
General Relativity
Manifolds
The basic object in GR is a smooth

,
n-dim manifold.

This is a set M together with

·

a collection of cordinate charts OSM s.t . M=O ·

· a bijection * : 0 -> U where Ua< IR"
open.

· if On & Op # ,
then

↑ · Ps : da(DanUp) + Aplanup)
is smooth.

Rak :

· san replace "smorth" by C(k-times diff)
· Don't want defi of M to depend on particular
choice of 1100

· Pa)) .

We say a collection of 1)Pa, /k form an attas

for M .
Two atlaces (10a

, Pall .
<02P)) are

compatible if there union is also an atlas.

A maximal atlas is the union of all compatible
atlas on M.

Examples
#If U CIRY is open ,

san take O : U and p : id.

%: (x, . . .,
x2) JX !

.
. .

., X*)
.

so our (non-maximal) atlas has only one chart.



In particular , suppose U = (-1 , 1) <IR and consider

· (c- , 1) , id) = J0a , (c)
· (C-111) , 4) where 4 : X-X3

.

However , Poid = Poid : X *** Smarth v.

ido 4" :yT not smooth

2) S' = (ER1 #F = 11
.

· If PES1) /1-1 , 011 .,
then 5 : 0

,

0 (-ii) St. F
= Kosa

, sinc

· If PES') (11 . 0)
,

then 7 ! PE10 .
2) St . p = /OSP2

,
SIND)

.

We have t . (0 . 102) = J- +1
. 0) VLO . i)

,
and

4 0 d.
"

: P ,
1 S O 0 . /0, m)

.

P
,
+ 2π O , EC- T , 0)

3) S = (PER
**

Ipp = 11
.

Can define cords by stereographic projections.

Let IE ,
. .

. Entil be usual Cartesian basis of IR** and

le, .... In) be Cartesian for IRV.

-

O &

--
->

L

We pick 0= S") /Eurih and for peO.,
let

-

↑ (f)=Fynt (pe +... + pen)
.

EU , CIR"



02 = S")1 - Email and for PE02 ,
let

92(p) =

1[pa+ (pz1 +... + pen) .

EU2 <IRY

We have , 10, 102) = RYV/1)
,
and

%": for * EIR"Ve) .

This is -diffble on 1Reh
,

so S" is a manifold.

4) If M and N are each manifolds of dim m ,
n resp.

then M x N = <(pq) ) pEM , qEN) is a

manifold of dim min.

If 100
, Pa) is a chart on M

, JOp , up') a chart

on N
,

then Oop = On XO and

Pap(pq) = (Palp) , Pp(q))
is aword chart of product. As <p vary,

get an atlas on MxN .

Smooth functions

Def"Asmorthf" is a map f : M-> N between ifids

M .
N

,
of dim min resp .

St . forany cord charts

J0
. %) on M and (0 p') on N , the composition

& of o P is a smouth map from UCRM to U'LIR"

A smouth
map f:

M-> N which has a smouth inverse

fN + M is called a diffeomorphism .



Example Suppose N = IR. Denote the space of all smooth

f's f : M - R by COM : IR)
, or COM). En

physics ,
these are often called scaler fields.

Example Suppose M : l = Ja ,b) < IR
.

Then the

smouth map f : -N is called a smouth curve in N.

smooth crore

⑳ ~Vector field
IR M =I

Eample Recall S' = (sxy> FR1 xi +y : 11
.

Let fix. y) = x . Using our charts foo" : (-t .
it) +1

is given by foo .

"
: O. I coSP, - smouth,

O

Sp, xf
S I &

- Th T

Similarly ,
on O2

,
have foo : 10

. 25)+ IR - Smooth-

O - coSE2
·

For
any other chart /02 . P) , we have

fo = fo ( %,"0p
.
30 %

%



·") oldS
def" of Si

as mfid
so smouth for any compatible atlas

Example Let 10 , 01 be a chart on M and for peO .
-

write alp) = (x(p), ..., XMP3) ,
Then for Kism , the

X"(p) are smouth IR-valued fis on M . Again if

10p') is another chart and peO10 ,
then

Xio(p')" is the inth opt of 1014'l" ,

so is

Smooth . These are called the coordinate fis of peM
in the chart10, 4)

.

we sometimes write Fa : fo"where f : M + IR,

then E : Ua+ IR
,
where UCRM .

Then fo is

smooth if Ec is smorth UX in our atlas and

Faluanup = Fpluanup
on overlaps.

Curves and Tangent Vectors

For a surface MC IR3
,

we have a notion of the

tangent space TpM at peM .

This consists of
all VEIR3 that are tangent to M at p .

However ,
there's no natural identification between



VETpM and UETqM for pEq.

#-
W

To have a def" of TpM that's intrinsic to M ,

ie .

m+K
doesn't rely on embedding MCR ,

use curves.

Suppose XIt) is a smoth curve in M , define a
-

targent rector to M at p
: il/0) by taking the derivative

f(xst))
+= 0

for any smooth f" f : M + IR.

↳
ICIR

Eple If M=
↑

,
then [(t) = (x'(t) .

. -

,
X

*

Ct))

and

Xpf= (x(t)))
+=0

the usual directional derivative of along the curve.



Thus, the tangent vector to M at p is a linear

map CoM) -> IR
.

Note that

(i) Xp is linear :

Xp(xf +pg) = cXpf + pXpg

Va
, peRR and fig e CM)

(ii) Xp obeys Leibniz rule :

XpSfig) = [fXp(g) + gXp(f)]p
If 10 , p) is a chart

,
and peo with Plp) : /X ...., X*)

,

then F : fo &"represents our fof in this chart
,

then

fo x(t) = fop"0 poxit) = Fo do N + )

So if XS0) =

P ,

* f(x(t)toL
X t

depends
on F

, p
depends on X

, 4

Rop The set of fangent vecs at peM forms a rector

space Tp(M) , the tangent space to M at
p -

P : Given tangent reas Xp . Yp , must show <Xp + BYP
is a tangent vec Fa , peR . Let X

,
1 be smooth

curves With 1101 = 110) : P ⑫xet



and let Xp . Yp be the fangent rectors at p .

Also suppose (0 . 4) is a coordinate chart with pe0 .

and p(p) = 0.

Consider the Smooth curve vit = "[ < p(xit) +PP(tat)] ·

Have vI01 = p .
Let Ep : cXp + pyp ,

then

Zp(f) = (f(r(t)))
+ = 0

- lypt(xM(x(+) +Bx(t)) (
=0

=[ ]
t

= <Xp(f) + PYpIf)

Hence
, Tp/M) is avector space. I

To show dim Tp/M) = n = dim/M)
,
consider the curves

X m (t) = 0 - So , ....
0

.
+ .

0, . .

.,
0)

↑
m-th entry

D
RRU

We call these targent rectors ()p



This name is because

(pf=t)

- E)
alpu

These rectors are linearly indpt . Suppose not ,
FCNER

,

not all 0
.

S
.t .

CM)p = 0
.

=> sm()p = 0 & Smooth fo F .

But pick F = x " to find x" = 0 Vr
. # .

Furthermore
, they form a basis

,
since if X is any

smooth curve with tangent Xp at p , then

Xplf)==
)

,
f

= x()
, f

where XP=Wit to are the ets of Xp in

this basis.

Suppose (0 , %) and 10 . %) are two charts with On0'-0
and psOlO' and set f(p) = (x(p) ,

- . -, x
* (ph) ,

p'(p) = I xCp1 , X
-

(p) ..... X"(p) ,
and let F = fod " ,

and F = fo (p')" = foto p - It's
"

,

ie . F(x = F'(x (x)



Then

llpf = (i)pp
- (F'(x + (x)))asp)
= 1)pip

pp
- xplit) +

Hence
,

) = (map) +
Similarly for a general tangent rector Xp at p.

Can expand

Xp = Xm(2m)p = X
. k)p

- x*(a (E) ,
So we conclude

X" = (*)
app

XM
&

Corectors

Recall : if V is avector space ,
dimV = n co

, then

the dual space to V is the space V
*

of
linear maps V + R ,

dim V* = dim V



Suppose lep) for M
= 1 ....n is a basis for V,

the

dual basis is the basis If "l for v = 1,
...,

n of V
*

defined by

flep) = Sup .

We define the extangent space at peM is the

dual space Tp
Y

(M) .
An elt . neTp(M) is a

corector /or 1-form) at p
. In particular , if

Seph basis for TpM and If the dual basis,

can expand any 7
: guf in this basis

· yep) = Im

· n(X) = Mof (x* ejn) = MXM .

Defi Given a smouth f"f : M + 1
, define Idfip to be

the corrector at p which maps

Idf(p : Xp1+ Xpff) XXpzTpM

We call Idfip the radent of f at p .

Ne If f : M + (coust.) ,
then

(df(p(Xp) = Xp(f) = 0 #Xp
and we set Idf)p : of TpYm)

Example Choose f = X in same chart 10 . %). Then

2dx(p (p = () xJops : SY
I

So Idx"lp is dual basis to J2/XM) p .



