
Mathematical Biology

Mathematical modelling is the art of turning stories into

simple equations.

51 Population Dynamics (and other stories

We will describe systems that can be modelled by first order

ODES-

1. I Birth and Death

Describe a population size by Nt) .

ERR
. Take time telR.

let b = no .

of offspring decindividualunit time.

per capita
rate

d = death rate per capita.

Then
N(t + yt) = N(t) + (b - d) N(t) St.

Taylor expand LHS
, take At to to get

= (b - d)N
.

bid const. = N(t) = Noert
,

r = bed.

· rco -> exponential growth Calalthus 1798)

· ro => exponential decay
.

Exercise Forso
.
What is half-life of population ?

Exercise A new disease has 1500 cases this week and 1000

last week. When did first case appear ?



The logistic equation
More generally , we could have

= [bIN)-dIN] N
↑ ↑
bad depend on N.

The logistic equation (Velhurst 1838) is

↓N = rN-IN growth rate get
smalleor

as population grows due
to lack of resources

= u(1- )N
.

with k = r/1 the carrying capacity.

Typically , r , /c0. Solve

Sanita = (dN(-w) = log +19/ = rt.

Rearrange.
No kert

N =

Note- 1)

This is the logistic function. Characterstic time is Yr.

Nu Nu
different values

For Nok

k -............- -= xigmoidal
- "Squashed-S"

7 7
t t

The shape arises whenever there is a natural calling , e .g.

fraction of a population adapting in some way.



For Nck , can write /for some to

N = 1k (1 + tanh (ECt-tol)

For Nck,
N = E k) 1 + 20th (ECt-tol)

spread of beneficial mutation

let p(t) = fraction of population that carries a beneficial

mutation.

Nmutant (t) = p(t) Net)

Normal (t) = (1 - p(t) N(t).

Suppose Normal grows at rate r and Nutant at rate r+s
,

Sco,

Nuntant ( + + st) = (1 + cr +s)St) pN

Normal (t + St) = ( 1 + v St) (l-p)N

=> N(t + St) = (1+ S+ + spSt) Nit)

Fraction of mutant at t + St

plt + st)=WmutantIts a

-(tsP(t) 2 Taylor
= (1 + (r +s) St) (1 - ost - Spit)St) plt)

= (1 + S( -p(t)St) p(t) + 0(St))

So=+ Stp(t) = Sp(t)(1 - p(t)) .

This is the logistic equation.



Nondimensionalisation.

We will often declutter our egus by working in rescaled,

dimensionless variables.

e .g. X = N/K and- rt
,
then the logistic equ becomes

-x(1-X
and sol is X=-1)

Fixed points

Consider a ID equ of the form X = f(x). The FP X = XX.

are coust
.

sol's
,

i

. e.

f(xx) = 0.

To understand stability , we perturb :

x(t) = Xx + (t)

A small

Taylor expand :

= f(xx + a) f(Xy)e +..

=> E(t) = Es ef'(Xx) +

So FP stable if f'(x* ) < 0
,
unstable if f(xx) > 0.

Graphically,
f(x)n

Stable

y.
Exercise Check stability of FP for logistic equ .-



1 . 2 Delay Models

The Hutchinsan-Wright model is a delayed logistic equation.

*+)
= <x(t)( - x(t - T1]

.

↑ delay
.

These kind of egus are hard to solve.

Note : Need I . C . X(t) for -Te+ 0 to get a sol"Vtco.
-

Numerical sol's

CT = 1. 5 CT = 2

XM 2T = 0 . 3
XM XM

1 - - - - -
- - -

- ·It~t

Population x(t) exceeds x = 1 ceiling since x(t-T) < 1.

We can linearise about X = 1 FP.

x(t) = 1 + e(t). Ex)

=>Exe(t - T) + 0(94) .

We solve with anstaz ect) : et with SEC.

· Rels) < 0 -> converge to X=/

· Re(s) > o => more away from X =1

· Im/s) + 0 -> Oscillate

Substitute
sest = -x

.

=> zet = - CT
.

z = ST
.



First look for real sol" .

~f(z) = zez

- I

I

I
7

-e- Z

· only sol if <T <  - 0
. 37.

. These are stable as zco .

~ For LTK1 , ze*E , and sol is S = -X
,
which is behaviour

of original logistic egu.

For CTce" , there are only complex sol" to ze" = -CT.

These are Lambert Wf's.

z = Wk( -xT)
.

↑ KELL
. reflects the branch of log z.

The zEIR sol are part of Wol-XT) which looks like.

nRe(Wol-XT) nIm(Wol-T)

f ->T I >T
e

-1 -

Claim Re(Wol-cT)) < 0 when cTc + 2·

If : First note z= it -zez = -2.

Next
,
write z = ++ in , then z : -CTez

=> F + in = -XTet(cos-isina)

=> T = - Tercos
. w : XTeUsing

· Iwl > <T
,

then o < o

· lokCT> / ,
then coscico - 50

.
D

iTt/2T
Note For <T= + little bit

-
Emcz)==> oscillates as e , period 2T/.



# The are other values of zs. t .
Re(z) = 0.

z = (2k +1) ze = -(2k+1)

This is where Re[Wk(z)] = 0
,

and this branch goes from

stable to unstable. In general , sol is

x(t) = EA , et/T
ket

where Ek = W
. taT) and Al determined by ICs . If Ao : 0,

then X = 1 fixed pt is unstable only for <T *

If Ao =A. = 0
, instability kicks in at CT = 9T

,
and so on.

owflies
population of blowflies

pin)-

Total
egg production is P(N) = PoNeN/No Mani

The population is described by
~

cust . death

rate.

Act) = P(t+) -N
*
delay for eggs to watch

Rescale X = N/No
, =et , aMT ,

b = POT.

* = bx(t- a) e
- XT-a)

- X(T)

The egi points X = XX obeys
- X*

↓ xxe = X+ = Xx = log (b(a) ·

Assume b > a
,

so XX >0. For stability , look at

X(t) = Xx + E(t)



=> (* + ET-al)e **- -

Xx - E(T)

- (xx + E(t-al)(1 - f(x - a) +
... ) - Xx - E(T) + 0(2))

= (1 - Xp)s(t-a) - 2(t) + 01aY

Anstaz ECT) = +
*

= S = (1 - Xx)e -
3

- 1

Claim : XX = log (b/a) is stable if blace2·
-

If : Write S = 0 + in
,
then

T = (1 - Xx) e
- Na

costwa) - 1

w = - (1 - X+) eta

sin(wa)

If blace" , then 11-X * 111. If30
,

then

11-X+)e-rcostal = 50 # .

So must have wo . 1

Numerical simulations show wild oscillations for bisa

x(t)-

must
3

Breathinglume of breath
,

V
, depends on the concentration c of

CO2 in blood .
Can model as a Hfo

V(C) = Umaxm
Un

m=2
-

Unaxit for some constant A .
m.

>

C



We model CO2 in blood by const
↓

↓)
= p-b

↑
amount expanded - c xv

const-absorption but feedback means VCt)

depends on ((t-T)

↓(e) = p-beCt) V(atl

=

p- bVmax e(t)-+
Rescale Cl = c/A += * and Bax ,

T
and relabel c + C

,
t'+5, T+

=> =-pm

FP C = C obeys t

Question : Is this stable /good) or unstable (very bad) ?
-

Look at c(t) =

cx + E(t)
.,
then

= -pet) -qe(t-

with p = /@
, g = M/c(l + Cx)

Work with ECt)-est
,
then S = -p-gesT

Write S = 5 + ic
·
then

- = - p
-qe

VT cos(wT)

w = ge -Tsin(aT).
· when To ,

t = -P + g) co ,

so stable·

·

w = O is always a sol"
,

but a second sol" when gert 1.



