the evals are related to

those of Ax by

xxe(A) = (+ +x(Ax)
= 1 - 4u(S- +Sh

Then

sup peal = maxh , ll-l o

so Me4 Stability
Method 2 .

15 (Fourier Analysis) We extend the range of (x .y)

from [0
,
1] x[0. 1] to 1P2

·
Then the ID FT is

[10 . 4) =& We eillon

and all our results can generalise. In particular , FT is

an

Isometry form 12TTP] to L2(F+2) ,
ie.

Lee Nem" = Dall = 1 =(d 10 ,414)"
The method is stable iff 1H(0 . 4111 V 0 . 4-ENT]

H(0 , 4) = 1 +u(e
c

+ e + e74 + e

+ 4
- 4) = 1 - qu(sn + sint)

.



So again , stability It M 114
·

Method 2
. 16 (Crank - Nicolson for 2D). Applying trap ,

rule to

Semi-discretisation
,

we obtain

(I-Indx) yrt = (I + InAx)I"

So we more by solving U = B"CU2. Eval analysis

shows that A-Btc normal and shares same evecs with B

and C
,
hence

XIAI -MAP IA as IAO

So stable for all M.

Technique 2
. 17 (Splitting) In Semi-discretisation

,
we reach ORE of

the form
H1 = An , 110) : Do

The sol" is

(t) = etA Yo

where eB: BR · Easy to Verify that GetA = AetA

If A can be diag ,
A = VDVT

,
then eth . VeEPV,

where etD = diag (etDi) ,

but computing evals is costly

Indeed
,

one step method approximates a matrix exponential.

· Euler : unt = (1+ kA) u"
·

et = 1 + z + 0(z)
.

· Implicit Euler:
"

: (F-kA)"" ·
eF = (1-z)" + 01z4

Trapezoidal : Unt = (I-IAl" (IEKA)
·
et= +O(



If A is sparse ,
this can be exploited when solving linear

system.

In
many cases ,

A is a sum of two matrices
, say A : B + C.

Emple 2D diffusion equ with zero b . C, then

A = th (Ax +Ay)

where AxERMYM" corresponds to the 3-point discretisation

of 25.

Ax = (F) · Ay:("a).
with G = (ii2) ERMXM
Remark : We can write A = GQ I , with

A B --- AmpB
:

7

- : I E
X MAMB

A & B = (AB
... AnamaB

Am

with At R
A xmA

,
BelR"BXMr.

In general , expLtiB+cl) + exp(tis) exp(tC) . Equality holds

iff [B
.
C] = 0.

Drop 2 . 18 For any matrices B
,
C,

e
+(B + c)

= e
+Be+c

+Et (c - Bc) + O(t)) .

If B . C commute
,

the eB+ = eBe

If : Taylor expand.

etBetc = (l + +B + It B2 + 0(t31) (1 ++C++C' +Ulti

= I + +(B +c) +Et (b) +c+ 2BC) +O(t3)
.



et(B+c)
= I + + (b +c) + ( +

+ (B) -c" + BC+ (B) + 0(+ 3)

If B
,
C commute

exp(B+ c)= (B+C)

B

= (b)B*
C

=i) !
Bhak

=m !
Bac = e

Technique 2 . 19 (splitting for 2D diffusion equl Recall Ut = 2in + 3j

using the fire-point scheme yields

↓= (Ax + Ay)y

where Ax = GOI
· Ay - 10 2

. G-(F ··2)
It can be checked that AxAy = AyAx : GQG

,

so

kAx +Ay)/h2
= e
kAx/n= kAy/h2

e

So the semi-discretised diffusion equ in ID with zero b
.
c.

satisfies
qu+KAX/hkAy/h

The Split Crank - Nicolson Scheme

We approximate each exponential map by rational fr

r(z) = (1 + 72)(1 - =(2)
-



which leads to

yH = (I + Ex) (I - Ex)" (I + EAy) (I-EAy)"1
Note that computing

unt = /l + EAy) (I-EAy) "y

can be done in OCME) as Ay block diagonal.

Solving the remaining part is also OCM2) Since Ax also

block diag provided we permute the rows and columns so

that the grid order by rows but not columns
.

So the

scheme can be done in OCM3) and only requires

tridiagonal matrix (no FFT needed)·

Stability : Write

1) r/uAx) rMAy)12 /1 r
.

(uAx)12 Ir(Ay(112 =

since

11 ruAx)/1z = 11 (I+ EAx)(I - -Ax) - 122

since Ax sym and evals 20 .

Exercise Check the consistency of the scheme

un
+ 1

= v (uAx) ruAy) y

In particular ,
show that split Crank - Nicolson has the "same

local error as Crank - Nicolson scheme
,

i

. e. local error is

O(k3 + kh2).



ExampleConsider

= (axy * ) + (a(x,y) (y) + f(x ,y) .

where alxy) > <30
, fix,y) given , with E . C

.

on to ,
is and

Dirichlet b
. c. Replace each space derivative by central

differences
-

↓g(3) g(3
+ -g(3-th

h

resulting in

We = (Anym Mem + Mem Yet m + &emai Meat

- Reme He men - (He-m + Genom + Me
, m-x

+ &em+ ) Mem) + fem

Assuming zero b
.
C
.,

we have 1 = Ay ,
where

A can be split as

A= (Ax + Ay) -

Ax
. Ay constructed from the contributions of discretisations

in x-and y-directions resp , ie . As includes all the

Nethom terms
, and Ay consists of Reme terms. Ax , Any

-

not necessarily commute , so

un+= ekAx/h2k12thyn

carry an error of OCK).

Strang splitting

One can obtain better splitting approximations of etiB+c). It can

ItB +C
be shown ee 2

Itis
gives a OCt3) approx. of et(B+C)

,
ie .

et(B+)
= eitBe +cei + B

+ 0(+3)



Technique 2 . 20 (splitting of inhomogeneous systems) In general,

the ODE is of the form

u' = Ay + 1 , 4(0) = 4

whereb originates in b
.

C .

and possibly fixy) forcing term.

We should have b : b (t) , since b
. c .

may vary with
time.

The exact solv is provided by the variation of constants

formula

A(t)-etH(0) + %. elt-s)Ab(s)dS.
Therefore

,

Altu)-eAustel+(tu
- SA
b(s)d

1 * /

(t) can be evaluated using quadrature ,

e . g . trapezoidd

rule gives

I(tn+ ) = ekAy(tn) + Ek)ekAb(tn) + b(tu+ 1))
.

with a local error of O(K) · We can replace exponential

with their splittings. E.g . with Strang's splitting with

r(z) = (1+ z(z)/(l -z(2) .

Grt = r(2kB) r(kC)r(tkB)[yn + 2kb] +zkb+

Then everything reduces to inexpensive sol of tridiagonal

systems.



3. Spectral Methods

General idea : Consider PDE in LU : f . We can choose finite subspace

of fis V spanned by Y..... Yo .
We seek approximation by a L . C

. of

In ,
it

. UN(x)= CYx. Thei

N

CLYn = f.

Assume (Tn) Orthogonal ,
we require the projection of Cuw-f

on the subspace V is zero
,

ie .

C <42 , 4m) = <f, 4 m)

We call Amin = (th
.
Ym)

,

then we end up with

Ac : F,

where Fu = (f, Ym)

Problem3. 1 (Formier approximations of f's) .

Consider the

truncated Tourier approximations of a fif on El . 1].