We've seen that under a change of basis/word . that

lotp> *** pl)p -

So dually,

(dxM)p & (pdx* p

for the basis of co-vectors .

More generally , suppose IfMh and IfM are any pair of

bases for Tp*M ,
and leph and Sept ,

the corresponding
dual basis of TpM .

Then 7 matrices A , B s.

t.

fl = Alf" and e = Bo er .

However
,
SPv = fMJei) . - AmpfO(BY er)

= Amp BY foler)

= AN B So,
= AmpBPr

Hence, BMr = JAM-
Indeed

,

-> pp
= Sp

for the could bases.

The tangent and Cotangent bundles

We can "glue" together all the tangent spaces to create

a new manifold called the tangent bundle TM .



We define
TM :

=WySpixTpM
i

. e
. set of all pairs (p, Xp) with peM , XpETpM.

If(Oh . Pal is an attas for M ,
we can obtain an attas

for TM by setting

s = por(ph-TpMC TM
and

: Ex-> Ex < R
*

/where dimM = n)
.

En is
given by Ja : (p , TpM)+ (Paph , X)

- ↑
cpts of XpER2EIR"

,

↓cronde ofmanifold
in the p cord basis

-
Ne As yet ,

no

way
to compare XpeTpM with YqETqM

for p+g-

Ecise suppose (0 . 4) and 104') are charts on M with

pop"(x) = X(X)
.

Show that on (pop"U) &U ,
we

have - O

Epop" : / .
XMit (x().X·



and hence deduce that TM is a smooth zn-dim manifold.

Similarly , define cotangent bundle T
*
M by

TM
=En(phX +M .

Exercise Show that T*M also a zn-dim manifold.
-

Exercise We have projection maps it: TM -> M.
-

Sp . Xp) +> p

and T : TM -> M
.

Show that these are smooth
.

(p .(p) P

Tensors

enin physics ,
we have to deal with multi-index objects,

e -g. Stress-tensor TMr .
EM field strength For , Riemann

curvature RMrap .

We'd now like to treat these

geometrically .

Def"A tensor of type (r.s) at a point PEM is a

multilinear
map

T :

TpMxTTT
(multilinear = imear in each entry) .

Example . A tensor of type 10. 1) T: TPM -> IR linear
,

is

a corrector.



· A tensor of type (1 .0) T: TpYM - R linear
,

ie .

an elt of ITPMS
*

= TpM .,
so it's a reator

.

Example We could define a tensor of type 11 , 1) by

Sig , x) = 7/X/
for any yeTpM . XeTpM.

Suppose leph a basis for TPM and Ifth the corresponding
dual basis of Tp*M .

Thecet of a tensor T in this

basis are the numbers

-
Mr - --Mr

.... us
: T(fM ..., fMr ,

er
, , . . . . 90s)

Example For S
,
have opts SMv = S/fM , 2v) = fMeu = SMu

.

↑
above

Example Suppose T is a 12 ,
1) - tensor

,
and let w , n ETp*M,

XTpM ,
then

T (c
. 4 , X) = TSofh , not , XPed

- Cp4rXP T(fP , f" , ep) ST multilineat

= conX0 . TMr

Abstract Index Notation

We often need complicated compositions of maps ,
e -g.

may wish to consider

TM v S"x JayP ROvar
To keep track of this geometrically , in abstract



index notation
, we write a tensor of type (0. S) as

-a
, ...

dr

b. ...by

↑
Latin indices (not Greeks)

This does not meanopts in
any basis

, just a name

for our tensor that help us keep track of contractions.

For example , for a 11 . 11-tensor
,

TMv = TJf ,
erl

- + (AmpfO , (A)
--er

= Amp(A+ T(f0 ,
ed

= AplAtT Tor
In particular , for a courd basis

en=m=ulpily
fr = (dx)M= (dxp

Operations on Tensors

a) contraction

Given a tensor of type (r .s) with risco
,

can form a

new tensor S of type Jr-1 ,
5-1) by contraction.

E. S. if 10 ,
51 : 12 , 2)

·
We define

S( , x) =

J(y , f4. X , em)
To see this is indpt of our basis choice

,
note



TJg . fr .

X
, em) = T(g ,

Airfr ,
X

, (A-1 ep)
= An-(A+n Th , fY , X , ep)
= Sir Thy , f X , ep)

= Th , f" ,
X , er)

b) Tensor product
Given a tensor of type (pig) and T of type (r, s) .

Define their tensor product to be SET of type

(p + r
, g + s) given by

S T (no ,

.
. . .,
WP

, y 1 - . ., 40 ,
X ., .

. .. Xg ,
Yo, . .

., Ys)
↑

- Scro ,
...,

WP
,
X , , . . ..Xg) TJy' .... "

, Y , . . .
.,
Ys]

.

V ci , ge Tp*M ,
Xi

, Ye TyM .

Exercise Show that any 11 . 1) tensor I can be written as

T= Thr enef" .

c) Symmeterisation/Antisymmeterisation

For any tensor T of type 10 , 2) define symmetersed/

antisymmetensed version by
S(X

. Y) = &J T (X .Y) + T(Y , x))

A(x - Y) = E (T(X , Y) - T(Y , XI)
In abstract index notation

, if Tab ,
then

Sab = ETTab + Toa) = Trabs
&

Aab = ) Tab- Tba) : Trabi



These Cantilsymmeterisation can apply to many indices of
the same type , e .g .

↑sabe)d = + /Taba + +bac + + ba + Tac
+ joba) + +by)

↑
labc]

d = + /Taba + +bac + + ba - Tac
- Toba - Tbxy)

i

. e . average over all /signed) permutations of indices
F

enclosed in brackets. We can also exclude indices by
vertical bars

+ sarbic - +(+ab + Tab()
.

Tensor Bundles

The spaces (TVs]pM of tensors of type (r
. s) at p

fit together to form a tensor bundle

TSM = PYy(p)
+ &Ts(pM .

If 10 , 01 is a coord what in M ,
we set

8 = %(p) + (TYs)pM

and

↑ (p . Tp) = (4(p2 , +N . . . .Mrr
, ...
us)

and 15
, %) is a cord

-
chart on Th,

M.

Exercise Show that TYM is a smouth manifold using
18, %) and calculate dim Tr, M .



There's a smooth projection map it : TVs M- > M given by

#(p . STspM) +>

p .

A tensor field is a smouth map
T : M -> TsM

. St.

the ToT = idM .

If 10 , p) is a cord chart on M ,
then

Top" (xM) = (X ,
TM- Mr

v
....
ug(x)) ,

and thecpts +M ....Mru
.... us(x) are smouth f's of X.

Example ToM = TM . targent bundle.
,
and a tenso

field of type (1 . 0) is a vector field. We can write

X(p) = Sp . Xp) .

with Xp = XM(xsp)(cm) in coord basis .

A vector field can act on a smooth f"f :M-IR to give

a new smooth fr XIf) : M+ IR defined by XSf)/p = Xplf) .

If f is represented in some wood patch by F: fop" ,
then XHIlp = XM(ppl) (pspi) .

Excise Show the vec . field X is smooth ifff"X(f)

is smooth & smouth f"f.

Integral Curves

Given as vec , field X on M ,
we say a curre 1 : ItM

is an integral curve of X if its tangent at every

point p on the curve is Xp.



·
i

. e., = Xxt Vtel · (t)

Given a vec . field and a curve s.t . Nol = p ,

there is

a unique integral curve through p /unique up to

reparameterisation the titl and extension beyond X(II) .

To see this
, pick a chart 10, 01 with : (x1 , . . .,

xY)

with (p) = 0. Then It) become

↓st = X(x(t

in this chart. This is a first order ODE forXMt) with

* 10) = OM
,

so sol"unique within 0
.

Example Suppose X=+X in some cord patch and

% /pl = 0 . Then integral curve of X through p obeys

X = 1
,

Y = X ,
Xi =

0

with Xi10 = 0 . This has sol"

X Sti = + , X *St) = t
,
xiCt) = 0

,
i + 1 ,

2

So the integral curve is"1+, + 42 ,
0, . .

.,
0)



Commutators

If X and Y are two vector fields , then

X : Cim) + CYMI

f> X(f)

as does Y , and also XY : (IM) -> CYM) with

X : f H X (Y(f))

However
, XY is not itself a Vec

. field because the

Leibniz property fails
:

Xy Ifg) = X (fY(g) + YHfg)
= X (f)y(g) + f XY(g) + X(g)y(f) + XY(f)g

Since the future is Sym .

in X-Y ,
this motivates us

to define the commutator

[X . y] : S(M) -+ SM)

f + X(Y(f1)-Y(X/fIl
.

#f ECYM) .

We have

[X . Y] /fg) = f([X . Y]g) + /[x , YJf) g .