· stable when pag .

This follows from

(t + p)) + c) = g- e
z5T

= gerT - 1 + + p)

If 50 Cunstable)
,

then > gerT-1r + pkp ,

so unstable- g > p., so p
> g => Stable

To find the onset of instab ,
look for sol" with T = 0

.

p
=

-gcs(wT) ptanluT) = -w

=

w = qsin(T) . pi + w
=

= gz

Si "Jiptanlat
itas. can thiswp(p , T)

I

Then at marginal instability , p +wi =

q
"

Exercise Show that for criticalm,
-

1
hence

,
critical m>/

1. 3 Populations with age structure

Let naith be the density of a population with age a

at time t ,
ie . Ula . t) = # people between a and atda.

N(t) : S
.

D
=optimistic
nait) da.



Expect birth rate bla) and death rate ula) depend on a.

e
.g. n bla)

Ama
a

The population ages as

n(a+ st
,
+ + St) = n(a , t)

.

-

unlatS
in the time

Taylor expand in St , get the von Foerster egn

+M(a)n(a
Babies are born at age a= 0

.

So birthrate gives a b
. c.

no . t) = 1
.

"bla) nait) .

da ( *)

Look for separable sol"nait) = nalert , VERR.

Age profile remains the same
,
but grows or shrinks with time.

=> = - (u +u(a))m(a)

=> n = doe
- ra exp)-SoMisIds)

·

Substituting into (*) to get

9 (r) : = C%da blac e-ra explododsuss)) = 1

-P(r)

.......
-r



· plo) 1 = ro
,

and population grows
· p(o) <1 = Ko

,

and population shrinks.

Can think of $10) as and offspring per individual.

Exeruse If bla)- b and Mal = & are const.

·Compute P(r)
· does Plo) make sense ?

· solve f(r) = /

· What are the conditions on bid for growth ?

1. 4 InteractingSpecies

We'll look at models of two populations ,

described by

d = fluir, = gla

The fixed pt. obeys flu", V
* ) = glu +, v

*

) = 0. To determine the

stability , we perturb
u(t) = u

*
+ 3(t)v(t) = V

* + y(t)

To linear order,

(i) = -(i)
With J =Coucutive)
Look for evals bi

.
xc of J

,
which obey det (5 -XI) = 0.

=> !" - Tr(J) + det(5) = 0
-

=> Tr J = x. + 1 2
, det J = disk.

In particular , If To JCO
,

and det 5 so
,

then X. .
x20 .

and FP is stable.



Predator -

prey models

The simplest (and most famous) model is theka-Volterra

en
N(t) = population of prey
P(t) = population of predators.

with

-NabP)= PLANT
I *

S

but not
die out when N = O.

with a , b ,
c

,
d > 0.

prey
with ithrive

on their around

own

We rescale u = &w ,
v= p

,

that

- = u( --), = cv(u- 1)
.

where < = %a > 0.

Unusually ,

there is an exact soll .

Think of Verius
,
then

=
=> Sar E 1(du

-> logv-v + cllogu-u) = const·

M

" ur~.
> N I -

t

predators
FP at (ut, V

*

) = (1 ,
1)



Claim : The arg is <n) = <v> =1
-

PE : v = u(-v) = Jod-Sh d = Tlogu = 0

Meanwhile

01.d = j dt ((u) = T - T(u = () = 1
.

Similarly
.

<vi = 1 I

To
prepare us for more complicated models

, we use other technique

to determine phase plane orbits.

First
, stability : FP are (n* v

* ) = 10
. 0)

.
(1

. 1).
-

Jacobian =(i)
· (u* V

* ) = 10
.
0) => X = 1

.

- 2 + Saddle

sprey fluoush , predators go extinct

· (u*,V *) = (1 , 1) = X = Fi - oscillations at linear level .

The general linearized sol" is

(u ,
v) = x , 1) + A+ z+

eit
+ A

-

x=
ekt

with *1
=(i

,
E) S .t .
J= it Xt .

with At cost

Here
,
the full sold do oscillate

, but in general ,

the linearized

analysis is not sufficient to determine this - could be stabalised

by higher order terms.

Next
, mukclines are sol" to

v = 0 = u = 0
,

v = /

v = 0 = v = 0
,

u = 1



v1 v= 1
· Plot nulkalines

E

·Work out direction of
[

flow on kulkclines
↓
1 59 V = 1

>

Again ,

this suggests v = 0 >
u

orbits.
u= 0

Hunting/Fishing

We can include an additional term to account for hunting

(or fishing) of prey.

= N(a-bP) -

wh20 for hunting

= P(N-
This doesn't change the structure of equ if hea . FP(orang

iS

(N , P) = (h) .
This is counterintuitive : hunting prey doesn't change no

· of

prey , it changes the no
·
of predators.

A Logistic Twist

The Lotta-Volterra orbite do not survive most changes to the

equs . e .g.
i = u (l -v -M ,

u)

need M , so so

v = xv(u = 1 -Mz V) V* 0

M ,Mo are logistic-like ↓
terms

Exercise show that FPs are 10 . %
. (t .

0)
, in m Ith , iM)

-



Note :
u

*
>1 and V* 1

.
So prey benefits

, predators do not.

1-v
*

-

2m , u
+

- u*
For stability ,

look at J = ( aut < (U
*

- 1- PMV
*) (

using e . g .
1-v

*

-M , U
*

= 0,

J = ) uu ) = (
=)

=> Tr J < 0
,

det5 > 0 - two evals with Relx) < 0
.

= Stable FD no matter now small MiM2.

Exercise Draw mulklines and sketch the flows in phase space.-

Dengue Fever

Dengue is a virus transmitted by mosquitoes .
Wolbachia is a

bacteria which can infect mosquitoes and block transmission.

We have the following facts.

· All Mosquitoes carry dengue ,
but those infected are harmless

Only "verticle" transmission to offspring

Female infected , then all her eggs will be too
,
but she lays

fewer eggs than the uninfected.

· If an uninfected female + infected make -> no viable eggs

· Infected mosquitoes dre sooner.

Let X = #uninfected female mosquitoes,

y= # infected female mosquitoes

Assume proportion of males tracks females , e .g.

fraction of uninfected

males is x((x+y).



Cross rate State
- Equency egs -

-

fXm X r

*
z uninfected

x+y

fx x- O -

⑦ m Y.Y br infected

⑦ y - xy In infected
I

O infected ↓

-
death rate

* = x(r * - d = ((x+y)
&

-
logistic-style

= y ( +r -ud - E(x+y) competition.

↑
Mul as die Sooner

Rescaling tert
,

X + &xr
, y

+ dy/r
,

then

* = X(Xo - Xy - (x+y)

= y(yo - (x +y)

with Xo = 1-E
, yo

= X-

Assume : · r-d (uninfected breed more than they die)
-

=> Xo > +

· Yo so
, then Xc1 andM1 Oxy .

< Xo < 1
.

FPs : 10
.
0)

.
(Xo

.
0)

,
10 . Yo) ,

and

(x*, y
* ) = yo)) - Xo +

yo ,
Xo -Yo)

Exercise Check IX*. Y
* ) is saddle.