N12

f(x) = Pw(x)=e ,

X

where N22 and Neven ,
and

En = Si fit) elintat nett.

Am3.
2 (The de la Vallee Poussin thm) If f Riemann integrable,

&

fo :Uni for In/X1 ,
then Pax = f(x) + O(N') as NEW

for every XE(-1 , 1)
,

wheref lipschitz.



&

Remark (The Gibbs effect at end points) Note if f smoothly
diff

,
then IBP give

Fife-f(+ Y = 0(n)

for I/41 .

Sincef lipschitz on 1 .
1)

. PNegs to f

with speed OCN-) .

But this is slow and we cannot

guarente Cgs at # . In fact ,
it is possible to show that

PN(Ell -> If(-1) + f(ul] as new

Hence
,
unlessf periodic ,

we fail to converge.

Method 3 . 3 Supposef analytic fo in E .
1)

, that can be extended

analytically to a closed complex domain 12 . Let f be periodic

with period 2 . In particular , fim(-1) = f(m(1) -mel+
,

then,

by multiple IBP
, we get

In = = FinF =...

Thus
, we have

In Finge Fill
for m= o, 1

. ...

But
,

how large is If ? Using Cauchy's thm

f(m(x)= X E ,
i

where V is the oriented boundary of 2 .

So withx"o

being the minimal distance between V and [1 , +1] and

M = max(Hfiz) : zey1 <O
,
it follows that

If(m(x))=Sethm



Hence
,

we can bound 11 Cm ! Ch
+

for some Cho .

Thus,

14w(x) - f(x)) = 1N Yeiux
->Sinful

=
t

Using FrEN ,
m > 1.

Som =, -m+
So

1Pwx-f(x) = C'm ! (m+ ma2 .

Finally , byStirling's formula

m ! ~Eit mi
+ 12
e-m

,

we have

m !(
m +

which becomes small for large N,
So 18-fl = OIN-1) for any

peN ,

and so Fourier approximation on an analytic f is of

infinite order.

Def 3 .4/Convergence at spectral speed) An N-term approximation

to of a fif agsof at spectral speed if 10h-fll decays

faster than OSN-P) for any P: 1 ,

2,
. . .



Remark : It is possible to prove that JC , 130 Sit.

IIPw-fll -<C ,
eWN VNEN uniformly in F1 .

1). Thus
, egs

is

at least at exponential rate.

Algebra of Fourier expansions : Let o be the set of all f's

f : El
. 1] -> C analytic in El . 17 . 2-periodic can be extended

analytically into complex plane. Then a linear space.

f(x)=g

We have

f(x + g(x)=+ )eix , <fixe
and

f(xg(x)= Frmme(fx)eix
where Egln = /F * )n .

Moreover
, if fel then fed

,
and

f(x) = in Fein

Since Ifal decays faster than OCn-P) for any PENN , this

provides that all derivatives of f have rapidly convergent

Fourier coeff.

Example Consider y = Y(x) .
XEF1 .

17.

y" + a(x)y" + b(x)y = f(x) , y(+ ) = y()).

where a ,
b

, fe and we seek a periodic solution yet.

substituting a b
, f . y by their FS.

-'yn + itSomanmYm +S Earmym : In
.

neL



Since abifet ,
the Tourier coefficients decrease rapidly ,

like

OCMP) for every pEN . Hence , we can truncate into

N-dimensional system.

N/2

- Tn
-

yn + iπ[ mAn-mYn +W BuY =F
m

=

= N/2 + 1

for no - E + 1, . . .,

Remark The matrix of () is in general dense ,

but our

-

theory predicts fairly small values of N
,
hence very small

matrices
,

are sufficient for high accuracy
.

E.g . choosing
a(x) = f(x) = COSTX ,

b(x) :

Sin(2x)
,

we get

N = 16
,

error 10
to

- 15

N = 22 error 10

Exercise The transformation matrix of DFT is
-

I --- I

:...

W = I · co2
... (" wine
...
cna

Where Wn = e

-2inIN
.
Show that WW* "W : I.

Method 3
.
5 (computations of Fourier coeff (DFT))

.

We want to

compute
In = S: fit) eiint dt, net

.

Suppose we wish to compute the integral on #1 . 17 of af"

feA by means of Riemann sums on the uniform partition

S hitsde



This is known as a rectangle rule. We want to know how

good this approximation is. letting w=etilN , we have

When
-

k= -N/2 + 1

Since W,

n = 0 (m)m cork =WIN-nkn
k = -n(2+ 1

and we deduce that

N/2

*Sh =2
Hence

,
the error committed by Riemann approximation is

Ew(h) :=-It -
=2 - 2

= 2 hae + -wr
Since hel

,
its Fourier coeff decays at spectral rate,

i

. e. Ear = O((Nr)-P) for any peIN · hence,

ea(h) = OCN-P1 XpeN.

We may compute integral of h(x) = [f(x) elinux by Riemann

sums
-

In =↓ f()c =- + 1 . ..., E (t)



Remark The formula It) is the DFT of (yc) : (f(z) , here

we have a spectral rate of convergence , and a fast

algorithm (FFT) of computing Tourier coeff.

Problem 3. 6 (Poisson equ) Consider

-U-f.x . Yel .

f analytic and obey periodic b
. c.

f(+, y)
= f(( ,y) - 1 y = )

,

f(x ,
-1) = f(x , ) - 12xx)

And add the equ to b
. c.

u) - 1
, y) = u( , y) ,

Mx(l . y) = Ux( +. y) - 14y =

u(x .
- 1) = u(x , 1)

,
Hy(X ,

+ ) = Hy(x , 1) -1xXx

With these B
.
C

.

S
,
solv is only defined up

to
an additive const.

So we add a normalisation condition to fix the const.

S1dx) , dy uxy) = 0.

We have spectrally convergent Fourier expansions

fixy) =& Feel
and seek for

u(x.y)= The
llxy

since 0 : Sidefidy uy

= Tr /Ide Sidy fix(kx
+ ly)

= 40.



and
Ju(x,y) = -Tz(k +1) TeiT(kx

+ly)

Thus
,

I
Te =-+ Fie klet

,
kil to

.

To
,

= 0

Ranark Applying a spectral method to Poisson egh
is not

representative for other PDEs
.

In fact , P = eii(ex +ly

are the ef's of 52 with eval-Hilk' +1 %) and they

obey periodic B.
C . S.

Problem 3 .
7 (General 2nd linear elliptic PDE)

.

Consider

JT(a]u) = f - ((x-y -
3 .

with alxy)30 ,
a of periodic. Imposing periodic b

. C and

normalisation condition
,
write

JT(ayu)= (aux) + (auy) = f

and use Fourier expansions

gixy)=kete(y) hexyl :Ehmin Puneya

together with

-

(g . h) ke=kemenn is

Elke = in k ge (gy(k1 = iT/(l

(hx) min = im han (hy)min = in hmin



This gives

-SE (km +(2) Ek-miluminPe(X(y) =& Fre Pe yes
k

, lEZmnEI

Truncate the expansions to
- N/2 + 1 < k , liminN/2 and impose

40
. 0

= 0
, resulting in a-1 linear algebraic equations in

1

unknowns Umin ,
min = -Ex , .... E

,

minto.

N/2

2 (km +fu)km , e-n
Amin = - #h Flat

M
,
n = -N(z + 1

for k
.
l =

- E + 1, . ..,

Reark The fast convergence of spectral method rests on

analyticity and periodicity. However
, we can relax these two

assumptions will retain advantages of FS.