In a cord basis , we have for F = fod",
[X .Y]f = X(y) - Y(X* )

= xM/Y) - YX* )

-X* +XNy
-yrn - XMyM

- (X*-y : [X .Y



where IX . Y]" = XM&-y are the opts of

IX ,
Y] in the could spaces.

W We derived this usingx=xi so holds only

in cord basis.

Exercise Suppose X1. ....
Xn are vec . fields on M that

are LI at each peM and that [Xi , Xj] =

0 Vi,j

throughout some patch DeM .
Then can introduce a

chart : 0- > UCIR"S . t .

Xi= .....

Xn=
y

with ly'. ..., yu) words on this chart. This says we

can wes integral curves of these (i) as cord axes
.

The metric tensor

We're familiar in Euld/Mink. space that distances are

measured by an inner product.

ef .
X .

y = x(y) + ...

+ xy2 Euclid inner product in IR"

X . y
= - XoY + X'Y' +

... + X343 Mink inner product in IR"

Defi A metric at a point peM is a 10 , 2)- tensor a

obeying
· g(X . Y) = g(Y , X) & vector X . Y = TpM . Jsym)
· g(X . Y) = 0 V YS TpM iff X = 0

.

We sometimes write g(x . Y) = <XiY7 = <X. Y7g = X : Y .



By adapting the Gram-Schmidt orthogonalisation , we can

always construct a basis sem) of TpM /where M
= /

, . . .

, n)

S.-

gar
= glep . er) : 30 MEL

#1 M
= v

-

the numbers /r .s)of-signs and + signs is

basis indpt .

This is called the Signature of g.

A metric of signature (0 . n) is a Riemannian metric.

A metric of signature (1 . n-1) is Lorentzian
. (special

case of pseudo- Riemannian) .

DA Spsendo-) Riemannian Manifold is a pair of
(Mig) where M is a smoth manifold and g is a

Spsendo - (Riemannian metric.

On a Riemannian Manifold
,

the horm of a vector XETpM

is IX1=gXX) and the angle between two rectors

is D = cost (* ) .

The lgth of a curve 1 : (a .
b) -> M is defined to

be
S(x) = 9111 de

Exercise Check that this is invar - under reparam of
↓ with the t'st] and 30.

In a curd basis
. We can write

9 = gardx M @dx" = ds "



where giv :g) and SdxM is the dual

basis of Tp*M at peO
.

E ple . (IMY , SI has gids" = (dx)" +... + (dxn)
2

= SpdxM@dx"
· JIR"3

, y) has
g

= do = - Jdx" + (dx1)" +... + (dx3)2

= Yudxmdx-
Minkoski metricopts .

·

on S2 = / *** = 1 / * EI) , define a chart by

P t : (0 , T) x )π,π) > S

10 ,4) . /sinocosy , simosiny ,
cost)

In this chart
,
the roundmetric is

-

ds2 = do
2

+ S120dp2

N

'III-
T T: semicircle from N to S

in plane y
= 0

Have O = S
: 14. The round metric is induced from

standard Enclidean S on IR when constrained to 1x1 = 1.

Becauseg non-degenerate , itscpt gpv : glep , ev] form
an invertible matrix (in any basis). The inverse is

a symmetric tensor field of type (2 . 6) . 9



In A
.
I

. N., we write

gab 9ba = Soc

- ↑
g S

Ne : gab , not Jg-1ab

Emple For metric on OCS before , g"bas epts

gov = 16 1920)
.

The metric allows us to canonically identify TMETM :

for any XE TM ,
we get a corector field XP =g(X,

or in A- I
.
N.

the "flat" sign
Xa =

gab X" ↓

drop.

and similarly , for any We T
*M , define cot = g , co) ETM

In AIN
,

wa = gab wa .

To extend this to other tensors
,

we first generalise

our def" slightly and allow a tensor of type (r. s)

at peM to be multilinear map

*

T : TpM xTpMxTpM xTp
*
M x

... x TpM -> IR
.

with copies of TpYM and S copies of TpM in any

order
, allowing us to write , for example,

+a
with upstairs/downstairs indices in

any
order.



Then using the metric
,

can obtain new tensors by
·

raising/lowering" indices .

Example If Tab , type (2, 1) tensor
,
then define a (1

. 2)

tensor To be = 96d Toda .

Lorentzian Signature

If(Mig) is a Lorentzan manifold ,
at each peM ,

can

find a basis leph of TpM S.

t.

gv
= glem ,

er) =

you
: drag (-1 . 1 . 1 , 1)

This basis is not unique. Suppose Seul is another

such basis and ein = (Amer ,

then

Yv = glen eil = g(/Amep , (A) er
= (A)m JA")" - glep , er)

= (A- /A + ) o 400
S
any two such basis are related by a Lorentz

trans" at p.

In this basis
, TpM has you as its metric

,
so has the

structure of Mink
. space -

Defi A rec
. XzTpM is 1 timele ( if g(xxp

space like

FinelikeI full
·

p space like

=--



A curve 1 : It M in a Loventrian mfid is spacelike/

mull/timelike if its tangent vector field X is splau/
timelike at each peX(F) ·

Curves of Extremal Proper Time

For 1 spacelike curve
,

its length defined as on a

Riemannian mfid. However
, for a timelike curve

,
we

instead use a proper time

T(x) = 1.FX,X) du

where X is the tangent rector to X ,
and ueI a param.

In a coord basis

X = X
*Cul=us M

So

[Sx = )
.
"XiX de

with XM =
dx *
/du .

Suppose X : 10
.
13 -> M is a smouth timelike curve with

X201 = p ,
xi) =

g
and Xu) extremises TW)

,
then

treating
1 : Fenxtyr

this curves obeys the E-L equ

*) =m



We compute : - I garX*
,

= -(Spo) XPx

It's helpful to parameterise / using proper time

itself. Since

*
this gives

givXMyr(1

(note d+a/pan = g(X ,Xi(p)

=>d = - and

Consequently ,
our E-L involves

Egiv) = E(90)

=> gu + (6pgr)=)
Sincea invertible

,
this is

↓+↑d-
where To = gut/angop + 2pgrp-wogpp) :

N : Typ : Pp ,

but not spt. of a tensor in
any

basis
.

Ruks · Timelike extremal curves are maxima of proper time

-
time like~%



· Con obtain some Eth using
= - SprM

parameterised by I
.

Covariant Derivatives

We know how to differentiate a fr along a curve

XIfl = X
*Cuf

where X is the tangent rector to a curve. However,

we can't diff .

Vec. fields Jor other tensor fields) because

they live in a diff
- space TpM at each point peM.

Also
,

whileIf are opts of a cover . (df) in a curd

basis
,
the naive derivatives 2pX" of thecpts of a rec.

field X are not thecpts of any tensor.

Defi A covariant derivativeT on M is a map sending

any pair of vec . fields X . Y to a new rec - field JxlY/

Sit.

Jil - (2) = fJx(z) + gJy/z) Y rec . field X , YIZ ,
fX + gY

and smouth f fig
(ii) Xx/y + z) = -xY + Xxz -

(iii)
.

Ox IfY) = X CfIY + f Ox Y
.

Where XH) = X* 2 F in a word basis) .

We call DXY the covar
.
deriv of Y along X

.

Note that

(i) implies *Y : X I DXY
,

is a tensor of type (1 , 1) .

i

. e . linear overfis in its arguments.



In A . I
. N., write

10y)" b = Jy
a

= yais

Defi In any
basis hept ,

the connection component PY
is defined by

&ep(er) = Po Cp .

Wate PY not opt of tensor
,

and are not nec, related

to the Christoffel Symbol

TN : EgNa(2egap + Cpgra-Gagpo)

Then for general rec .

X : Yep , % : Yer , we have

* Y = Yep (Yerl
· XM Jep Jy"erl

= x
*

en(Y"er + Xy- Teler (

= XMenlyen + XNy-Per
= XN) epLyr + Y "Thu) er -

=> (3xy1
*

= X* ep)Y% + Try XPY" .

are thecpt of the rec . YxY in this basis .

If ex = /XM ,
then

~
sometimes write Yo

, .

18xy) = XMGYM) + TYX
Y yo



We extend this to more general tensors by setting
* f = X/f) and then using Celbnic prop .

Ex ple Ifa cover. field ,
then we define

(*x y)(y) = Jx (y(y)) - 7)*xY) .,

: e. Jx(y(yl) = (5xgi(Y) + 1/5xY) .

E rec · Y

In cpts ,

10xq)(y) = XMep(yry") - yoOxy)V
= X* Jeng)Y + X*eplyr) .

- 7-(x)y .

+ PoX
& Y)

·

= XMyLesyrl - Thi 40)
=> (5y)u = eplyol - Trip 40 .

and we often write Nylab = Jayb = bia -

Exercise Show that for general type (r - s) T
.
JxT

-

hascpt

- TM
. .

. . Mr
v

, ... VS

=

2p T
M . . . . Me

V
. -.. Vs

-> pil Tk
...n

T
...