-



Draw phase plane. First look at null clines

X = 0 => X = 0
, y = Xo(x+y) - (x+y)

j = 0 = y = 0
,

X+y = y

-basin of attraction
yn

- fully infected mosquitoes.
L

herewant t-
1 . 5 Epidemiology
Focus m SIR model.

S = #suspects .

I = # infected, R = #recovered/dead (removed)

with = - PIS rate at which people
recover

-

+ BES
- rI perso

↑
rate at

= VI which people
get infected

We N = S + I + R = const = Regu not needed·

· [(0) > 0 E BS(0) > V
. Usually Scol = N.

Define reproductive ratio Ro = &N/r ·

Disease spreads if Ro > 1.

·t transmission period

· B : transmission rate per contact

· N = # contacts.



Some numbers.

· Original Covid Strain Ro = 2
- 5

· Polio Ro = 4-6

· Mumps Ro = 10-12

· Measles Ro = 16-18
-

Suppose we vaccinate a fraction p of population.

=> Scol = (1-p)N,

=> Reff = (l-p) Ro .

We can stop the spread if Refycl or pL
e .g. Covid Preeded = 0 .

5-0 . 8.

We can solve for trajectories in phase plane by viewing I(s) with

= 1 = -

=> I(s)= logS-S + cost

In
-

-
L M

3
t

S

Exercise Show that max I at S = N/Ro
. Explain why this is the

case in terms of a suitable Reff-

Not everyone becomes Infected. As + + 0
,

S + So to. There

are two values of S s.

t.

I (So) = I (So) = 0
.



=> KlogSo-Sougso-S

Typically ,

Start with So=N . Let So = ON
,

then

logt = Rolf-1) or &

I

Note : +x1 => Twe-Ro 1 -

- in
Exercise Show that Ro = I + E

,
EX1

,
then Fil-2E .

-

I Ro

A generalisation : include birth rate b and death rate M.

= -BIS + bN -uS

* = PIS-rI -MI

* = rI-MR

Note : · everyone give birth
,

so disease doesn't kill .
-

· babies are born susceptible.

· constant death rate M for all groups.

· StI + R = N obeys = (b-M) N.

Assume (unrealistically) b =

M = N = const·

When Sin
,

I = (pS-M-r) I so if

Ro= -1

Typically , recovery time
↑ lifetime in ruM .

Equ fur R decouples ,
we have a FP at1S* ·

#* ) with

S
*

= =
and

I
*

=MNS CRO-



Jacobian J-[MRo-
evals x = -EMRoR0-2)2-qu(Ro-)

~ EURO E TW
,

co-Ro
X

r .

This suggests transient oscillations with period T=Bit.

I
- I

-
S+ I w im
& zim E

7
>t

S

e . g. measles t 12 days , n = To years - T=2 . zyrs .

1. 6 Chemical Reactions

A reaction A +1
rate

is described by

= - kAB , d=AB,A
-

Ax B is the

law of mass action

Michaelis - Menten Enzyme Kinetics

Enzymes help speed up a chemical reaction .

S +E
&

complex. product
substrate enzymes

= kSE - (k2 + ks) C

SE =1

Assume S10) : So
,

Elol : Eo
,

((0) = P(o) = 0
.



Two conservation laws : E + C = Eo
.,

Stc+ P = So
.

= - kiES + (kS + k2) C

=>

= kEoS - (kiS + k2 + ka)

Let s : S/So
,
c-ClEo

,
so S10l = 1

, Clol = 0
,
and T = ki Eot

,

- = - S + (s +u
-t)c, = t(s - (s+ux)

with = . 1= , a :El

Assume E1
. Solve numerically

All trajectories lead to a common C 1

curve which they follow to the

origin. Hi
This happens because there are 2 timescales

S

in the system when EC1
.

((t) changes much faster than Sat).

Roughly ,
the system quickly relaxes to c = o curve

c =
5
S +M

-

There's a much slower progression along the curve

* = -s + (s +u - x)c =-
This tells us how fast the substrate is depleted.



1 . 7 Neuron Excitations

Excitable systems can "Spike". Here we look at a simplified model

for neuron signalling.

Fitzthugh- Nagumo Model

= (u+ v - - u3 - z(t)

- (u - a +br

· uct) = voltage across membrane

· vst) = ease with which ions can cross

a
,

b
, < s . t O(bel

.,

1- zcac1(*)

Elt) an external input fo Take Exc .

To start , set(t) = 0

Nulldlines : v = Utu"-1) ,

v=

-
↑
FP

Note : · slope of cubic at origin
= -1

slope of line =

- T E line Steeper - only 1 FP

· Roots of cubic at U = 0
,
El

.

Minimum at Umin = 1.

Inequality (* ) - FP Ux >



(At FP
,
J =(Cle Trico

, det

=> stable FP

For Ex),

)
I

This trajectory goes the long way round.

>
Now we perturb the system ECt) = /V- must. to

This shifts thehulkalines upward.

new FP i~rad Fr

-
-...

Can cheek FP remains Stable if V< Vant = +

Suppose that the old FP sits below the minimum of the new

cubic
,

Then
,
for VocVrit

,

the system makes a huge diversion

in phase plane.

v(t)

- >
t... Mv(t)

Small perturbation
-> large spike.



For Vo > Vent
. the new FP unstable·

! mS Ul > t

:

Now we're in a limit cycle and perturbation -> spike train.

1 .
8 Discrete Time

SometimesIt is better to measure time in discrete intervals
,

net le
.g . Seasons/generations) .

In the simplest cases
,

we get

difference equ
like

Xn+ 1
= f(Xn , Xn-, . . . )

Poppies

Let Xn= no · of annual plants in yearn
· U = no

. of seeds
per plant

·

o = prob of germination after one year.

· T = prob of germinating in second year.

Assume all seeds die after 2

years
Xn = &U Xm + T(1-5)UXn-2.

Only steady state is Xn = 0.

For linear equ ,

sol" of the form Xn = PV .

= pt = +up + T (1 - 2))

-

=> p = PE = It =E+ ++ ( ++))

Note p. cocpt ,
1p-k(p+



The general sol" is Xn = Aph + By

Since (p+ / > /P-1 ,
second term dominates at large n .

· p+ >1 = population grows.

· p + 11 = population shrinks

We have p+= 1 =

VS
germinates

Breathing-

Return to breathing model
.

~ CO2 conc

Un+ 1
= < Cark

.

t

and Vol . of breath
Cn+

- En = M -BVa=

with C
, B .
M30

.
Eliminate Vati to get

Cn+= M + Cn -

<BCark.

Steady State (= MKR .
Look at perturbation.

k0 : Cn = C*+ En
.

En 1
, then

En+i

= (1- xp)En

Steady state is stable for CBC2 .

unstable forCB32.

ke1 : Now
En+= En-OBEn-

Look for sol" Eneph to get p"-p + &3 : 0

=> p = p=
= = 1-1+p

If < c #, then PLE , IPEK)
.

So En-App + Bp* -> 0 asnt

So stable



IfCpc &, then PLEK , so system oscillates .
We have

(ptF =y + k - ( ) =a

Stability requires IP- 11 ,
so stable if CBC1 .

Unstable O.

Logistic Map
This is the most famous of all discrete maps.

Xn+ 1
= f(xn) = 0 Xn(1-Xn).

It's like the logistic equ , but we can't absorb r by rescaling time.

Take XneTo . 1]
.
Then Xn[0 , 1] provided Or & 4

·

The
map has 2 FP at X = 0 and X

*= 1 - t (If rc 1) .