·

Relaxing analyticity : The smother the fr , the faster the

truncated series converge .
ie. for fECPE , D

.

we have

OCN-P) order of convergencee. Spectral convergence can be

recovered if feC"( , 1)
,

ie . fix) exists Execu . 1)
,
for

m = 0, 1 , 2. . .

· Relaxing periodicity : periodicityIs
needed for spectral

convergence ,
since FS converges as OCNT) unless flul:full .

However
,

we can set our basis fig , e .g . to Chebysher.

polynomials

Lef" The Chebyshev poly of degreen is defined as

Tn(x) i = cos (ncs'X)
.

or Th(x) : = cos(nO)
,

X = cosO , Oto, i]



Remark· (Tn) obeys To(x) = 1 . Ti = X .

Th+(x) = 2 x Tn(x) - The (x)

in particular In is a poly of degn , with leading coeff 24t.

· (Th) form a sequence of arthogonal poly w . r o

t.

(fig)w := (_ f(x)g(X) wix) dx,

with Wex) := 11-X2)-112 Namely ,
we have

(Te
.
TmIn = S. Tmix)Thix)xe

dx

= S. cosmo cos no do

m = n= 0

- ( m = n =

0 min

Method 3 .8 (Chebysher expansion) Since (TulnE form orthogonal

space ,
a fof st. Si Ifexl "wexdx < no can be expanded in

f(x) =& fr Th(x).
with Chebyshev coeff Fr

. Making inner product of both sides

withTh and using orthogonality yield

(f · Thiw = In (Th .
Tulw

=> F==
where Co = 1

, Cu = 2 for n21 .



Connection to Fourier expansions

Letting X = cos0
, g(0) = f(cosO) ,

then

SifixiThx. = Sofirst InCrosol do= glocos no do

Given cosup= leino + eino)
,

and Fourier expansion of

25-periodic frg ,

glo-gene ,n=gindtn
So

Sif(x)Trix = (n +g)
then

n = 0In = 1tigh we

Properties of Chebyshev expansion

· For integrable ,
then computing Chebyshev is equivalent to

Fourier expansion of g(o) = f(lsO). The latter one is

25-periodic ,

so can use DFT to compute In

· Iff can be analytically extended from El
. 1) (to Bernstein

ellipse) , then In decays spectrally fast for n1 .
Hence,

Chebyshev expansion inherite rapid convergence of

spectral methods assumingf periodic.

Algebra of Chebysher expansions
Let B be the set of analytic fis in F1 . 1] that can be

analytically extend to the complex plane. B is a linear

space and is closed under multiplication. In particular,



Tm(x) Th(x) = cos(mOl cosInd

= (cos((m -n)0 + cos(m+n)0)

= E) Tim-(x) + Tm+
(x)

and hence

f(x g(x) = f TmIxgTn
= F(men +min) Try

↓m 3
. 9 We can express derivatives ofTh in terms of ITk)

as

Th (x) = (2n) · 2 Take ,
(x

Tim
,
(x) = (2n+1) [To(x) + 2 Tk(x1]

Pf : Th(x) = COSMO => Twix) = D , x = co

Sin zno
For m=2n

, from the identityD
=

2Ecos(k-110 ,
as

2 Sino cosk-10= (sickos -Sik-d) = Sinne

For m =2n+ ) , turns into Anti-I + 2 cok, is

sino (1 +2 cos(201) = Sinc+ [sinck+0 - Sin(2k-10)

= Sin (2n+1)0 . 17

Remark (Application to IDEs)
·

All derivatives ofa can be

expressed in an explicit form of Chebysher expansion.

Computation of Chebyshev coeff of fof has to be sampled at



Chebysher points cos(25k/N) ,
k = -H , ...... This resute

in a grid which is denser towards the edges. For elliptic

problems , this is not problematic. But for initial value PDEs,

this can cause instabilities.

R For analytic u.

ubemu
n+ modd

Method 3 .
10 /Spectral method for evolutionary PDEs) Consider

I&it)
= Luxit) XeED t

u(x , 0) = g(x) X [- 1 , 1]

with appropriate b . c . on 3- , 14 x 10 . 01
,

and L linear operator.

We solve this using method of lines (semi-discretisation) , using

spectral method for approx of u and its derivatives in X.

Thus
,

we seek sol" Unixit) with

UN(x,t) = & Cn(t)Yn(x).
#(n) = N

where cnlt) are expansion coeff ,
and Unix basis fo chosen

,
e

. g.

(i) Fourier expansion with Criti = Mult)
,
Yn(x-eitiX for

periodic b
.
c . s

(ii) Poly. expansion like Cn(t) = Unit)
, Unix = Th(x) for other b

.
c

. S.

This results in NXN system of ODES for the expansion weff dental

C = BE

Can solve with standard ODE solver
,
which approximates alt) : etB210)



Example (Diffusion equl

I Ut
= Uxx (x , t)tE 1 , 1] x 1R+

u(x, 0) = g(x) xc [- 1 , 1]

with periodic b
. c. UH . +) = u(1 , t)

.

Ux(- , +) = Ux( 1 , t) and

normalisation S'u(x . +)dx = 0.

For each t, approximate uxit) by its Noth partial Fourier sum

in X.

iπTnX
u(x . +) = UNIXit) =E EntIn

where Tw = 1-N1 + 1 . . . ., N/2

Then each coeff In fulfills

Un(t) = - Tn
2 @n(t)

.

ne Tw
-since diagonalL

It's exact sold is unit) = ein't9 .
for Ut0

, and set Yolt)=

due to normalisation condition
,

so that

UN(Xit)=ten

Rak We can find exact sol" due to spectral structure of Laplacian.

More general ODE will need a numerical method
,

so issue of

stability arises.

Stability analysis : The system above has the form

E = BE
·

B = day) - Tin
·
netw

Note that (a) all evals are negative , (b) they consist of

the evals X* of the second order diff operator ,
with

max/X ) = (N/2)
2



If we approximate with Euler method

Yk+
= (l + -B)k

.

T : = St

For stability condition 11 I + TB1E1 ,
so need to scale the

time Step - = It - N2

For Crank - Nicolson scheme
,

since spectrum of is is negative,

We can stability for any TC0 .

For general linear operator - with const - Coeff
,
B is diag
.

Chence normal) , provided that its spectrum is negative. For

stability we need to scale -van ,
m is the maximal

order of differentiation.

The scaling Tw N'
may

seem similar to krh
*

which we

view as a disadvantage .
However , we can takeN small

for good approx.

Emple (Diffusion equ with non-const · coeff . ) For a (x) > 0
,

U = U(x , +) ,

& u+
= (a(x)(x)x (x , t)cE 1 ,

1] x R+

u(X. 0) =g(x) xc [1 , 1]

with b
. c .

and norm. condition. Approx . U by its partial

Fourier Sum results in

Elt) = -2 [mnan-mumit) netw
meta

We may apply Euler
, giving

+= UK--H2Emnan-mimit) .
Eos



or in vector form

+ = (l + [B) k

with B = (bmin) = 1- muanm) ·
For stability , we need

11I + TB/ < 1.

Rak In general ,
B

.
C . S fo PDEs have to be implemented in Chebyshev

expansion . If B
. C. S imposed exactly ,

either the basis fohave

to be slightly modified , e . g .
to Th(x) -1 instead of Th(x) for

B . C . U(I) = 0
,

or we get
additional conditions on En.