+ ↑Mr +M
.... More

V
, .... VS U

, ... Us

- Th TM ...Mr
kV2 ... Us

- ..

-T
M -M

U
, ... Us-

,
K

.



Since JCTOb is tensor field , we can take further

covar . dev . JadaT
*

b = /Ta biabid : To
bird .

There's no guarantee that JaDb = JbJa
.

Iff is a fr , then Jpf = apf isthe cpts off a cover
.,

so in a cod .

basis

Or Opf = Jo(2p fl
= Grdpf-Tip Copf .

and hence ficprs = - Teius apf .

We say a connection isafree iff

DaDbf-JbTaf = 0 V feCPIM)
.

In acord basis
,
torsion free implies Tip : Pirps.

Lem If 0 torsion free ,

the torsan tensor T vanishes,

where T is S1
. 21- tensor

T1 , X , Y) = J x Y - JyX- EX , Y]

V vec . field X ,

Y

.

If : In a could basis
, we have

(5xy - JyX)n = X
+

y i - y0X
*
jo

= X0(20 yY + pp, ye) - y0(2X *
-TpX)

.

= (x+ 2
-
ym - y 20XM) + x0y%T - Trp) .

= [X , Y] M
.



Since JxY , JyX and [X , Y] are all geniure recs
,

this

holds as an egn among tensors
,

i

.

e. Tox,) = 0 UX , Y

=> T = 0 I

Bak Even if JaTbf-5bJaf = 0
,

no guarantee that

JaJy : ObJa when acting on more general tensors.

Here , by Jetof : LJ5flab
,

we mean a tensor of type

20 .2) defined by

*Tyf = X(df(y)) - af)*xy) .

· Recall Oxf = df(Y) = Y/f) ) = < FYM) and So If = If is

a covecte) and that for any cores y defined by Jxy by

(Jx y(sy) = X (9(x)) - y(5xY) .

Hence
, by JxJyf-TyJxf , we mean

X (df(yl) - df(*xy) - Y(df(x)) + df (Jyx)
= X (YLf1)-y/X(fD)- df/3xY- JyX)

= ([X . Y] - *xY - JyX)f -

On a (pseudo-) Riemannian manifold , a connection is metric

compatible if
-

z)g(X . Y1l = g(JzX , Y) + g(X . JzY)
.

& Vec - field X , Y ,
2. Lie . no "(Jzg)(X . Y)" term) .

On
any /M .g) ,

7: connection - which is metric compatible

and tersion-free.



PE : z/g(X , y)) = g(5zX , Y) + g(X , Jz4) (1)

Y(g) z, x)) = g(5yz , x) + g(z . JyX)
.

(2)

X(g) Y , z)) = g(jxy ,
z) + g(y , Jxz) (3)

(1) + (2) - (3) :

z)g(X . Y1) + Y(g) E, XI)-XIgIYizDg(JzX . Y) - gl *xE, Y

+ g(pyX ,
z) - g(8xy ,

z)

+ g(jzY ,
X) + g(jyz , X)

Since tursion free
,
TzX-TxZ = [E,

X] and similarly

* X- JxY = [Y,
X] ,

so

= g([z ,x] , y) +g([Y , X]
, z)

.

+ g(TzY . X)

+ g(jzy , x) - g([z , y] , x)

Hence
,

g (8zy, x) = 1)z(g(X ,Y)) + y(g(X , z) - X(g(y ,
z))

- g([z , x] , y) - g)[y ,X] , z) + g([z ,x]
,Y)

Now . RHS indpt of J .
and since
a non-degenerate,

this

defines TzY
.

We can also check that this defines a cover. deviv·

For example,

g (THzY . X) = f g(TzY. X) + 1 [YsfIgNiz) - X/fIgIYiz)
+ X(f(glE ,Y) - Y(f) g(E ,X)]I



Thistorsion-free , metric compatible connection is called

the Levi-Civita connection
.

In aword basis
,

we have

9) T er
,
er) = EL2pgra + Zugpr-Lognu)

et

- 9/Turep . er)

: Th - 9 po

So the Ceri-civita connectioncpts are just Christoffel symbol .

Thi = &gor (apgre + bugpr-zogpr)
.

Geodesics

Earlier
, found a curve of extremal length/proper time

obeyed

&N (*)

When parameterised by 5 ,
where XN:x is the

tangent rector to the curve. By chain rule ,

(XM) = =XXY-

(after expanding XP to a vec
. field in any smooth way

Hence (x) becomes

0 = X*]X* -

+ Tr*
=
Xt) = X-X *

iv
=X TrXM



Def' LetM be manifold and J any connection . An

affinely parameterised geodesis of J is a curve whose

tangent vec
. X obey TxX

= 0 .

Note If we change param .

-> [lu) with= so
,

then

yr= X

so X + WX = Y with 30 ,
Hence

* Y = Jax(hX)
= hJx(hX)

- h
=

Jx(x) + hX(n)X = X(h) Y

where X(h= ) =* )=

So JyY = 0 iff 0 , ie
. T = xu +p with <30 ,Per

Thm Given PeM and XETpM ,
7 ! affinely parameterised

geodesicExp
: I + M which obeys xxplol =

p , Xxp10 : Xp.

Pf : Choose words S-t . P(p) = 10 , . . .,
0) and

9 (xxp(t)) = ( X(t) ,
X*t) , ...

) . Then XMLt) obeys

↓N
and xM0) = 0.M = X · and solv is unique A

#stulate : In GR
, free particles more along geodesiss of

the Levi-civita J. For massive particles ,

these

geodesics are take ,
while for massless

, mill



Normal Coordinates

There's a useful set of courds we can build using

affinely param .
(a . p .

) geodesics . Fix peM and define

a map i
: TpM - M by 4/Xp) = expl where XXp is

the a . p . geodesic with xxplo) = p . Explos : Xp -

Xp--> 4/Xp)
#g-

suppose [St) = Expect) for same 20
,
then (0) =

p

and * 10) = < Xxplos - <Xp , so xxp(at) = Xaxplt) .

and

moreover the curve + :< +4(Xp) is a . p . geodesic

&aim If UC TpM is sufficiently small abd of OETpM ,

the
map 4

:+ M is 1-to-1 and intolely.

↑ is called the exponential map (4 : Exp .

)
.

Defi Suppose lep) basis of TpM . We construct nmal

words at p as follows. For
any ge4(U)CM , define

-

P (g) = )X' ..... X*) the opts of Xp in leph basis ,
where

↑(Xpl =

g .

By previous calculation , the curve given in normal curd

by XPCt) = zYP for coust. Y↑ is a . p . geodesic . Hence
,

since yo cost-
T (typ) Y ya = 0 ,

so at p (t
= o)

, TrE(0) YoYO = 0 FY *., which implies



↑M (d) = 0
,

or Prpol = o if > tension-free

If T is Levi-Civita connection on Spsendo-) Riemannian

manifold (M .gl ,

then since

gir . p
= t (gpr

,p
+Serin-Spp) + & (gmp + Spp . -- Spr ·pl

= Th Sor + Trop Son :

we have givplp = 0 · Since we can always choose

seph orthonormal at p .

we have

Lem On
any Riemannian/Corentzian (M,g) ,

we can choose

Sunmal) coards at peM S .

t.

Smulp : / Spu
(Riemannian)

You Sorentzcan)

and gprplp = 0

Grature

Suppose * It M is a curve with tangent XCtI
, we

say a tensor T is parallel transported/propagated
along X if XT = 0

ExampleIf 1 ap
. good , and T= X

, then TX = 0
,

so

& is parallel propagated along its own

ap. good .

Any parallelly propagated tensor field T is determined along

↓ by its value Tp at any point petft) .



In a coord basis
, JXT = 0 Le .g .

T has type 11
. 11)

becomes

0=UTp + TTY -TiTh

- ELTY) +

TripTo T To

This is alst under ODE for Tip ,
so ! sol"(locally

if TVp(o) given .
Hence parallel transport along curves

gives ison between

(TVs) (T"s /q
↑ depends onX

In general ,
this identification depends on the curve.

The Riemann Tensor

The Riemann Tensor encodes the extent to which

parallel propagationaling different curves differ.

Given X , Y : E Smooth rea fields ,
and connection it,

define a new rector field

R (X . Y) z = Jx]y Z - JyJxZ-JexyyE

Em This defines a tensor of type (1 .
3) Robod by

[R(X ,Y(z) = RabadX
* Ydz3 ·

If :

Suppose f : M- > I Smarth f"

RJfX , Y)z : YxYyZ-TxJaxE-TEfX, E



= f(x 4+z - Ty)fOxz) - TfIXi-yefix Z

= f(x ]y z - fJyYxz - Y(f)]y(z)

- f[x +xyz + Y(f) YxZ .