Near the origin ,
write Xn : En 1

.
then

En+= ~En (l-En) = ren

Stable for UC1
,
unstable for r > 1

.

For the other FP
,
write Xn : X * + En

,

Xn+ 1

= X
*

+ f(x*

)En +...

↑
f(x* = z - u .

FP Stable if Krc3 . Unstable if rc3.

Note that fix*

10 for 2<rC3
.

So successive terms jump about X*.

We see this in Cobweb diagrams . Plot f(x) and y
= X.

f(x) y = X nf(x) y
= X

1
ul

Kr< 3
.> a

[ -

>
W

[ -

s
M

2 2

Repeated iterations zooms in on FP.



What happens for rc 3 ?

-

& -

1

-

2

Y

End that it settles down to a periodic pattern. A trajectory

that orbits p successive points is calledayale . Here

wa find a 2
cycle.

Look at f((x) = f(f(x) = r f(x) (1 - f(x) = ra x (1 -x)(1 - rx( +-x))
.

This has FPX = f (x)
.

-> X(1-r+rx))(
+ )x +rx

-

FP of fix)
.

=> x=
= Er(1 + v =Mr30x) ER if > 3

.

We can check stability of FP. Look at

* = f(f(x) f(x) .

=>
x

= f(x - f(x+)= = =r+2+ 4
.

Ex .

Show that the 2-cycle Stable for UC1 +5 = 3
.45...

At this pt , interesting things happen . Long term behaviour.

Y M

Y

F I
- -

- I
chaotic

T I

I

behavious

& 1 I 3
↑

13 Itt



The revalue at which z"-cycle become unstable is In.

N period Tu

8 S 3

I 2 3
. 449

2 4 3
. 544

3 S 3 .
564

In-In-1Claim : Sim
- 4

. 669 ...

a universal const . called Feigenbaum const
.

her Int) - Th

Bifurcations asymptote to re3.
5699

..., after this
,

chaos.

In 1970s
, suggested that based on Logistic map ,

that chaos

is common in ecology. Seen in controlled experiments on flour

beetles
,

but difficult to detect in nature.

SS2 Spatial Variations
Consider a population density net) ,

so the population in a region

V is
N(t) = (

-

n(x ,t)dix

If a density Ht) conserved
,
then there exists a crent ,

or

flux [(x ,t) obeying

E + J . 1 = 0

Then = (
,
d

= - frd3x j . I = - (
-
E - dS

ie . Stuff in V can change only if there is a flow inlat the

boundary of V.

Things we care about (population ,

chemical conc
.
) are conserved

except when they're not .

More generally,



+.= F(n
↑ captures birth/death/

competition.

Typically ,
I takes one of two forms.

· Arection : the stuff nixit) is dragged along by some underlying

flowU(X . t).
[(x , +) = u(X , t)u(X ,t) .

· Diffusion :

[(xit) = -DJn(Xit)
.

(Fich's law)
j

diffusivity

Typically arises when there is underlying randomness.

The cty equ becomes the betegn

= D
Note : [D] : 12/T.

Could have both advection and diffusion. An interesting class of egus

takes the general form

& - Dj2n = F(u)

These are reaction - diffusion egus.

2 . 1 Diffusion

In 11
.
heat egh is

: D

Diffusion on a finite interval

Consider Xto
, L] with BC

n(o
.
t) = No

,
u(

, t) = n,

e . g. n = temp, of rod , population of bacteria in a tube.



steady state sol"

n = 0 = n(x , t) = n
* (x ,t) = dot(n-noX

The flux is

J = - Dan/2x = D(no - n . ) /L -

Flux is from high density to low density
.

Now Write n(x , +) = n
*

(x) + c(X ,t)

=> EE-D0
·

with clost) = C (L, +) = 0

Look for sol" c(x,+) = f(x)g(t)

E fi = Dgf
"

=> g1g = Df"If
X A

dependsmya only on X => so both const.

We have flo) = f(l) = 0 , so

f(x) = sin() , n = 1 , 2,
. .

Then

g = - xg
= g(t) = e

-Ant
· with X = Di

General sol" :

c(x , t)=e)
M

X-> reggles over time

i

Ne : faster wiggles decay more quickly. Diffusion smorths things.



-Eccse Change BC 10 no . th = no ,

but j(t) = -Dex = 0.

What is the slowest mode ? ↑
tube is blocked

Example (Cooking a Turkey

claim : time i to cook a turkey scales as +-MP·

Temp
. obeys heat egn ~ for turkey .

D = 2x10
*

cm2s +

: D7T

Assume spherical turkey in spherical oven. so TCrt)·

=> T= (r )
.

Let VCrit) = rT (x . +)

-> =D
Separable sol" :

Varie) = eXDt [Acosta) + Bsindor

But T= VIr finite ato = A : 0

Outside
.

TCrit) = That Fr > R , where R= radius of turkey.
↑

temp, of over

Then - * n = 1 , 2, . . .
and

TCrit) =

Thus + t Vsm()e-rend
+ /R

for OVER. The Un are set by TCrio)
= To That for occer

i

. e
. pick Un to cancel Y term . Check that

Tcrit) = That-R-Tolsin()
Initial conditions decay away in time

T = RYD
.

whereh = I mode has decayed , the turkey is cooked.

Note : TVR
= <M2· For R = 10cm = - = 5000s



Diffusion with growth

We will study the ID egn -X = cust.

t =D +Xn

Like Malthusian population model
,

but with diffusion

Take xCto. L] and no .
t)= n (L ,+) = 0 .

Ne : no growth (d = 0) -> n = 0

no diffusion (D = 0) = n-ext.

Let n (x .+) : e
**

nix ,
+1

=> =D
Now we can solve as before.

Exercise Show that population dies out if LcLc but grows for-

↳ L for some critical length Le

Diffusion u line

Now we solve E = D with xIR.

We require J- **
*

0 as X- 10.
So

N = J dx nix

is conserved.

* = (dxn =
-D/dx = -D = 0

.

We will look for selfsimilar sol's (not the most general sol"s).

We do some dimensional analysis [D] = LT"
· Introduce dimensionless

combination
5 = /Et

.

In addition
, [N] = (In)

,
so look for sol of the form

n(x. +)= f(5)



Algebra:-It = 5x

->- =-(3) .

and -

Heat equ become ODE.

+ (3)

=>+ 3f = cons

We want a localized sol" with fifto as X- > I
,

So cust .

= 0.

= f(z) = Ae
-34

Normalise by (od5f(5) ==> A and

n(x.+)= ex4t

nn(x)
.

--
-

7
X

Gaussian
,
with width that spreads as Axe and a

y
height that gets smaller. characteristic behaviour

of diffusion

A second approach

Try n(x ,
t) = Eg(X(t)) , i

.

e. 3 : x/tP
.

then

: Xt
*

+g -pt+ g = +
*
(g-p3g)



D = DtI9"
= t

*"

(xg - R3g1) = Deg"

=> cg-pEg' = Dt
-Pg"

Similarity sol" requires p = /2 .

use conservation law to determine C.

N = (ndx =(t g(3)dx = ( +
*Pg(5)d3.

This is indut of time only if C = -p : -2.

Excise Ford dimension, = DJn , N = Sead'x n.

Let nxit)= g(v/+B) ,
r = 1X1

,
What dis work ?

Different BCs

look for sols with nixit)- > 1. .

We no longer have conserved N
.