Also
,

time - dependent B
. C . can lead to serious stability problems.

4. Iterative Methods for Linear Systems

A general iterative method for solving Ax = b is a rule

Xk+ = fk(xi .... <k) . Consider the one-step , stationary iterative

scheme

xk+ 1
= Hyk + 1 X, EIRY

Here
, choose H . 1 St . **, a sol" to Ax = b

,
satisfies

* * = Hx
*

+ 1
,

ie . it is a fixed point of the iteration
.

Terminology · iteration matrix If

· error e = X
*

- **

· Residual ↓
k

. = Ae = b - Axk

For a given class of matrices A
,

we are interested in convergent

methods , i

. e. methodsS.t .
X"->**: Ab for every starting

value Xo.



Subtracting ** = H ** + X
,

we obtain

ek+ = Hek =... = H
**

2
/

i

. e .

a method is convergent if e" : H"2 - 0 VEER"

Scheme 4
.

1 (Iterative refinement)

xk+

= XX - S(Ayk - b)

If S = At , then xk+ = A+ b = **, so it is suggestive to

choose S as an approximation to At .
The iteration matrix

for this scheme is Is : I-SA

Scheme 4.

2 (Splitting) Assume A : B + C that solving the system

with C is "easy" ,
then can consider the scheme

Bxk + 2 xk+
=

b

-

eliminating C,

(A - B) xk+

= -Bxk + b

with H = -(A-B) B%. Any splitting can be viewed as iterative

refinement since

(A -B) xk
+

= - Bx +
+ bE) (A -B)xk+

= (A -B)x" - (Ax +
-b)

= xk + 1
= xk - (A -B) + (Axk - b)

So seek a splitting st .

S : (A-B) "approximates At

Thm 4. 3 Let HE R**, then H"z = 0 for any ZERU

iff P(H) < 1
.

If : lett beau eval of H : real a complex ,
St . (x) = p(H) = 1.

Let o be a corresponding evecie. Hw = X w , and

1) HWIld = /"llWn = Ilcllo =: V > o



Ifw real, choose =W So IH"EllZV can't tend to zero.

If w complex ,
then W = +i· Then at least one of

(H1)
,

(H2) does not tend to 0
.
Since if both do

, then

It's -> 0
,
contradiction.

Now let plH) < 1
.
Assume I possess n LI evec (Wj) S .

t.

Hoy- /jj .
LIE VZERY , -CES . t . Z=W , the

H = c; xiwy
Since (j) PCH) 1 . Y H

*
z = 0 13

Ru The complete proof exploits JNF of H , it H : SJS"·

5 = (... ) . (hi ) .

En en

To prove J:
"to if Wilc 1

. Split J = d: I + P
.

Notice PV = 0 for

man , and

(I +p)"=()

Applying thm 43 to et =... : H
**
Go

,
we get

Thm 4. 4 Let X*, a sol of Ax = b . satisfy X*= H **+ 1 , and

we are given the scheme

xk+
= Hxb + 1

, X0 ,
VER .

Then -
*

-> ** for any choice of Xo iff p(4) < 1.

Method 4.
5 (Jacobi and Gauss Seidel) Both of these methods are

versions of splitting which can be applied to A with non-zero

diag elt. Write



A = 10 + D + Go

j ↑ A

strictly lower ding strictly upper

trangular triangular

(1) Jacobi method : Set A-B = D
,

and we solve the diagonal system

Dx(k+1)
= -
(0 + 40)x(x) +b

and HJ = - D" (Lo + Uo)

(2) Gauss-Seidel method : Set A-B = L + D = 1 .
We solve the

tridiagonal system

(Lo +D) x(k
+ 1)

= Uox(k) + b

and Has = -(Lo + D) "No-

There is no need to invert (to + D) , we calculate x(k+ 1)
by

foward substitution

diiX(k+ )
= - E dij xt-dijX

i = 1, ..., M

The sequence X" converges to Ax = b if the spectral
radius of Hj = - D" (LotHol or Has : -ClotD) No resp ,

is

less than 1.

we want to prove (a) diag .
dominant matrices

, and (b) positive

def matrices satisfies the above conditions.

B (Gershyrinthu) NAICT , M : Szec : 1z-aukril
,

ri := la)



Def' 4. 6 Istrictly diag dominant matrices) A is strictly drag dominant

by rows if lack, laj) ,
i, ....

From Gershgorin thm , strictly diag .

dominant matrices are

nonsingular.

Thm 4.7 If A strictly diagdom. ,
both Jacobi and Gauss-Seidel

methods converge.

PF : For G-S ,

evals of Has = -(Lo +D) "No satisfies

det (Has - (1) = det1- (Lo + D) "Uo-dl) = 0

=> det (Ax) = = det (no + X D + /(0) = 0

Easy to see A : Lo + D + 10 strictly diag dom
,

then for I = 1,

Ax = 10 + XD +Ho strictly diag down ,
so am-sing ,

so

det(Ax) = 0 impossible ,
so IX/1 , hence convergence·

Similar for Jacobi
. 1

Thm 4
.8 (Householder - John thm) If A . B real s . t . both A and

A-B-BY are sym pos , def ,
then the spectral radius of

H = - (A-B) "B is strictly less than 1.

# : Let I be an eval of H .
So HW = /W , where wo is

an erec. .
(Note &

,
w have non-zero imaginary parts if It not

syn) · Def of It provides the equality -B = /1A-B) W
,

and

note 1+ 1 since otherwise A singular .
Thus , we dedure

+ Bw= + Aw ( *)



Writing W = 1 + i .
1 . I real , we find /for C-CT).

w
+
Ca = Cu + ECV

So sym pos def . in the assumption impliesAc >0 and

EP(A-B- BT) #30
. Use ( * ) and its conjugate transpose

=> ocetAw-TBE < TBTw

= (1- **-)A=A
Now 11- /X-1120

.

Recall Ac >0
,

we see 1-1130

So Mk) occurs for every eval of H. I

Cr4. 9 (i) If A sympos . def ., then G-S converses

(ii) If both A and ID-A Sympos . def
,

then Jacobi method converges.

If : (i) ForG-S
,

is is the superdiagonal part of A ,

hence A-B-BT is

equal to D
, the diagonal part ofA . If A pos. def ,

then D pos · def.

(ii) For Jacobi ,
B = A-D . If A sym ,

then A-B-BT = 2D-A .
(The latter

matrix is the same as A except the signs of off-diagonal elts are

reversed. 1

Example /Poisson egn on a square) The system Az = b .
where A pos

(neg) sym def matrix , frequently occur in numerical methods for solving

elliptic PDEs . Typical example is Poisson equ with 5-point formula

yields an men system with n=m"unknowns Up .q,

Upg + Uptig + Up, q+
+ Up .g+ 1

- 4Upq = heflphigh). (H)

(Note that when pig-lim ,
the values in boundary are known

and they should be moved to RHS)·



For any ordering of grid points (phigh) we have shown that

A is sym andmeg . def

Cor 4
.

10 For (t)
· for any ordering of

the grid ,

both Jacobl and

G-S converge.

If : A sym neg defi so converges for G - S. For Jacobi , we need

neg . def .
of2D-A. Recall prof of Lem 1 . 5 operates with modulus

of off-diag elt and does not depend on their signs. A

Method 4
.