= floxyz - Jy]xz - JExyyz)

Also
,

RIX , fY)Z =
- RIfY . XZ

=- fR(Y . X)z = fRIX , Y) z

=ercise : R(X . Y) f(z) = fR(X . Y)Z A

In a basis sep) and dual basis (f) ,
we have opts

RM
upo

= fN(Mlep , eal en

and in a would basis
,

Fer
,
er] = [br

, br] = 0 ,
so

Mlep .
er) er : Je(erer)-Terteper)

- T(Turein) - Der (Trpein)

=

2Tre =
+ TcTret-GoTre C

[

- ↑ Taret -

=> RMpe = CpPrYe - GeP + Thr Th-Tp Thr

In particular , supposeJ has vanishing torsion tensor. Then

R(X .Y12 = Jx]yz)- by1 Txz) - Pixin E

- Tx(ybybz) - Jy(XObE) - [x . y] by z
: XaYb(YaTbE-TaObE) +

(* [X)



So

RabodEd = (JaThE-JbTaz)
"

This is Ricci identify
Example For Levi-Crita connection of Mink. Space in Cartesian

wood frame , Thr = o
,

so R
*

kv
= 0. This is a tensor

equ , so Robod = o in any frame
,
and we call the space

flat Conversely ,
if the Cerr-Ciuta connection of any-

metric has Rabad = 0 .
then

space is flat and Foods

s .t . g =1 lat least locally) ·

Visualising Currature
,

Suppose X . Y St . [X, Y] = 0

*
We follow the path

:

· a -> b by flowing distance EX1 along X.

· b -x Ex) Y

·

c+ d -I - X

· d -> a ~ Y

&aim If a vector I is parallel transported around this

quadrilateral to yield avector Z ,
then

JE-z(m = 5' R* vZYXPy0 + 0(93)
.



Geodesic Deviation

In Mink.
space , geodesics that initially point in the same

direction remain parallel forever. There's no notion of

"parallel" on a general (M . g) and we'd like to

measure whether nearby geodesics get closer/further as

one flows along the geodesiss.

Let M be manifold with connection J
. A loparam family

of geodesics is a

map
V : Ix I -> M

,

where I
,
I'

open
intervals in 1 St.

· (sit) -> USSit) is smooth
,
1-to-1 and has smouth inverse

on USIX I'l
.

· for fixed s
.
VIS . t) is geodesic with affine param . t

Then VLIXIl) : ECS is a smooth surface

#



Let T be a tangent vec-field to the geodesics ,
and let

& be tangent to curves of coust . t .

In a coord.

chart we have pla) = X↑ Isit) with SV: t ,
so

* (s + Ss . +) =

x
* (Sit) + &S SNysit) + O(ss")

.

S is called the deviation rector
.

Extend (s .t) - ↑(2) to cords on abd OCM with

& O
,

so P(0)7(sti) .
Then T: and

along
transverse

to E

S= in there courds
,

and [S
. T] = 0

.

Prop. If I has vanishing torsion
,
then G+ 10+ S) = RCT. SST

.

# : Torsion free ,
so YS-JST-[T , S] = 0

,
and since

[T .
S] = 0

· JS = JST
.

Hence

=. (7+ S) = j+ (7T)

: JT
+ J+ (JsT)- Js(+T

= J+ (JsT)-Jsl+Th -

TEST
= RJT . S) T .

I

In index notation,

(5+ 5+
Sa = 12" bad Tb+S &

This is geodesic denation equ.

Sometimes
,
write

: RabdT*



Exercise If 7 tension-fre ,
show

Rabad = E (Richard - Ra(b)

Hence
,
the full Riemann tensor can be measured by

looking at geodesic deviation for all family of geodesics.

The geodesic denation is called a tidal gravitational
effect in GR .

Symmeteries of Riemann Tensor

Rabca X
*

Y
* z = JxJyZ-TyJxE-JexysE)a

It follows that Rabad = - Rabda for any
connection J.

However , if I torsion-free then Based has additional

sym.

Pp . Let T be a torsion-free connection
.

then

(i) R
&

[bad]
= 0

(ii) Rabiodie = 0 (Bianchi identity (

Ef : To prove this , helpful to use normal could.

Torsion-free -> ↑My : ↑In everywhere

(iv RM-prlp = (2pTho - 22Tp) /p .

and Rituposlp = 0
.

But p was arbitrary ,
so R*topas-o everywhere ,

and

since this is tensor
equ ,

R
*

[bad]
= 0

.

(ii) In normal words,

RN-poitp = RPrewilp = 2e(2pTE-2) p .



and so R
*

repr= /p
= 0 and hence Rabiodies = 0

. A.

From now on
,
let J be levi-civita connection on (M , g)

then we can "lower index" to define

Rabed = Gae R bad

P Rabad = Radab (hence Plablad = 0)
.

Pf : Pick normal cords at p,
so Enguplp=0 and

grplp :

Mop Jif Coventisan

Note 0:2(5) = <u/ggea) = lang) ger + gripyged)
,

hence

2goT/p = 0

and consequently

- Purlp = &G (gMt(a-goz + zogr - x-g-a)))p
- IgNt(aphugre + ap2rgue - aptegua)/p .

Therefore ,

Ruprlp =

Spr(2ptho - de Trp)p
- 102pgpe-Endrgup-Ephpgoo-20degyplp -

= Rooprlp
Since this relatesopts of tensors and parbitrary , must

have Rabad : Radab .

I.

There are several other tensors associated to the Riemann

tensor by contraction
.



Define Ritensor

Rab = Roacb

theRiScaler
M = gab Rab

and the Esteintensor

Gab = Rab - [Gab R

It follows that Ricci tensor is sym.

Ef : Rab : g'd Readb = g
& Rabac = Rea

-
17

Also
,

the Bianchi identity implies

DaGb = 0

Differmaphisms and the Lie Derivative

If G : M + N is a smouth
map ,

then 4 induces maps

between tangent and cotangent bundles on Mand N.

Defi Given f : N + IR
, the pback off by i is the

map 4
*

f : M + 1R defined by y
*

f(p) = f(y(p)) XpaM.

*-y+f

IR

Defi Given XETpM , define the perforward of X by Y
to be the vector 4+ XE TypNas follows .

Let 1 : +M

be a smouth curve inM with X10 = p and X10) = X
,

then

* = yox : It N is a curve with * 10) =

y(p) .



We set 4+ X = 310)

If f : N + IR ,
then

Y*X(f) = - (f - [(t))) += 0

= /fo 4 x (t)) += 0
.

= (4+

foX (t)) (t = 0

= X JY*

f)

Exercise If x& courds on M near p and y cords on

~ near U(p) ,

then y gives a map y
* /XM) .

Show that

in a curd basis,

(4+X) = EXP
an

Y (m)=
We can pullback general correctors too.

Defe If ye Typ N , define the pullback Y
*GETPM

by
y

*

y(x1 = y(y+ X) XXETpM .

In particular , if f : N-> IR
,
then

Y
* (f)(X) = df)Y*

X]

= YxXIf)

- X(y
*
f) = d(y *f)(X) XXTpM .

S for any smooth f: N- IR ,

have y*df) = d(4 *f) .



We can likewise extend the pullback to tensors of type
10 . S) .

Let T be a 10
,
2)-tensor at ylpeN.

Define Y
* T to be type 10 .

21 tensor at pel given by

Y
*

TJX , . . . .

,
Xs) = T(Y+X , ,

. . .

, YxXs] EXizTpM .

Similarly ,

we can pushforward a tensors of typeIr.o) at

PEM to give an (r , 0) tensor US defined by

4+ S( , . .
. . (r) = S(y+ 11 ,

.

-, Y
*qs) VysTN .

However
, for general smouth Y : M + ~ ,

no natural

way to pushforward/pullback tensors of mixed type
(r . s) with US + 0

.

If U : M- > N has the property that Up : TpM ->Tylp,N

is injective ,
then we say Y is an immersion of M

in~ (his requires dim M = dim N(

# (N . g) is (pseudo-) Riemannian infid and 4 : M+~

an immersion
,
consider y

*

g . If 9 Riemannian , y
*

g
also

Riemannian Stre defil and is the induced metric on M.

Emple Let (N ,g) = /IR3 , S1 and M = S with

Y : 10 , %) +> (Succosd , Sipsing , coss) = (x1
,

X 2
,
x3)

then

y * )(dx1)2 + (dx*- + (dx * (3) = do2 + sing do" -



IfY is a bij with smouth inverse ,
it's called a

differumphism .

We can both pushforward or pullback
tenson of arbitrary type using differs .

Given tensor T

of type Jr .
s) at peM , define YxT to be tensor of type

(r. s) at Sp given by

(4*T)
pp 591 , . .

., 70 .
X , , . . .,

Xs) : TpM +

y, . . ., 4
*

70
: /4"xX1 , .

. .

, 14*X3)

↓
7: TpW , Xi < Top

Clearly need dim (N) = dimIM) for differ 4 : M-> N to

exist ,
and we often don't distinguish infide related by

differ Sie . write y : M + M
.

). A differ is a sumety
of a tensor field if

14xTyrplp = (T) p .