Since Indx ill defined

Try
n(x. +1 = +

*

g(5) .
3 = Yet.

= C-139 = g"

Require nix .+) -> #1 indpt of time ,
as x-> ED L + 0.

=> g" + E3g' =
0

Integrate
= g(3) = Ae

-344

= g(3) = 3 + A)dye
24

-

This is the -Erf(x) : Edyes
error f
-



So that Erf) = E for X(I . Erfix = El as x +0.

Fix A ,
B by BC

n(x, +) = Erf()
.

M

-#
Again ,

the sharp hinh gets smoothed at with Width Axt.

Example FRAP (Furresence recovery
after photobleaching).

This is an experiment to measure D in cells
.

Add

fluorescence
, zap it ,

watch it recover.

conc . ((x, t)

--
1 >

-y ↓

((x , +) = 1- Erf() + E Erf)

Excuse For w = 10% m ,
the flourescence is half recovered

after 1s
.

Estimate D.

Diffusion with growth

We can solve =D +n

M

by
n(x,t)= exteX314t



For
any fixed X

, we have toy,

next -> 115%0

So growth beats diffusion (less interesting than on an interval)

N : NoSimilarity sol nixit) = tag(x/tP) in this case . Find

t +

kxg - B3g) = t Dg" + It g
f
3 = X/+P

Different + scalings - no sol ? Typically ,
no similarity sol"

when we have 3 terms

Non-linear diffusion

A more complicated and interesting set of problems arise when

D = D(n(x ,+))
-

For example , D = kn
,
k cust

.

So

=))
J=D so still cty equ.

For 5-0 at x-> 10
,

N = 1% d n(x,t).

We'll look for sim .
sol's

.

Need some dim
. analysis.

[k] = 1
*T"n+, [N] = In

.

Construct dimensionless variable·

3=T)13

and ansatz

n(X
,
+ )=+)"3f(3)



#use Find Suitable ansatz when D= kn2 -

Can check thatIdx n =N becomes

1: d3 f = 1

Now do the algebre

= =-, = inki) " = 3/x
.

-=kilfinil'sf =-it 13f)
.

Meanwhile,

= (n)==+)"3 ff')

Non-linear diffusion becomes

& Iff) =- (5f) .

with f
,
f to as x-> 10 .

=> ff' = - 3f
.

Two sol" :

· f = o (boring)

· f =
- E 3 = f = -13 + cust

.

" doesn't obey BC.

Splice the two sol" together.
-

f(5)

f (5) = (A
- 53- 1515

.

= JA
.

* 15) > 3.

3The sol" isets
,
but f'dists at 3 : 15. - 3.



Why is this allowed ? Roughly because
egn

is

f(f' + 53) = 0

and the fo beats the discty inf at 3 = =50
.

We fix the const by normalisation condition

1- 1355) =2A

=> A = (3)"
,
30 =1)

=> n(x , t)=(( )= No -x

With Xo : (ENKt)" for XCXo
,
and next) o o

↑ n(x . t)

↓ time

D

X

2 . 2 Travelling Waves

Consider ID reaction - diffusion equ .

Z =D + F(n)
= forcing term/

" reaction
:

For spatially homogeneous sol" with Inlax-o
,
have dyn.sys.

E = F(u)
.

At a FP n obeys F(n*) = 0. Then look at perturbation

n(x . +) = n
*

+ E(X , t) ,
Exl.



which obeys
= + Xe +.... d=

This is linear diffusion + linear growth. As we've seen

·X o - Stable

·X 0
=> unstable ·

The instability is the interesting case. What happens as

the perturbation grows ?

The Fisher equation

Consider a dimensionless dynamical variable plx . t) , obeying

+ p(l -p)

a
T

diffusion logistic

This is the Fisher equation (or KPD-Fisher egu)
This is used to model spread of advantageous genes (Fisher 1937).

or other "beneficial" mutation.

n p(x)

-
P

= 1

---
- >

Intuitively ,
we expect some spatially localised perturbation-

Expect perturbation to grow and spread.

We will focus on the leading edge of the sol"
.

Rather surprisingly ,
this is described by a wave-like sol" .



p(x . t) = f(5) . 3 = x-ct-

withGo is some known wave speed,

With the ansatz ,
the Fisher

egn
becomes

- of = f" + f(1-f)
.
f- [0 , 1]

We'll look at this in various way

First
, we write gift and g' = -eg-f(l-f) .

This is now

the kind of dynamical systems.

Exercise Show that the FP are at (f,g) = 10 , 0) (1 .
0)·-

Compute Jacobian J at each FP to show

· (1 , 0) saddle

· 20
. 0) Stable focus/Spiral for 2

.
Levals bic)

· 10
.
01 Stable for C2.

i

. e . CC2 g n - f(5)

These sol's with fo
- => unphysicalGl -- m 15

This means that physical sol" must have C22 .

The solis that start near (fig) = 11 . 0)
·

Look like

C22 S A nf(z)

% -



These are sol" that we want
. They seem to exist FC?2.

We will revisit this soon.

NoteSol's go from f-1
+ f= 0. But we expect pro-p = 1.

This is because E = X-ct measures time with a minue sign.

A different method : A mechanical analogy
Write f" = f (f -1) - (f) = E - of with V = If2- *f3

This looks like a problem withf the position of a particle ,

and

-of due to friction.
~Vif)

%
f = 1 unstable

f=0 Stable

·

f = 0 "f

The situation with CC2 has little friction (under-damped) so

we go to foo .
Meanwhile

,
C12 is over-damped ,

and C-2 is

critical damping.

Linearized Analysis
nf(5)

lookat leading edge of wave
------

where fil and linearise 2
-of = f" + f ↑ look at where fx1

.

>
3

Solve by f(5) = e
= 15

,

x00 . 21

~
= x

+
- c + 1 =0 = c = 1 ++ 2 -

-

We learn that the speed and the shape i X

of the Cleading edge of the) wave are related.



Non-linear Wave

Claim With IC p(x , ol = p & ( > Xo
·

the system will
-

ultimately settle down to a wave with C-2.

Anument : · Non-linear wave must have speed c ? 2
.

· We will snow that non-linear speed = each possible speed of

linear wave.

Consider localised IC plx . o) = 0 for IXXo.

p = 1

p(X , 0)
race against plxol-(AexOK

> pick A s . t · plx ,
o p(x . 0)/x Jeroe

evolve by= + p(-p) by
- + p

travels with c = X ++
We will show that for any1 , plx .+) can never overlake plxit
(The -po term only delays things).

Define g(x.+ ) = p(xt) - p(X , e) ,
then

+g+2
+ 9

i

.

e . "glit at least as fast as diffusion with linear growth.

= g(x , o) <o
,

then g(x , +(coVt ,
ie . PIX , +) <pixit) Ot

and non-linear speed linear speed Xt , i

.

e .
non-linear

speed is C = 2.



Front Propagation in a Bistable system

Consider - p(p-r)(p - 1)

with Orc1
.

When splox = 0
.
FP are pro , 1 Istable)

, p
= r(unstable)·

This is a bistable system.

Suppose that we have IC ply , 0)

~ P(X)

from- P= 1

-
p = 0 >

x

Does the front more left or right ?

We might view this as a model for disease propagation , or

for how chemicals spread.
unknown

!
Again ,

look for a wave sol" pix . th = f(5)
.