11 (Relaxation) It is often possible to improve efficiency

and the splitting method by relaxation· Specifically ,

instead of

letting (A-B) ((k+)
= -B1

+ b
,

we let

(A -B) ((k+1

= - Bx() + b
and then

((k+)
= wE(k+1)

+ (1- w)x(k)

for K = 0
.

1
...., where w is a real const called the relaxation

parameter (Note W : I corresponds to standard "unrelaxed" iteration).

Good choice ofw leads to smaller spectral radius of the iteration

matrix
,
and the smaller the spectral radius ,

the faster the

iteration converges. To this end
,
let us express Ho in

terms of H=-(A- B) "B
.

Y(k+) = Helk + 1 = xk+ =
w+)

+ (1-w)E(k)

= WHI(k + (1- w) X(4) + WV

Hence
,

Hw = CH + 11- c)I ·



It follows that the spectra of Hw and H are related by

↓
w

= 2) + (l-w) ·
therefore one can choose WEIR to minimise

PIHw) = max((wx + (1-2(d) : Je +( + h.

In general , &(H) unknown
,
but we have some information to

find a "good" value of W.

For example , suppose OCH) is real and resides in [C .BJ ,
where

- k <c) .

Seek w to minimise

max((wx + 11 -w(x) : et ,+3) .

Readily see that for X1 , f(c) = wX + (1-2) is decreasing
.

So as no increases (decreased from 1 ,
the spectrum of How

moves to the left (right) of the spectrum of H .
Clear that

the optimal location of Hw) (or of the interval Kw
.pr]

that contains & (Hwl) is the one which is centralised around

the origin.
- [2 + (1 - (1) =

cop
+ (1- w)

=> Woptip) .
- Copt = Pope B

Method 4. 12 /optimisation of quadratic function) The methods we

considered fit into the scheme

X(k+ 1)
= X(k) + ((k)

where we aimed at getting PCH) < 1 for iteration matrix H.

say , for Jacobi with relaxation . C = W
.
&M = D" (b-Ax()·

For solving Ax = b ,
Aso

, we can solve by successive minimisation

of the quadratic fi

F(x(k)) : = 11X*
- X(( = 11e(b)(1)



Since the minimiser is the exact sol" . Here

1171A : = (ay ,7)": = FTAy
is a Euclidean-type distance ,

which is well-defined for AsO.

Approach (Minisation of quadratic fl) The method we introduced are

for solving Ax = b : fit into

-
(k + 1)

= x(k) + (d(k)

where
we aim at getting P14)c1 Say , for Jacoby ,

we set

4 = c
, ((k) = D + (b - A = (k)

For solving Ax = b with Aco ,
can construct iterative method

based on successive minimisation of

F(x() : = 11
*
- * II* : IelkIIA

,

where IIYA := (Ay , y)=y is well defined for A -0
.

So
, at each Step k ,

we are decreasing the A-distance between

*
I
and **. Thus

, for a sym posdef .

A so
,

can choose an

iterative method that provides Steepest descent condition

*
(k+ )

= x(k +(d - F(x(+ )c F(X(M) (A)

which is equivalent to minising

Fi(x) = EXTAz - XTb

which attains minimum when JF(x) = Ax-b and does not

involve ** Easy to check Fi(x) = [FC)-EC , where

C = **TA ** Const · indpt - of K ,

hence equivalent.



Example Both J and G-S satisfy ()
, precisely

(Ae(+y
,
e(k) = (Ae

,
e) - (Cy|, y(t) < (Ae()

,
e")

.

where G-S : C = Dc0 · y := (Lo + D) "All

J : C = D - 2A10 . y( := D+ Ael

Method 4. 13 (A-rthogonal projection) We strengthen the

descent condition ( # )
, namely given x(k) and 1(k(search

direction)
.

We seek(H) from set of rectors on the line

l = he(k) + C(PYERS . t .
F(xKHI) is as small as possible ,

i

. e.

↓
(k)

= argmn F(x(k) + x*(k) (t)

(k = Acc
Lem 4

. 14 The minimiser to It) is
K

x (4) = y(k) + 2)
,
C=)

#: We need to chooseEl St .
minimise distance

between ** and yEl .
Clear that min when x1k+ 1) is

A-orthogonal projection of on lice.

** - x(k+ 1)
+Ad(k) = A(X*

- x(k())(d(
-

=> r(k+ )
= ((k) - XkAd( + d(k) B

Method 4.
15 (Steepest descent method) Taking

f(k) = - JF,
(x(k)) = b - Ax(k)

for every k.
.

The negative gradient of a quadratic fr shows

the direction of the (locally) Steepest descent at a given point.

Thus
,

X
(k+1)

= x(k) + Xk(b - Ax(k)
.

k= 0 (X)



Can be proved that xegs to X
*

of Ax = b ,
but usually

the speed of convergence is slow
,

because (*) decrease

value of F(x(
+ 1) locally ,

but the global decrease , w . r . t . F(**)

is often not that large. The use of conjugation directions

provides a method with a global minimisation property.

Conjugate directions For a general direction d. Assume * = *
IK),

e(k = X
*

- X(k) enor
,
! = E-Ax1 : Atl residual .

Can write

[UIk d) = Cel , Ja
,

so with an exact line search
,

&
(k+1)

= X(k)+
Subtracting X *, then

e(k + 1)
= e)_d (t)

(k)So e is projection of ell) on the hyperplane that is A-orth tod,

ie . (e) d) = 0

Def 4
. 16 (Conjugate directions) I

.
VEIRV are conjugate wrot. to

sym . pos , def .
A if U .K 0 and <Vira : < Y ,Al) : 0·

Thm 4
. 17 Let d

..... da be n non-zero pairwise conjugate

directions
,
and consider the sequence of iterates

x(k+1)
= z(k) + Cd()

.

d=d
Let = - Ax(k) be residual .

Then for each k : /
.....

n
.
ulks

orthogmal to spanhd' ....")
.

In particular ,

I = 0.



If : Since UIK : Aelk) , suffices to show ell is A-orth to

I /%...., 11+ 4
·

Induction on K.

k = 0 : nothing to prove

Assume true for 10 ,
and consider (t) with =d.

By induction hypothesis and the fact that I'"pairwise conjugate

directions
,

we see that elkt is A-oth to d
... .

d(k-1

Also
,
(elkt , 1/kA = 0

,
so es Anoth to d.-d" D

# Possible to extend the method for solving Ax = 1 with

A 30
.
A =At to other matrices

. Suppose want B= E
. Browsing.

can convert the system to symposdef . by setting A : BJB
:

b = Bic
,

then solve AX = 2 with conjugate gradient.

Algorithm 4 .18/Conjugate gradient method

(A) For
any initial rector X ,

Set bly = (10 = b = Ax1 %
~

(B) For K0 ·
calculate *

1
= Alk + Xd() and the residual

N(k+1)
= r(k) - (kAd(k)

,
4k := (E(k) + d)=k

(C) For the same I the next conjugation direction is

↓
(kx)

= w((1) +Bib() , (x : = hd(k+-Ad) =-k,Al, 10.

Thm 4
. 19 [Prop of (GM) For every m20

,
CGM have the following

properties :

11) The linear space spanned by the residuals (will is the

same as the linear space spanned by the conjugate directions

hall and it coincides with the space spanned by (A
:% .



spandrill i 0

= Span (10 = Span) Accor

(2) The residuals satisfy the arthogonality conditions

((m)
, (()) = 1 (() , d(is) = 0

for icm.