V pe M .

If Y is a sym , of the metoic g ,
it's called an isoetry.

Example In <I'v , n) , the map-

Y (x0 , X 1 . . .,
X* ) # (X* + 2

, X ! . .

.,
X)

is an isometry of 7.

An important clase of differ are those generated by a

rec field. If X is a smooth vec. field , we associate

t each peM the point Yp)EM given by flowing
param . distance + along integral curves of X.

#p



Suppose H(p) is defined FtEICIR for each peM .

Then Y : M- > M is a differ FtEl . Furthermore
,

if t + Sel
, then 40 YSY = YES

.

1

and yo"-id()
So if I = IR

, this gives Me the structure of an Abelian

group . (()" = Y.:)
.

IfYe is any smooth family of differ obeying () ,
then

we can define rec . field X by

Xp= Y+ (p)) + =0
and Ye = Y*

We can use this to compare tensors at different points.

The Lie Deviative

Let Y : Mt M be a smooth 1-param family of

differ generated by vec , field X-

Bef" The Lie derivative of a tenso field T of type

(r , s) along X is the tensor field /CXT) of type (rs)

given by
[xT)p:m txTp-Tp

1T#
R · Since M** = /YI)*, we could also define ExT using

pullbacks .

· (x(S +pT) = <((xs) + p(XT) for caust .
2

. 9 .



To understand (xT
,
let & be any hypersurface transverse

to X ,
ie . not tangential to X .

Pick cords Xi
, (i = 1

, ..., dimIM)-1) along [ and

assign the words (t , xi) to point eM param.
distance

- along integral curve of X starting from xie[ .

E
In these cords

,
X = E

,
and 4t sends

p-> YY /p .

(tp ,
X , ) it Jt+ tp , Xpi)

.

Hence,yMSM ando

) 4* ) + Tecp1)M
.. - Mr

V. ... Vs

= [STyps]M
.

-Mr

V
,

... Vs
.

so in these words
.
Lx acts on opts of a tensor

just by

1 (x+ )
M . .- Mr

- ... rs , =mTM
-

Mr
... us(t + +p , Xp")I

- TM . . .Mr
r

, ... r,
(tp . Xp)

Consequently , for tensors S
.

T

.

· ↳ (ST) = ((xS)fT + Sx((xT)
.

·by commutes with contraction.



To findcord indpt formula ,
start with Smooth f : M + IR,

we have

(H) = E = X /f) .

For a vec . field y , have

((xY)m= = [X ,
Y]M

So we identify
(Y = [X , Y]

R DxY and [X , Y] are both rec, field
. Oxy = X&

Day

behaves like a tensor in X (ie
. only need to know reque

of X at any point p ,

and choice of X) . However,

2 Y = [X . Y] knows about both X and its deviative at p .

Euse. If no cover. field. ,
show

(Lxcla = (Jx Wia + WbjaX" ·
and

(xg)ab = JaXb + JoXa
,

where Xa = gaaX" ,
and where O is the Levi-Crita

connection.

IfIt is a 1-param family of inometries of (Mig)

generated by X ,
then

(g = 0

Conversely , if Lxg = 0
, then X generates a I-param

family of isometries.



Defi A vec - field obeying Lag = 0 is called a killing rector .

It obeys
Takb) = 0

where T is Levi-Guta connection. This is King'segn .

Lem Suppose 1 is killing and 1: 1- M a geodesic of

Lev-Cuta J
,
then g(X ,

K) is cust along 1.

Ef : & g(x ,
k) = ja Ja(kbXb)

: bab +Ka%.
geodesic egn

Genera Relativity
In Einstein's GR

,
we postulate that our spacetime is a Lorentzian

nofd (M . g) With dim M = 4 · We also require a theory of

matter on M
, consisting of

· same &I do EV Jeg , fos E : M- 1 R
, gange field Aa .

... )

· some 2 - 0 . m
. EiSEA , g ,

5
, ... ) = 0

.

that are&metric ,

i

. e
. if 4 : M + M differ , then

Ei (Y* *, Y
*

g , ... ) = 4
*
EiJe*, g . ... )

·

an energy-mom .
tensor Tab : Tha obeying 09Tab = 0

17 Levi-Cirita)

This matter should reduce to a non-gravitational matter

theory when /M .g) = (I"
, 4)



The dynamics of the metric g itself are governed by

Einstein's egn

Rob - EgabR + Agab = &G Tab (2 = 1) ( *)

p
1 so in our universe,

but small .

Einstein's egn + e . r
.

m
. of matter are a coupled system of

non-linear PDES for LEA , g) and should be solved together

(in GR)
.

TGeodesic postulate : test particles move along timelike (m > 0) or

null (m= d) geodesics of the metric
g solving (*) .

J

So "matter tells space how to curve
,
while space tell matter

how to move
.

"

Physics in Curved Spacetime
We often construct our matter model on /M . g) by starting

in CR" , y) and "covariatizing" .

Example <Klein-Gordon egu)
2&E-m2E = 0 On Sin (t)

-

Note that in inertial words JM : Sp ,

So we can write IG in

covariant manner as

7JaD-m"E =0

using L . C. J of any g. However
,
this procedure is

ambiguous - we were also free to write
,

e . g.



-aJaE-mE + /RE = 0 for any caust) ..

Associate to our scaler field is the stree tensor Cok .a
. energy-

man tensor

Tho = [EGrE-[po(@"ELE +ME) on CR"
2

, 71

and is conserved (2MTMo = 0) Wherever It) holds
.

Then on

general /M . g) , we have

Tab = JaETbE-[Scb)8'EJE +met

Iwe'll see later how these arise from an action principle S[Eg]).

Example /Maxwell egn) The EM field strength Fur = -Fup has

cpts Fio = Ei
, Fij = Eijk Bl -

If ju is the current density (P . J), Maxwell's egu are

2MFyu =4jr. [mFrkz = 0
.

on J"3
, 7) .

then
secretly still

& WiaFsaj = 0
.

* Fab = 4Tjb , Dia Fas = O (f)
-

The energy-mom tensor of EM field is

Thu = FuP Fup- gr FPU Epo

-> Tab : god FacEnd-Egab F&Fed
.

which obeys Tab = Tha
,

and JaTab = 0 When (F) holds
. (with ja = o)

Eple (Perfect fluid) This is described by a local velocity

field up obeying uum = -1
, together with a pressure p



and a density p. .
These obey

uPGp + (p + p) Syn
= 0 (mase conservation

- u9Tap + (p + p) Jala = 0
.

and

(p +p)(N24" + au + JUN2pp>H" = 0 CEuler's egul

- Sp +p) UJal" + ybp + 14 p > 4 = 0
.

We also have the fluid's energy-momentum tensor

Tab = (p +p)UaUb +

pgab

which obeys Tab : Tba and JaTab = 0 Whenever Euler's egu

- mass conservation hold
.

Consider normal cords for f , near any per the physics will be

approx .
Minkowskian with correction Of Riemann tensor)

Gange Redundancy
We'd like to solve Einstein's egn + matter model by prescribing
some appropriate initial data le .g . on some co-dim / surface

& M) and evolving forwards. However
,

this cannot be

done uniquely because of gauge redundancy.

Recall that the source-free Maxwell egn

2M Fou = 0
. GinFrpz = 0

can be solved by introducing a -rea potential Aps.

t.

Fur = CpAr-GrAp



Then ZipFupy = 0 trially
.
The remaining egn is then

2M2mAr-2NGrAm = 0
.

(*)
.

We'd like to solve this given initial data on [ = /x" = vCR3

However , this egu can't have a good evolution problem

since if X : IR""- > IR any smooth f" with Y (2) = 0 ,

then

Am = Am-24
will also be a solv and Fyo = Eintos = dinAry =Fyr .

To resolve this
,

we must fix a garge .

Notice that (A) is not a wave egu : in terms of (t , xi)
, we

have for the O-cpt

- 28 Ao + 2Ao + 2Ai - 2:2 Ai = -bildoti - 2:A) = - T. E = o

-
= Ei

In particular ,
our initial data(Apls ,

GoAmls) will be

constrained by the Gaves law
.

To handle this
,

we must fix a gange .
For example ,

let

* IR" + IR ismooth) be chosen st. Am : Ap + >X
obeys 2MAm = o everywhere . Then (1 becomes

2N2pEu = 0 It]

which is just a standard wave
equ for apto Er.

In particular , (H) has unique sol given Apls and zophs

o E : SX = 0 CR3· Furthermore
, if our initial data

obeys als = 0 and 20(2Amils = 0
, then



GMAy = 0 everywhere (since 2MG/a"Er) = 0) and En solves

the original Maxwell egn (M )
.

↑
Also note that 2N2uAr = o implies

7. Ela = 2 : (20Ai - 2: A r ) /g
= 2017 ; Ai -2010) Is

= 2012*
A) Is

so initial data 2MAn = o and 20/24An)la = 0 ensures

Gauce law obeyed. J
-

Gange Redundancy in GR

Einstein's equ are geometric : if (M , g) solves then for some

stress-energy tensor J , 4
*

g
is a sol with source 4

*
T

for any differ 4 : M-> M
.