E = X-ct

We get
-of = f" - f(f-r)(f -1)

Write this as

f" = -EY-of' ,

with VLf) -
- * f * + &(1+rf

*
- Erf2

:
~ V(f) 25 :

- V(f)
·

f= 1

f= 0ev -



·a large
-

> friction large and settle in minimum.

· c small - Overshoots

· <critical S . t . f : -> f = o is a sol"
. This is the

value of a we want

There are only sol's that interpolate betweenf=o and

f= for specific value of c
.

recall 5 = X - ct

-
For rat

,
interpolate from fil to f =0.

=
plx+ ) -> 1 as +0

=> first moves left

For >E
,
from =o to file plxt) to as ten

=> feast moves right.

This time
,
the mechanical analogy fixes the speed c.

To determine c
,
Consider

1 d fif" = (od3)-f-fir) = [d(--fi
-

Iif's but f to as 3 + 10

=> c==
using AV = VIf = 1) - Ulf = 0)

We need to compute /disIf2 , and for this , we usually need f(3).

We can compute f(3) when U-E
,

so 2 = 0. Check that

f(5) = (1 -tanh(3/25))



For rot
,

we could do an expansion in 10-t) . To leading

order
,

use f(5) above in the integral .
We get

C= 2 (r-z) + 0((u -t))

Localised Perturbations

1P(x)
Consider

↑
p=

> X

Does this shrink or grow ?

· r >I - shrinks to p=o

· r < => more complicated and depends on width of

perturbation.
1P(x) 1P(x)

p=

- -x
> X

-
-

large width Small width,
will grow shrinks to p= o state

Dongue Revisited

Recall our Walbachia vs mosquitoes from $1 . 4 . This was a 2D sys.
- uninfected
&

= ulto-u-cutu)dt

infecteddv
= v(ro - (n+ v))
It

Exercise Show that p=Ev (ie . propo of infected) obeys
-

= -p(p-ri(p-1) .,
V = Uo-Voc(0

, 1)



Now add diffusion to capture spread of infected mosquitos ,
with

p =p(t . X) ,

= - p(p - r)(p -1)
,

i

.e. Localised region of infected mosquitos spreads only if r*.

Exercise Suppose insecticide kills mosquitos at coust . Pr

Capita rate (same for U,
v)

.
How will this change the required

introduction codth ?

Nee Mosquitos definitely more in ED
,

not ID ,
with circular symmetry.

We have

+ - P(p-r)(p-

= so
, dpldr so

,
so t slows down propagation.

P(X+ S

of the wave. But as r+o
,
it becomes less

important , and so we reduce to the ID sol" 3

~

2. 3 Turing Instability
The surprising result is that homogeneous stable sol" and diffusion

=> unstable and inhomogeneous.

Consider the 2-variable reaction diffusion egus.

= flu .
v) + D

,
you

= g(iv) + D2J

With D
.,
D2 30 .



Assume 7 homogeneous Stable FP (U+, v
*)

,
ie .

f(uY, -
+
) = g(u+, v

+ ) = 0

Jacobian is 5-(g(cue
Stability means TrJ = futge < 0

detJ : fugr-figu > 0.

Now perturbations can vary
in space

u(xit) = u
*+ t)eb-z

V (x(t) = v
*

+ V(t)e
↑

linearise egn
-> can take Re . Im

Taylor expand and keep linear terms

= fu + fr- D,

= gui + gr-Dak -,

k = kok

↑
evaluated at (4*. V

* )

Is the FP stable against inhomogeneous perturbations ?

Jnew-fu-Dik" fr( ga gr -
Dn()

We have Tr Jnew = TrJ - (D
,
+ D2) k

*

< o

det Tnew = Ifn-D . K2)(gv-D2k) - figu
= det 5 - 12 (D

.gr - Daful + D
. Dak+

Stability requires det Jew > o
, but not generalised.

Write det Jnew = Ak" - BK" + C
.

We have detTrew co if B30
, B2-4ACLO



=> Digr +DafulDulfugeFigul
This is the condition for Turing instability

.

We The sys . is stable for long wavelength (k) pert- and short

wavelengths (k>) · Instability arises in an intermediate regime

n det J

-1 32

with k= 1=A

The system borders on instablity when BE= PAC .

At this point

the first mode become unstable is

k = (t)" = (4
This corresponds to a wavelength X = /k*.

The end point of the instability is typically a pretty pattern

depending on fluir) and glu,
v .

The patterns on animal's coat are conjectured to arise from

Turing instability.

The Turing instability requires D.D2
.
If D.

= Do
,

then

Jnew = J-k"D , I ,
and Relevals) ofnew arere-stable

Define d = D. /Dz
,

then Turing instability requires

fu + dg+ co



But we know Tr J = fu +gro ,
so clearly d.

Nee : For instability ,
need fu

, g o opposite sign-

Suppose fuco -> u is activator
-

g/0 - v is inhibitor
-

In finite domain
,

we typically impose BC that makeI discrete.

The minimum K is Ko = 25/2
Size of sys

For small
sys .

K> k + 1 - no instability

Consider a rectangle ,
1

, x12
,

BCS S.t
. K= k=

Suppose 2. ,
Le suctably large , instability gives rice to spots

When La L
,,

we could have no instability in y-div , but still

unstable in X-dir.

#
e

.g. animal tails.

Example Consider = -U +Hir + 32
ratio of diffusivities
-L

E = b - u
+ V +dj ..

b zo

FP (u+ v
* ) = (b

,
"b) with J = 1- )

tr J = 1 - b 2

det j = b 0

=> stability if by



With diffusion, (Jaer = -hibthe
det Tnew-dh"-Id-b3h2 + 62

This has roots provided that d.b" 4b = d > (3+ 2E) b2

dn

name/
3 +25 -

Stable

>

bI

3 .
2 Chemotaxis

This means movement (typically of bacteria or single celled

organisms) due to background chemicals.

· a (X , +) = density of bacteria
·

((xit) = density of a chemical that they like

The chemical diffuses some"that

& specifies the

= - DcJ* = G(n
, c) dynamics

Bacteria diffuses and swims !
& + Jot = FIn

,
2

with I = -DnOn + nV
, v = ↑ Ja

M

diffusion a ↑ I fundness
-

Swimming x8 of a



How do bacteria know to swim in direction Jc ?

Ium
2

Me-flagella : belied,
cotating cotas

cell bodye

Two modes of motion

·

run= straight line motion at speed ~10-soum/s.

· tumble : random reorientation every second or so.

Random walk = diffusion . Change in tumbling rate less frequent in

higher conce -> spend longer time where a bigger - swimming

~
Chemotaxis term

E = Dn Jin -

xx : (n]c) + F(n , c)

: DaG2 + Gluc

Example Finic) = V-Sn
, Glu .

c) = Cn-PE
decoya ↑ I

& death
const

. Injection

of bacteria productionofbacras

Homogeneous FP (n*, (*) = (E, ) ·
J = [ci

=> evals :
- S

, -p = Stable

Now perturb .
nixit) = n

*
+ uHek

- =

ik.
c (it) = c

*
+ vit)e

Linearise => = -Dnk-u + Xn * kv - Su

= - Dok"v + au-BV .

Note if y = 0 E Stable (i
. c.

no Turing instab)



We have To Jnew = -( +1) - k*(Du+ D2) < o

det Tnew = (x2 + k*Dn)(x + k
=

Dc)- 12

Stability requires dether
>o but this breaks down if > big enough

Exercise show that the first unstable mode as you increase X-

is

k+
= (s/brdc)" , y=5+ !" -

53 Random Variations

We would like to incorporate random fluctuations in our

analysis. For this
,

look at stochastic systems

5

.1 Discrete Outcomes

Consider a sys .

with two states A and B.