(3) The directions are conjugate IA-orthogonal

(d da = (d)
,

Adis) = 0

for is m .

Pf : Induction on M20 .

m = 0 : trivial .
Since d= 10).

Assume true for m =K

(1) We have d(k+=k+ ) +Bid(k) , implying equivalence of

the space spanned by Iwill." and (dilo
, is preserved when

k+ k+ 1
· Similarly .

((+) : r(k-GAd(k) ,
and from

assumption ,
w, E Span (Aro .

SoESpan(Air

(2) We need
kt)

1 Willfor isk . By (1)
,
this is equivalent to

((k+1) 1d(i) fick

We have (k+
+ 111) by the def of < , so we need

f(k+ )
= ((k) - <Ad() + b fisk

This follows from assumption that(k)1d(i) and Add()

(3) We need+ + Adl for <k. The value P is defined

to give dlktis 1 Adlk) so need

((k+ )
= y(k

+1)
+ P(d() + Ad for ick



Assumption says
Al Ad"

,
so remains to show rikt) 1 Adli) for

ick
.
We have

Ad(i) = ((() - r(it))/di

So require 11kH)1 (Wii)-With) for ick
,
and this is a

consequence from 12) for m= K + 1· 1

&4
.
20 /A termination property) If CGM is applied in exact

arithmetic
,

then for any XER" .
termination occurs

after at most n iteratives. More precisely ,

termination

occurs after at most iterations
,
where

S = dim (span/Arob) .

#f : (2) from thm 4
. 19 : (EH)10 form a sequence of mutually

orthogonal rectors in IR"
,

so at most n of them can be

non-zero . Since they belong to the space Span/Aro
the number is bounded by dim. of space. 17

Defh 4
. 21 (The Krylov subspaces) Let A be nxn matrix

.
VERRUKOL ,

mEIN · The linear space

Km(A, ) : = Span(A: I
is called the m-th Krylow subspace in 1Rh

Thm 4.

22 (No
· of iterations in CGM)

.
Let A30

,
and s be the no .

of its distinct evals
,
then for any 1,

dim Km(A , 1) s Um (x)

Hence
,
V Aso

,
the no

· of iterations of CGM for solving Ax = b

is bounded by the number of distinct evals of A.



If : (*) is true not just for pos . def Aso ,
but for any

A with

n linearly independent evers (4i) . Indeed
, expandadi,

and group together erecs with same eval : for each 10
,

set

Mr

=Edin if Aiki ,
the

~ Ecuw .
Cred

Hence A:S Cre , thus for any m we get

Km(A , v) & Spande ..... Es) ·

By Cor 4
.

20
,

no
· of iteration in CGM is bounded by dimkm/A , 2011 I

Enk The then shows that
, unlike other iterative schemes

. CGM

is both iterative and direct : each iteration produces a

reasonable approximation to the exact sol"
,
and the exact

sol" will be recovered after n iterations at most.

Simplify and reformulate CGM :

· RewriteL and Br :

C=
PK=All
0

(a) : Ad is a multiple of Ult - ((k)

(b) : [(k +1)
1 [(k)

,
(k)

(c) : (d(k) , (k) = 11 Wk11 , follows from 1(k
+ )

= ((k+)
+Bicd(k)

,



take inner product with
1kH) and use

(1) 1d(k).

· Let X' be zero rector

Algo 4
. 23 /Standard form of CGM)·

(1) Set k = o
,
x(0) = 0

,

10 = b
,
11%

= (10)

(2) Calculate VIK : Ad XK :EHP/(d ,
(*) < 0

(3) Apply x(k + 1)
= x(k) +& * (k)

,
Nk + H

= A(k) - 2k1(k)

(4) Stop if llrlkt111 Small

(5) Set d(k=(+

+ R where BK=/11/0

16) Increase K + k+ 1
, go back to (2).

The total work is dominated by number of iterations,

multiplied by the time it takes to compute
(K

=Ad1)

So CGM highly suitable when most elt of A are zero
,

i

.

e.

A is sparse.

Technique 4
. 24 (Preconditioning) In Ax = b , change variables = PTE

,

P am-sing ,
and multiply by P

PAP" = Pb# =Y

Note that A sym pos def.
= A = PAPT sym pos · def . Since

1Ay , y) = /PAPTy · y) = (APTy , py) >o .

So can apply cam to

the new system. Then we have sol
,
hence X = P**.

This is called preconditioned CGM and P is preconditioner.



The condition number of A is /A) := DAII : I'll
,

so for sym

pos def A is

<S (A)=xA
The closer is this number to 1

, the faster the convergence of

cam
. More precisely , for the rate of convergence of cam.

we have the upper estimate

IleIIa eptlle'la - ( = Pa=
The main idea of preconditioning is to pick PS. t

.
CE)

is much smaller than K(A) ,
thus accelerating convergence.

*Thm 4.

25 Given AERM
,
Aso

,

let Id be a set of

conjugate directions , ie . (Ad"
, d) = 0 for ick

.

and consider

F(x() : = 11X
*
- 1(*)( : 12/111

Then the value of F(xit) obtained through CGM coincides

with the min value of Fly) taken over all y:
1+and

il
.

au min F(y) = x+ 1
= X(0)+

Co, . . . ,
Cm

If :

Every &" in cam is a linear combination of (ASCs o,

so any rector in the form X = x10 + Bad can be written as

x(k) = X19_GAI

=>Elk - e(0)-A
Since (1 = Ag(o)

,

Ex = X
*

- ** = (I- GAI)e = Pilatel
,

whereP poly of deg EK
,
which satisfies Pol = 1.



Recall , at the 10th stage ,
CGM produces the vector elks that

minimises

F(k) = /Elk = (Alk , E(k)

over all rectors ElK) of the form1
= X01+ and hence overal

9 Elk)
. Expressing : [ViWi

.

(Wil othonormal evecs of A.

we findH
= [Vi Pili ,

and Alk) = &ViPh(idiWi .

and

112 : [IP(i))
-

diVMA) (Pr() 'll II

Hence, due to minimisation prop . of CGM .

Dell"11A = minkid
min ma

Pr XerCA)
IPp2)/ /eColIA

Now assume for the spectrum of A , we know the largest and

the smallest eval , or some upper and lower bounds
, say

OcmE XCM . Then the following minimisation problem , on the

class of poly of deg k arises :

Pho) = 1
, mayAny (P(x) - min

This has solv Pr = Th
,
where Th is the Chebyshev poly

on the interval [m .M) ,
obtained by dilation and translation

ofThe on [-1 . 1]

Tk (x) = LoSkR , X = cosO , OCTO , iT]

One can show that ITF(1 *p" m [m
.
M)

,
hence a rate

of convergence of CGM admits

Delk'llAspkllella , PM ,

WCALM



Note that similarity transform B-- C"BC preserves spectrum ,
so

k(E) = x(PAPT) = / (DPAPT(P) = k(APTP)

So choose S as an approximation to A which is easy to Cholesky-

factorice
,

it. S= QQT
,

then take P= Q"
, then APTp = AS +

is close to identity ,
hence

k(A) : KIAPYP) = k(I) = 1 = x(A) XIA)

then the preconditioned system will be solved much faster.