Fr a local word chart , this

manifests itself as general coordinate invariance
.

It's a

gags redundancy of Einstein's equ ,
so to solve we must

first fix asange ,

i

. e. fix some coord.

Lem In
any

local word chart,

Epopr = E)Soripe + Grp - up
- Spper-gov ,pp)

- Tmxp Pr
*
r

+ Pap Thr .

Rov = - EgNP gar , mp + /GoTMEgNinvolvesa
-

~ Per P
*

-
+ TxtoT + RerP**



To pick a gauge that's well-adapted to le .g. )gravitational
wave

. Suppose we have a wood system where the

words XM themselves obey wave egn.

0 = GMOX
=

= yM(2mX
= ) = 2M2x

F
- TM2k xi

not treating ↑breaks

general
as a

courd inv
Vector

=> 0 : Th pLkxV in these words
.

=> 0 = P = gNU/2gpku-gprk)
.

Hence
, in this could system ,

Rar = -EgMgru
, pp

+ "PT +PT + ↑P
:

-

= Plg . 2g)
where P/g , 2g) quadratic in 29 but indpt - of 22g.

consequently, Rou = 0 (vacuum Einstein egu) is equer .

to a sys of near wave equ in this garge.

In principle/numerically ,
we can always solve this at

least locally.
Further

,
can show that JMJMX = 0 holds

initially ,
holds everywhere in our local patch.

Since Rou = o is a hyperbolic system of Inm-linear) PDES

for s ,
we expect wave-like sol's - gravitational waves

.



Linearised Theory

Suppose the grav- field is weak
.
We expect to able to

describe the metric as a perturbation of Mink-metric

&Mr
=

Y,
+ Shar + 0157

IfSpu takes this form
, we say we have almost inertial

-

words. Can easily check

giv = yM- -hM + OSE2) .

where
hMV = GNP qua up

Suppose the metric is in harmonic/wave gange ,
then

0 = 2m = gM)Sro -I Spr .
1)

= 32M(bpm- Emih)
where 2M = gMW2r ,

h = gM hyr.
Then

Bro = - Eas 20 Ge hy
For EE to hold

,
must also have

Thu = Etyv + 0/ 3%

Then to Ols)
,

we have

- En
**

202ebpr +* 9222th : Star (Gn = 1)

or equivalently.

A typr = -16 [pr (x)

aMTu = 0

where thir = har-yrk => hy : tyar-Etoypor.



and impose gange condition

24t = 0 1+ )

We can solver (* ) if given initial data typolo . 2otpu

on E = (x = oh SIR" ? Furthermore
,

this
unique

sol" will

obey It) in addition provided our initial data obeys

2Mtyls = 0
= 20/2Mtyu)/s

This is because 2Mtpr solves

↑ (2Mtpo) = -16 &M [mo = O

as I conserved to order E.

S gange condition holds everywhere ,
and ( * ) + (t) solv

to linearised EE .

Linearized Ganges

Physically equir .

sol" are related by differ 4 : M + M.

Suppose this differ reduces to the identify in the case

(M , g) reduces to (RI , 7) .

This means l must

be of form 43 ,
ie

. generated by flow along ,
ie

of vec
. field 3 an amount E.

#
By defi , ifS is any tensor

,
then

(43)
*

S = S + &LgS + 01E4
.

In particular , if S is already O(E) ,

i

. e. I would vanish



on JIRKS , 7) ,

e
.g. Rocky ,

then S must be invar
- at

leading order along any such differ. Such tensors are

gauge
invar . (around flat space) .

In particular . RMukx . Tyr ,
are gange invar - to leading

order. However ,

[14?3)
*

9300 =

y, 0
+ 3/2,30 + 205m) + 0152)

.

So this generates an

hyr = 23r + 205
M

Such an hpr represents a gange transfo of the flat

a metric.

Recall that before fixing the garge ,

the linearized

Ricci tensar is

Rou = 3 (2/2shup-E202phpr-EZukuh)
Substituting Upr = 23r + 203 ., find Rpu = 0. ,

so

Vacuum EE obeyed .

We call such sol" euregange,

Sc . f . If set An = CX ,
then Fin = o

,
so aMFyr = o

,
and

GtpFrx = 0 )
.

The Newtonian Limit

We expect GR to reduce to Newtonian gravity

↓= gi , gi : Die .
J :4



in limit where grav , field in weak
,
and matter is

Slowly moving (1v1 x c) -

To see this
, suppose we model our matter as perfect

fluid with density p, pressure p , velocity field ua.

Typical fluids have p/pavoced of sound
in fluid

Choose conds st
. UC:. The conduction of NR,

weak field for the flow is

giv =

yor + hpor ,

where hyueOSE) ,
and for this to be consistent

,
need

&
~ OlsI

.

Then linearised EE become

amautrt = -16 Tot

where Too =

p ,
Toi = o = Tij Ineglect Pr. s

.

p)
.

We thus expect to = 0 : thij

The gangs condition then becomes

0 = 2Mtpo = -dotoo

So too /XM) = too ( * )
.

Hence
,

the linearized EE reduces to

* too = -164p .

Since t : yPrtpo"-hoo ,
we have hou= too/ .

So if we identify-hook = E
.

we recover Poisson's

lawJin static case)
.



Also
,
consider a test particle moving in this background

metric Spr =

Mr +ho ,

the geodesic Lagrangian is

2 = SmuXMX = yar YMX-
+ har XMy

- E + 11 + hooth
Choose

# velocity I*OJE) , then

- y = - 1 + 0(8)

So t =I + OS)
.

egn
: 2 (xi) = zi = aihoo

but sincef = 1 + Ola)
,

have

= Edihau:
i

. e. ma : mg.

Gravitational Waves

In Rutherford's atom
,
electron orbiting a nucleus would

radiate EM energy , making atom unstable

In Einstein theory , accelerating masses also radiate grav.

energy but this effect is tiny in the solar system.

About 13 bn yes ago. 2 BHS of M = 36 Mo ,
26 Mo , so

Usch = 90km / Cambridge - Londo

attracted into a merged BH .
Just before they merged,

they orbited atW = 75H2 · Their collision released as



much energy during last 1 see. , as all the radiation from

#) stars in the visible universe. These ripples reached

Earth on 15 Sep 2015 ,
measured at LIGO . They were

weak by time reached Earth.

We seek a sol" to Atyr = 0
, 2Mhpr = 0 representing a

propagating wave-

Let tyr = ReSHre
:kx*

) , where Hpr : Hey const .,

OSE) .

This is sol" provided
k " kx = 0 ,

i

. e. I mull
,
and set k = coll

,
0

. 0
.
17 wow.

,
and

kMHmv = 0
..

i

. e . wave is transversely polarised.

We still have some residual sange freedom . Under a

differ ,
have

thyr 1> thpr + CpBo + 2
-Sp-yand

+
Ex

and so

24t
pr

> 2Mto + 2N2
/

5 -

Hence
, if our differ has Mr = 0

,
we still obey the

gange conduction.

Let En : Re)-iXveikx
*

) for some fixed Xv
,

then

Hyu # Hp + kpXv + koXi-yorkX*
Exercise Show

you
can use this residual freedom to set

>

Hop = 0
, HMp = 0



With this form,

0 = kMHM = 20 (Hor + Hsu)
.

= es Hsu

So Hsu = 0 V U = 0 ,
1

,
2 . 3. Hence the polarization

tensor takes the form

Har = &00 (~ Hx - H+
0

00 o o

So. Similar to a photon ,
have 2 indpt polarisations Hx ,

H+

I can also check Apr = how since Hm = 0)
.

To understand the effect of these grav raves
,
recall that

if T is a rec-field to geodesics and Y join nearby

geodesics ,
the geodesic egu is

Tata JT P

JY) : Rodas Td+a yu⑮Suppose a freely falling observer

sets up inertial frams ex, ->
Y

& = 0, ....
3 S . t. Co = T ,

and : three spacelike rectors

which are parallel transported along each geodesis.

Ta Ja(ea) = 0
.

If initially orthonormal
,

then this frame Stay

arthonormal

* g(ea
, ep) = g(oex

, ep) + g(ea , J+ ep) = 0

Then geodesic deviation becomes

- 6+ (9eal) = g(5+ T+ Y , en) = eRabade soY()
= Ya

.

Last of Y in ex basis)



For our grav wave
, Riemann-OJS) So to lowest under

can assume to : &t ., Ci : Xi
,

so (4) becomes

= Raop YP + 0184.

For the given grav , wave metric
, hyr : Re[Hareik

**)

one finds

Raoop = -hap ,
or = d

=>=)
Let's consider a wave with polarisation Ht

.,
then

yo
/

So no relative accel of nearby geodesics indirection

along wave.