PLA . +) = prob in State A at time to

↑ (B . +) = 1 - P(A . t)

Transition from A-B with ratex , meaning prob,
to

transition in time St is St.

↓
--

-

A B

↑ (A , t + St) = P(A . +) 11 - 1 St)

Taylor expand
=> PLAit1++) st + O(sty = P(A ,t) (1 - 1st)

=>At) := XPIA

=> PlAct) = e-Xt
. Lassuming PLA) = 1)



Can we ask for prob dist" fit) to make the jump at time t ?

First compute

PItaT] = S
o

"fluid
↑

prob.

to make the

jumpA+B before
T

.

But PltCT) = PlBiT) = 1-eXT
.

=> fit)=Bt = deCrelabe+

This obeys (.
"

fitid = 1
.

The expected time to make the jump is

(ti =1.+ fiti d + =5
.

The variance is

Var(t) = (+2) - Ct72 =y
So S . D .

is

5It) = Fartt1=
.

Discrete population size

PCn,t) = prob population has size ne 10
,

1 . 2
... ) at time to

Prob rated to add 1 population.

+
·
-

.

- -
8 --.. Y

&

- Y 2
n-1 M n+ 1

-

start at no,

immigration rather than births

In equ , for hel ,

↑ (n
, + + St) = PCnit) (1-XScts) + P(n+,+) XSt

.



Taylor expand
=> dents = J (P(n+,t) - P(n , t)) (X)

.

ThisIs an example of a masterequ ,
here for discreten and

ets t

Exercise Set P10.0 = 1
,

Pla.o = 0 for21
.
Solve (* ) inductively

to get
P(n

.+=+
We solve 1) by introducing generating f"

9) (s .
+)= supert)

.

=(

Pick Seto , 1) for convergence·

This encodes lots of useful info , e .g.

(nct17 =En pnit)=/s
= 1

and
in = (t1) =& pinit)

= Conin-1) Plait)+Pin

- (s=+ s = 1

We can also Invest

P(n . t=t

(50 #

Note We must have flit) = EPInit) = 1 as a b
. c

.

Other
-

b
. c . usually come from $15 .0) as i . C.



We can convert master equ (4) into a DE for pisit)

*
- P(+,+) = 0

.

- "(P(at) -Pint

= Is" Plait)-spInit)) = XS(S-1) Plsit) .

Integrate
=> p(sit) = P(sco) excs-is

+
-

↑
Pick i . c . Plai = Sno = #(S , 0) = 1.

Then p(sst) = elcs-it
. From # ,

Pinit)=
e

Can compute (ncti) - It and 2=t . Importantly,

th
i

. c . fluctuations are less important over time. The general result

-
is very common,

Prob
.
dist" Pr

un
"t

it peak moves and spreads . Using Stirling's !Fine-h

=>
pintic efteginit

with glnit) = n + logInt)
- nlogn- Elogn,

↑
max at n = n* It



Write gln .t = g(n) +En-t--log (it)

=> Plate-chY
ie . Gaussian marching forward in time with (n2 = It.

Birth and Death

· const growth rate & for n +n+ 1

· const death rate percapita & for Uren+

↓

:To
The master egn is

&Int) = - (+n)P(nit) + Pen ,t -ecutDl

The generating fo Plsit = S'P(nit)
. obeys

= Pn = P(n .t)

-

=&su[-Pn + XPn-BuPn +Pint P,

= T-s + sux-supn + garpn] Pr

UsePns""Pu to Write

E = (s- 1) (xp-p

# P(1 . +) = ) =>t = 0
.

Use ansatz PCs. t = eSf(t) (obeys +( .
+) = 1)

-> * = 1 - pf(t) .



=> fitt= /1-eft)
assuming Plut) = Sno = ↑(5 , 0)= 1

.

=> p(s . t) = exp(* ( -1)(1 - e
- ++)

.

Exercise Use of to show that(n) = Var(a) = 11-e-ft)
.

As tey
,

we settle down to a steady state p : e
* 15-1)

In more complicated situations
,

we can only compute steady

state bycettingt =0 *P

=> p(s) = e
* 1s -1)

using $111 = 1 .

This translates to the steady state prob .

dist" .

P(ul= (f) eye

More offspring

Consider the following situation

x
&

-
a

n -1-in
&

n -M Bu Ban+ 1)

n+M

Then ↓ =
- (x+ pn)P + XPa

- my
+ f(n +1)0n+ 1

.

Excise Show XISM-1) P-pCs-1
This is hard to solve

,
but steady state sol is

= #M
e-g. M

=z = p(s) = exp(f(s + Es - z))
.



We can also use master equ to calculate moments directly.

Examplet

=n( - (x+pn)Pn + 1Pa -m + B(n+1) Pn+ 1]

- 1-in-Bn2 +/+M) - pen-n) Pe

=E(M-pr) in = XM-p(NCED.

Solve to getCactix = #(1-e-pt).

Also &

= n2( - (x+pr)Pn + 1 Pa -m + B(n+1) Pn+ 1]

= -xn2 -An + x(n+M - Brin -12) Du

- Imp + /2/M+ p) <nct) -

29 Chrct1) .

ExerciseShow that in steady state,
-

(n2= (IM2+ (2xM + P))
and for M31,

Var(n)= M,

i

. e . more offspring - more variance.

Nm-linear growth rates

Above
, we found a nice DE for [Nhtl) ,

but this is because rates

were linear . Consider

X(n-1) am
- -

& · n -

n+ 1
n- 1---

2

Ba B(n+1)



&Ints-- In +Buy Plait) + An-1) PCn-ctlutpent

Now ↓

=01-xn2 - Pn3 + xn(n+ 1) + B(n -1)nz)p(n , t)

-Coln-1n) Plait) = (nct)) - 1 (nact)

To compute <niti)
,

need to know <nict)). Then for <nict

depends oncnictil and so on.

Extinction

For a closed population , with a birth rate b. and a death ratedn.

with A
:z -- - menn+

d
.
"In In In

+

No births when n = 0
,

ic
. bo = 0

·

Question : What's prob of extinction ?

Let Qu =

prob of extinction if start at n . Clearly Qo = 1.

Use recurrence relation :

Qu=d
Out+de

On-

=>Ant . -On = (Qn-An-1)

- -D
But relistically , expect that death wins at large n

.
ie .

JRC1 and N S .

t. ↓ R UnN.

This means that di/b : gets arbitrarily large for new.



But Q: 10
. 1)

,

so we must have Am-an = Q
, -00 = 0

.

but Qo = 1 = Qu = 1 En
, so extinction inevitable

,
but may

take

very long time.

Multiple Population

Wildebeest : m Flies : n

Birth rate &
,

>m = Wildebeest attract
flies

Death rate B, m Bin

(m . n + 1)
&

B2(n+ 1)
flies" ↓

S
damth) ↓
--
· (m - 1

, n) · (m ,n) ⑤ (m+ 1 , n)

2 -emtiwildebeest B . (m) Kapan
Im

- -1)
kam

↓Pmn = 1 , (Paren- Amin) + B . (cm+ 1) Prion- mpmin)
+ XeImpmin--mpmon) + Balintpmint - -upmin)

For wildebeest.

*=d . ((m+L - < m2) + Br(((m -112m) - (m2)

+X2/(m-<mi) + B2/mni- (int)
.