Each step in CaM for solving Ax =

g requires one matrix-

rector product Ay ,
so with P = Qt

,
additional

expense in

each step of CaM for preconditioned system while computing

Ay = PAPTy is two additional computations

u =pTy = Q
-T

y ,

V = PE = Q z
.

far some - . ZER" . Note that computing Q " E is same

as solving Q-z ,
which is cheap as Q is a lower

triangular matrix.

Example (1) Choose S to be D = diag A => P = D 2

(2) Choose S as a band matrix with small bandwidth.

e .g. Solving passon egn with 5-point formula

(3) Take P : L.



ExampleFor Ax = b
,

A = (2) , ari) . Sam
S coincides with A except at 11 , 1) - entry

.
The matrix

A-Q"AQ" for the preconditioned CaM has just 2evals

=> recover in two steps.

Note A- QTQ+A : S"A , hence same spectrum.

Since A = S + eeT
,

SA : 1 + wei
,

a rank : 1

perturbation of the identity matrix ,
with all evals but

one equal to 1 (remaining one is 1 + H , ).

55 Eigenvalues and eigenvectors

#↳ Write p(x) = det(A-XI)
· XEK

.

We assume AW = /Wi

are satisfied by LI Wi ,
which can be achieved by making

an arbitrary small change to A if necessary
.

Method 5
. 1 (The power method) The iterative algorithms that

will be studied are closely related to the power method.

Pick a non-zero XIEI"
,
then for k = 0

,
1 , 2, . .., let Yt) be

a non-zero multiple of Ax , typically to satisfy

1x(k+11l = 1
,

so that

*
(k+ )

= Ax(k)/l)Ax(t))
, K = 0

, 1 , 2, ...

This is oriented on finding an evec corresponding to the

largest eval as the following thm. shows.



Thm 5
.

2 Let Ali : slidi
,
where evals ofA satisfy

( ,
/ ... /xn-1 < /Xu) and the evecs are of unit length

1Will . Assume x1 -W , Cnto ,
then X(K- 1W

as k+ 0.

If : Given x10 in assumption ,
x(k) is a multiple of

A x10)= =Cn(w
Since 1 *111 = /Well = 1

.

We conclude that X" = [Wn + O(p"),

where the sign is that of endh and p:
characterises the rate of convergence. 17

Implementation of the procedure :

(0) Pick 1 % CIR satisfying 111 : 1
.

Let I be a small

positive tolerance. Set k= 0

(1) Calculate Et = Ax(k) .
Set 1:A

6 is Raleigh quotient and it minimises flul : 1 *** -M * (K)1

over all M)

(2) If fixl<&
, accept I as an eval and xIll as

corresponding evec.

(3) Ow
,

let k(kt) = * (k+)/1) Y+ 1). Increase k by 1

Return to (1).

The termination occurs because , by per thm
,

((((k+) - X (k)11 =
min ([(H) -ux(k)
M

E1lkt) - In (1)

=11A( - An *** 11 = 11 Awn-InWull +O(pk) = 0(pH) -> 0
.



Rank (Deficiencies of power method) The method may perform

adequately if ento
.
Kmk Kul

,
but it is often

unacceptably slow. Difficulty of Cn=0 is that the method

should find an even We with the largest m S .

t. Cm + o
-

but practically rounding error introduce a small non-zero

component of Win into sequence XIK)
,

and In may
be

found , but need to want until the small component

to grow.

Method 5
.

3 (Inverse iteration) We choose

(A-SI) x(k
+ )

=
x()

,

K = 0
, 1, . . .

where s is a scaler that may depend on K and 1 11 =
1 .

So calculation of Alt from x/6 requires the sol" of an

nxn system of linear egn with matrix (ASI).

If S caust.
, def(A-SI) Fo

,

then X11 is a multiple of

(A-SI)
- X10)

.

Let
10

-Sin , assuming Wi isl
.....

n
,
LI evec of A

that satisfy Aw = Wi
.

Note that the eval equ implies

IA-SI) Wi = (x: - 5) Wi

=> (A-SI)"i = (d - 5) Wi

So X(K) is a multiple of

(A-SI)
+ x(0) =&CLASIWiS

Thus
, if moth number in the set Ildish is smallest,



and if Cm +o
,

then X tends to be a multiple of wa

as K-0
.

We see that the speed of convergence can be

excellent ifs close to Im
.
Further

,
it can be even

faster by adjustings in the calculation.

Algorithm 5 .
4

10) Set s to an estimate of an eral of A . Prescribe Ndto,

let OCE1
. Set k = r

(1) Calculate (with pivoting if necessary) the LU fact. of A-SI.

(2) Stop if U singular .

Since seral is an eral of A.

evec in the mullspace of U .

Can be found easily since

U upper triangular &

(3) Calculate *
#)

by Solving (A-SI) x(k+ )
= (Ux(k+ )

= *
(k)

using LU from (1) .

(4) Seto to the no that minimises fill : 11x1k-Mx(k +111.

(5)
. Stop if fly) < El X1* 11

.
Since fly) = /1Ax(+1)

- (Sty)4(
+

11

we let sty to be the calculated eval of A and

X
(k+1)/lx(k+) its evec .

(6) % replace(6t
by x/kt/K *

k+ /
.
Increase k by 1.

return to13) wo changing s ,
or to11) after

replacing by s+y
.

Rmk The algo ,
is efficient if A upper Hessenberg matrix (aij = 0 for

j < : -1). The LU requires O(n2) (AFAT)
,

or O(n) (A-AT)
.

So

replacement of s by Sty need not be expensive ,
so fast convergence

achieved easily.



Thm 5
.
5 let A.S be nxn matrices , non-sing

. Then w is an

ever of A with eval 1 Iff E : SW is an evec of A = SAST

with same eval.

P : Aw :1 > AS" (w) = 1 E (SAS")(SW) = 11Sw) D

Defi 5 .) (Deflation) Suppose we have found one sol" of AE : XW
,
AEM

Then deflation is the task of constructing an (n-1)x(n-1) matrix , B

say , whose evals are other evals of A.

Specifically ,

we apply similarity transformation to A Sot. the

first col of F = SAS" is & times the first cordinate

vector el ,
Since it follows from the char

. equ . for eval

and we can let B be the bottom submatrix of : SAS".

Write the condition on S as (SAS)el = del , the the shows

sufficient ifS has Sc=Cel ,
c any

non-zero scaler.

Technique 5
.7 (Algo of deflation for sym . A) Suppose A sym ,

VER",

↓E given so that AW : /W
.
Seek non-sing Ss.t . Se-cel

and SAS " also sym. . The last condition holds if sarthogonal,

since then S" = ST
.

It is suitable to pick a Householder

reflection
,

i

. e.
S has the form

Hu = I- 211T/IR ,
WEIRY .

Because Householders reflections are orthogonal ,
Since Hud : -1

,

Hul = E if UTK = 0 , they reflect any rector in RU W . r .
t.

In-1)-dim hyperplane ↓ 1
.



So for X
. y of equal length,

Hux-y ,
A = X -y.

Hence

(I-2 MW =W=le

Since the bottom n-1 components coincide
,

the calculation ofa

requires only OC) operations. Further
,
Calculation of SAS" can

be done in On't operations , taking advantage of the form

S = I - zUT/UIR
, even if all elts of A are non-zero.

After deflation , we may find evec of SASY. The new

ever to A is S" = Sir Since S2 = I.

Method 5.8 (Transformative to upper Hessenberg form) Replace

A by A :SAS" ,
where S is a product of Given's rotation

&Eij] chosen to annihilate subdiagonal elts Ajict in the

(i-1)-th col :

Alternatively ,
can use Householder transformation .