= x
,

-

B ,
<m>

Exercise snow dan 2[m]- Ba(n) ,

= X ,
+ (2) , + 1) <m) - 2 Bn(m2)

*2) = 12(m) + Be(n) +zmn)-2pe



↓m = 1 ,
(n) +demi- Spit2) <mul

.

In steady state ,
(M2= xi/p ,

(n)=m>= xix2/Boa-
The variance of flies is

varius = (n2)-cri=* (mul + (n) -

cncmich
=> varen) = (n)+ (mm) - (m>(n))

↑ -

Covariance Cov(m , n)
intrinsic variation

of flies
extrinsic variability

3. 2 The Fokker-Planck Equation

Previously , we derived master egn for Pla.t) Witha discrete

Now we want to extend this to Plit) with EIRd.

First
, we rewrite our previous results

Win , v) = jump rate from u to n+r (a , reLL)

i

.e . r is jump size o typically winiv) to only for small subset

of small values of .

Example
n - 1

.to t wen, us =Ge
d
->

=I*

n- 1 W(n , r)
I &
An Bentes

Master egu
is relabel in as x (still think as discrete

I
↓int) =d (Wener

, r) Plu-rit) - W(
,
r) PCait]



The key idea is that for Xur (with Wi . r +o) , the dist"

P(X+ ) looksto .

~ P(x , t)

..... ·
---

.

&

n = Y

RHS of master equ looks like flor) - f(x) With fixl : Nex , r) PN, +)

Write

fix-rs = fix) -r* tradf..
drop these

Then

=> (xt)= ) - r * (w(x, r) P(xt) + Er(WHr> PLX , +S)

Write this as

xt) = - (uP(x , + )) + (D(x)P(X ,+)
.

with usx)=Erwxr) ,
DI=W

This is the Fokker-Planck egn .

comment Often write (AP) +* /BP)
, with Azu

,-

and B = 2D
.

Probability conserved , with (dxP(x . +) = 1
,
and the FPegn is a cty egn

= o

with J = uP + (DP)

↑ ↑
diffuseadvection/

drift



Diffusion Revisited

Consider the process ne
X X

We have Win , 1) = W(n .
- 1) = 1

.

=> u= 0
,

D = X
.

In this case , FP is diffusion equ

= D

This kind of randomness underlies all diffusion , e. .g. Brownian motion,

spread of ink in water. The diffusion equ captures microscopic random

walk .

Ne Previously ,
we thought of population densities ut) or

chemical concentrations acct) diffusing . Closely related to

probabilities as net) =NPIX) , With N= total population-

Moments

We can use FPegn to see how moments of x evolve
,

e .g.

X , X 2 , .

= /d = (dxx( (P)+DP))
IBP twice,

= Sax uP and use PlX ,+ ) -> 0

a (x1 -> y

= <UC]

The fr U governs drift of distribution.

&= (dxxz)- G(up)+ (DP)) = 2(xu(x) + 2 <D(x)]
.



For Vari) = <x* - <XX
, we get

= 2D(X +2
= <XU(x1) - (x) <ULX)]

.

Example
·n Win

, e)=--

& n+1 With I
An f(n+1)

FP equ has n(x) = W(x , 1) - Wex ,
- 1) = X-Bn

D (x) = 1) W(x , 1) + W(X,
-1) = E(x + Bm)

We have d =-x - (x)=-eft)

&<x X + (2x+p)(x) - 2p(xx)

So steady state has (x2 = Varix) = X/B.

Both the first two moments agree with discrete case. This

is because we truncate the Taylor expansion toand order.

Exercise For . Fi s
.t . WIn

,
1) =X Compute <X) , <X*2

.
&

-
n-1 n

and show that (X3 = It) + 3/t2· Now return to discrete

model and compute (n)
,

<+2>, < n3>.

For this example .

FP is =- + Ex , we can

solve by introducing 5 = X-It , reflecting const . drift. Then

we write Pixit : G15 ,+ ) and

=>=
which we know how to solve



If i .c. is delta fr , then

P(x , t)= exp)-)
i
. e . even-spreading .

Gaussian + cust . drift.

Multivariable F-Pegn

The master egn for discrete outcome XEId is

=> (xct) =Ed (W(r ,
1) P(x-t) - WIr) Plat)

Repeat previous steps and Taylor expand

flu) = f(x) +r +U +...

with f(x) = W( .
1) Ple .t) . This gives multidimensional FP

/Sym .

L

&t)
=

- E (Ui Plit)+ (Dijk)P(it)

where Vi+:WIL) ,
and Dij=Ed Vir; Whl)

* (i) = (d *x X: = (d *
x xi (- 2j(4, p) + 22j (Dijp)

= Sa *
x uiP (BP)

=> d = caug .
dri

& XiXj) = Jddx XiX; )-GLMP) + 2x21(DkeP))
.

=(XiUj) + <UiXj7 + <Dij7 .

Define Symmetric covariance matrix

Cij = cov(Xi · Xj) = <XiXj) - <Xi)<xj



Then

↓ = Cow(Xi , (i) + Cov(Xi ,
Kil +2< Digi (x)

.

Wildebeest and Flies revisited

Recall m : population of wildebeest

ni flies

↓mn
= X ,
(Pan - 4min) +

p , (1m + 1) Putin - mpmin)

+ X2 /Mam
,n-1-Mpmin) + P2((n+ 1) Paints-Upan)

Exercise (
-

Show that =Bim) and find Di

Since CV2
, any steady state prob dist" must have

<) = 0. For us ,
this means

<mi = bi/p., <T = X
. da/Bipa

in agreement with earlier discrete analysis. What about fluctuations ?

Recall :

Gij = cor(xi
· xj) = (XiXj) - (Xi) (Xj).

In steady state
, want

↓ = cor((j) + CovX ,
d : ) + 2CDij) = 0

Write : + az,
with 1 = (d) ,

a = (2) ,
= = (m).

=> cov(Xi
,Vj) =

ajk Cov(Xi · Xk) = Aj Sil

Then(k) becomes

↓ = ac + CaT + 2(D = 0

This is a Lyapunoregn for C.



Exercise Show that C = Var(m) = / ,
C =C = Xix2/B1/pi +2)

and C2 = Var(n)= 1 +p
The evals andcrecs of Cij give info about the population

na

↑Pere
- draw s- t .

95%

within this region
>

m

4. 3 The Fluctuation - Dissipation theorem
.

Consider N2 for a particle immersed in liquid

my = - Vy - -V + f(t)
↑ -

friction random face due
to bombardment by
molecules of liguid,

e . g.
Brownian motion

Idea : draw fit) from some prob , dist" and try to construct

prob . dist . Plt) for X
.

This is an example of a stochastic DE
,

or hargainegn.

It turns out that Plt) obeys FP egn .

Suppose that motion is friction dominated , so we can ignore

the i term
. Assume [fItl = 0. Then average velocity is

(y) = - t ) XV) .



Compare this to FP where (*7 : (U)
, suggests that the

FP egu should be

= 10 . (PJV) + DJP
.

M
for some Dij = D Sig ,

assuming D crust ,
and

rotational symmetry

The egm distr then obeys

3 . (tP>V + DJp) = 0

- VVI/D
=> Pl-ye

normalisation

Suppose that the surrounding liquid is at temp. T .

From

Stat phys, the egu prob-dist" must be Boltzmann dist".

↑ (x) = e
- E/kbT

= e
- V(z)/kBT

Equating ,

D=
This is Einsteinegn.