ChooseI st.

with Hu = I-2UUT/IR
,
the i.th col of B = HuB is

consistent with upper Hessenberg form .
Such I has its

first i cords vanishing ,
so :BHu has first : cols

unchanged , and all new and old ceros stay untouched.



Algorithm 5 .9 (QRalgo) Set Ao = A . For Ko
,

1
. ..., the QR fact .

Al = QuRi (Q Orthogonal , Ri upper trangular) and set

Ak+= RiQk

The evals of Akt are the same as the evals of Al
,

since

Ak+= RiQk = Qi" (QuRk) Q = QuARQK
.

a similarity transformation. Moreover
, QG" = Q , so if Al

sym , so is Aka

If for some k20
,

Akti can be regarded as 'deflated i

. e.

it has block form

An+= (E) .
where B

,
E square , D = 0

.

We calculate evals of B

and E separately (with QR , except there is nothing to

calculate for 1x1 and 2x2 blocks)·

Technique 5
.

10 CQR for upper Hessenberg matrices) If Al upper

Hessenberg ,

then its QR fact by Given's rotation produces

Ri = QuAk=
[in]
- 33751 Ak

QR Sets Anes : RRQK =RiEl]TME3ST ...
IntinJT

,
and it follows

that Alt also upper Hessenberg ,
since

Then in QR
,
QK is a product of n-1 Givens noth

,

so each

iteration is On



Technique 5
. 11 (QR for sym matrices) Bring A to upper Hessenberg

form
,

so QR commences from a Sym . triding .

Matrix Ao , then above

technique applied for every k .

Since Hessenberg and sym both

conserved
.
Alt also sym triding
.

Each RR iteration is Ocul.

Nation Write Dis = Ro ... RK · REFR.... Ro
,
ko , , ...

Note that En orthogonal . En
upper triangular.

Lem 5 . 12 Ak is related to original matrix A by the similarity

transformation Act = EAG ·

Further
, GE is the QR fact.

of Akt

If : Proce the first assection by induction. First,

A, = QArQo=G A Qo

Assuming Ar = Q, Got

Akti = Qi Ak Qu

=Q AG1Qu = El A Gu

second assertion is true for k = 0
,

since Q : Go Ro = Ao : A.

Assuming Que ,
Ra = A"

,

then

En = (Q) (Ral

- 1 Ar R ,

= QQ , Akel Fr
= Ak_,-1

= A . Ak = Al 1



R Assume eval of A has diff . magnitude. 16 . K (2) c ...> (ul.

Let C = Citi = CW be the expansion of the first word.

Vector in terms of normalized even of A ,
where m is the

largest integer s .

t. CmFo.

consider the first col of both sides of the matrix egn AKtQURK·

By the power
method arguments ,

Alte is a multiple of

& Ci(di/ul " Wi , so first col
. of Attends to a multiple of

Om for (1.

On the other hand
, ifAn is the first col

. of Qb .
Since Ro

upper triangular , first col . of ExE is a multiple of Ex.

SoAp tends to be a multiple ofm .
Further

, since &K,

Wo has unit length . A : In + 16
,
where-

as K-> y. So

Aqx = (mqk + o(z) ,
k +n.

#hm5 . 13 Let 16.k ... Hul
.=C ,

then as kep,

the first col . of Al tends to XmE , making Al suitable for

deflation.

Ef : The first col . of An is QAQE
,

and

A+ 12 = EAGE = R A qk

= Q (mqk +O()( = e

= Xm2l + 0(1) : orthogonal

and QX = OC) since orthogonal mapping is isometry.
17



Rak In practice ,
as kee ,

the off-diag elt in the bottom now

of Ak+ 1 +O must faster than the off-diag elt in first cl.

Let 16 . k...ul.=Cit be the expansion of
T

last could rovector en is the basisofleft eigen rectors

of A . ie . VITA = 1
: %T , where S is least integer st. Csto.

Assume detAto
,

can write Al-QuRK in the form Alk
+ 1)

= RicEn

Consider bottom rows of both sides

EnT A- 1k+ 11
= CenT Ris) Get·

By inverse iteration arguments. EnTAtk
+ )

is a multiple of

Cilds/il"V" so bottom now of Alkt tends to a multiple

ofUsT . Let htt be bottom row of E ,
since E upper tri

in is upper tri
,
and so bottom row of Risk is a multiple

of fl

So
fic tends to a multiple of VsT ,

and since unit length,

fi = IIs + his , he to
,

ie .

PiA = xsppT + o(E) ,
k+ 0

.

Thm 5 . 14 Assume above condition
,

then asktp
,

the bottom

row of Al tends tose , making Al suitable for deflation.

If :

enA+= En AQ = pisAGk
= (xspkT + 0(2)) @k

= 1s enT + u(t) D



Technique 5 . 15 (Single shifts) The better we can estimate SkXk,

the
more we can accomplish by a step of inverse iteration with

shifted matrix Al-SkI .

Thm 5 . 14 shows (Aklan is a good estimate

of1s. So replace Al by AK-SkI , Sp = (Arun
,
before QR fact :

Ak-Skl = QuRk

Ak+ 1 = RkQk + SpI .

A good approx
Si = (Arlan to Is generates even better approx.

of Sin - (AktIn and convergence is accelerating at a higher

rate. Note that

Ane = QQuRk +SI)Q = Q Ak Qu

hence Ar = &An
.
but note ERi #An

,

but we have

= CA-s

Method 5
. 16 (Multigrid method) Consider Al = 1 from 3-point formula

an m-grid fem : Iih : Kim1
,

he Ym+ 1).

a = (. ) Emm
D = 2 I

,
so the weighted Jacobs looks like

y(0+ 1)
= Hou + 10/2)b

.

u = 0, 1, . . .

. H + I- D
+ A = I - EA

,
Hw = WH + ll-c)I = I-Ed

.

The error decay in terms of Hw are

e(r) = H

and evals ofHe are

" = (Sini)....... XkW = 1-2wsin ,
K = . . . ..

m



Consider choice w=l
,
evals of tw are ill: cos+

In particular PCH) = X .
=

1 - <1 ,
so convergence

despite a slow are whenm large.

However
, expanding the error writ . erecs

,
we obtain

uH
So components decay at a different rate for diff. free
k = 1 , . . ..

m. For high free ,
where I close to m , will decay

faster than low freg : We say that k10.) is

free w
. r .

t. In if khuE ,
then decay rate is at

least

M
= (xim) = -Sin (74) =E

So for coeff - of HF components of el .
we obtain

| a) /Mala = (E)"la"law

For low freg ke (.h) writ. An become high free
for the coarser grid Men with Step Ch

.

For suchIs

k (2h)E



Algorithm 5 .17 (MGV)

1. If A small enough ,
use direct method to solve A :

1

.

2
. Presmoothing : perform a small number (25) of Jo GS

on Au = b starting from 10 .

3. Let E = 1- Ay be residual
,
with n from the previous

step.

4let Fiberpolationthat interpota
let R& : R

*
- RE-1 be restrictionoperator that

restricts rectors on In to Ren.

5

5. Let = R& Alzh of Size =M12 xm12

6
.

Recurse : let I = Marc , Rid .
0).

7
.
Let 1 = 1 + I

8. Post smoothing : apply a few 5 ar as starting from I

on An 1 = b

9
. Return1

.