*
where any SH + ) = P .

Since 1H + /1
,

can solve perturbatively to find

Y '(t) = Y's 0)) 1+ 1H+ / coslut-y)) +...

YSti = y (0) (1 - [IH + /cosSat-p() +...

·

Ej ->- + - () +
...



In LIGO ,
the detector

T
Mox stretch is bounded by

&=
For LIGO

,
L=3 km , Sh v 10 m Upotan

The Feld Far from the Source

In the presence of aSource , the linearised EE become

22pto = -16 + Thr (c = 1
,
Gm = 1) (t)

Just as for EM ,
this looks like a sourced wave egn in

JRK , g) ,
so is solved using a retarded Green's fr as

tur (t . x) =4(dx (t)

where I-X11 is calculated using first Euclidean metric

on IR"3

Suppose the matter dist" is contracted within distanced

of FER (so Tpu = It ! 1) = 0 for lkd)
.

Then we

expand the metric fluctuation har at distance rad

from source using

1 - X , k = r
2

- 2x - X + x12

= ra(1 - = - x) + 0(dyr))
.

Where V = 11



&
r d ↳

So

TpoSt-1X- * 11
,
:C = TprStix1) + E. x'GoThult' · (1) +... (*)

with + = t-r
.

If we also assume Tpr is varying on a timescale I
,

So

20Tpo- E Tho ,

then2nd term in S is of order d/t which we can

neglect if matter is moving non-relativistically .
Hence,

in these approximations ,

t = E(d3x' Tight ! x1) ,

where+ = -- 1X1
.

To find the remainingcpts , we can use the gauge

condition
20 koi = 2jji (1)

and then

Gotoo = 2jtjo .

(2)

(First solve (1) , then (22)

To do this ,
it helps to simplify our expansion forthig

using the fast thatLNTp = 0 /strees tensor is

conserved).



Dropping primes , we have

9d3x Tis (t. )E(d3X/2]T :xi)-X2kTi")
.

-

= o Since Tij Compact support

Using 20Ti + 21Tik = 0
.

E/dxx2 .
Ti

= 2.((dx = (xjT +

+ xi+5)).
· E2o/dxxix) - (Tok) xix

= 2020 /dbx +00 xix5 .

Defining the quadruple moment of too/energy density)
as

I = Jdx Too xix)
,

this says

hij (t , x) = E Filter) .
where we've used

· linearized EE

· far field approx
rad

· slowly moving matter * C
.

Now use 13 to find thoir

2 toi = 2jhji = 22
j (t [ij(t -+)

/cost- ofintegration
=> toi = 22

; / [j(t - -1) + ki(z)

subleadingIg(trel - htee) +kil)



- -2yStr) + ki()
.

Likewise , solving (2) gives

20too : Citoi = -22 ; [Is lijst - r) + k:(z)]

=> too (tie) = - 26: [Is [ij(t-r)] + f(x)
.

-2 +LikiM)
.

~St-r) + f(x) .

- 2+ Sikir

To fix ki
, f , note from 1) that to leading order

,
we'll

have
two-

where
E = Jd3xTooltix)

while

to:
= -i

Where

Pi = (d3xToiltix)

JE
. Pil are the total energy ,

momentum of our matter dist"

In fact , we have

E = JdSx'GoTooLt'x') =
- Jd3x'diTio = c

Similarly ,
Pi = O

,
so total energy and mom

. of matter appears

to be conserved. This holds only in linearized approximation .

For our current purpose ,
this is useful.

Exercise show that the gauge transformation generated by-

& N
= (1·X

,

-It) may
be used to set Pi = 0. Physically ,

this

can be used to boosting to centre of momentum frame.



In this frame , we have

too (t. ) = # +2 EySter) ,

where E = M in C
.

O .M .
frame.

toi(t , x) =
- 2/ Ey(t-r)

hij(t . =) = Eij ( t-r) (t)
.

Note that the metric fluctuation always comes from
- Peniersa
L

an accelerating quadruple moment of Too (similar

formulal in EM
, except they involve accel, of eple

moment of J)O
* Plange

Energy in Gravitational Wave

For a massless free scaler in(R" , y) ,
we have

Tur = > P2rp - =yo 2% 2pp-12p7

Similarly , for EM field

Too = [LE" + 12) - [/xA)"

Unfortunately ,
there's no hope

to define a similar local

energy density for the grav. feeld ,
since we can always

choose(normall words S-t . Gughlp = 0 at any PEM.

(we can find meaningful quantities "at infinity" in asy.

flat space-times , such as ADM energy: Bondi energy=> in

BH course) .

We can define a form of trav working perturbatively
around flat space .



Since we expect toud ,
we should expand

gar =

you + demon + &h +...

Observe

Ro [g + shi] = &Ri[n] + &"Rithi]
where

Rth] : - 2phpr-ELxdoh + 20 phup.
as before ,

and

quadratic in h
.
Therefore

,

Ryulq+ sh"+ sh] = @RuvEh") + 32/Ri[hl"] +M [Lin]) + 01aY

and consequently,

Gavin + Sh + gen = 2 Gph" + 22(GTh +Ruth"]
&

- EYpuhOT ,yay +-
*

Rth)
Guv = Rpr-EgprgP

-

Rpa
- hpor yet Pr[h(s]).

If GprTy + Ehl + 2hk] solves vacuum EE (to order E2)
,
we

must have

OJE) : Gith] = 0. E Ruth"] = 0

0(q) : Gi[h] = - Ruth] + EMaryth41] : fati

where we definetyrant by RHS
. To simplify a little further,

recall Bianchi identity JMGpr = 0. vanish of OLE)
EE obeyed
-

=>o = <INGTh"] + 32/25GthS- f2Mthar+hi <MR.In"s]



Hence
, 2Math] = 0 for any perturbation ,

and so

2ME/grov-
on-shell .

We identify tigra as an effective energy-man.

tensor for the
grav. field itself ,

but it is not gauge invar .

If hir vanishes suff. fast as llt O
, then Sip to sward3x

is gauge invar. , but there's no Local cons of energy.

To pretend to do better
, we can average a tensor as follows :

let wit) be a bump (ie . W Smoth ,O
, SRDWctId "X = 1,

W = 0 for KP +t > all and define

&M(Tw = SypW/x-y) Xplyid *
x

.

In the far field regime ,
with radiation of wavelength 1a ,

we have znw-w/a , so

2 SXpar]w = Sipp(aw) (x-y) Xpoly) d4x

~AxeXpe
This allows us to drop total der. when taking

averages ,
So

& AXBJw = <GJABIYw-(BLAYw--(BLAY w

Using this ,
can show

· If h solves lineorised EE
, Lymph >w

= 0
.

& Stari= CLyte Lati - Exptibuth - 260th02ptopha
·Styar >

invar · under knearsed gange transfe



The Quadrupole Formula

UsingStyfrar> in far field approx, we can calculate

energy lost by a system emitting gravitational radiation.

The average energy flux is

Si =
- < to >

and
average energy flux/power radiated across sphere

radius ru a centred on source is

< P> = -Grade (o) Xi
In wave gange 2Ntr = 0

.

Hgrav=Dotpr2; t - E20hdih >

= (aotijk 2; ik - 220 trojo ; tog
+ dotod ; to - [doh 2it]

look at 1st term ,
using(F) .

have

2 typ = Ejk(tur)
neglect

2 : tijk = J-Ejk)t -+)=jkit) *i
Hence

,

- Crude (otkritik>=j7

Including all terms ,
one finds

<P = jk-* Inter

- jkjk)ter,



where Ojk = Ijk-5FrSjk is the trace-free part

of quadrupole moment.

Differential Forms

We'd like to derive EE as the E-Legu of some action .

To do this
, we need to understand how to integrate over

a ifid M
,

and for this
, we need differential forms.

Defh A Pform is a totally antisym tensor field of type

(0 , p) on M.

If (dxM) are a cord basis of Tp
*
M

, we can write a p-form
was

w= Wip .... Mp>
dxM... dxMP = WM ...mpdxMin ... 1 dxMp

.

where dx"1dx" = - dxv1dxY
.

Example A 1-form is a cover-field ,
while a o-form is a f"

There are no p-forms with p > n : dimM. The Maxwell

field strength tensor F = FoudxM-dx" is a 2-form

The space of all p-forms on M is often denoted IP(M)
,

and

is an -dim space .

We have a natural product on forms : if x a p-form,

B a g-form ,
then

amp = (11) M . -- Mpmpt . -
-.Motadx

*
1 ... dxMpg

- Nig ! (Ph[M , ... Mpg)
dxMx ... * dxMp+g



where
2 1 B) [M , ... Mpeq]

= GIMc--Mp &
Mp+ 1 .. Mp+q]

is a (peg)-form. The product obeys

·

Lap = (-
P

BrC .

Iso in particular and = 0 if podd) .

· k -ple = an(pur)

Example If <f &' (M)
, BeRIM) ,

then

lang)prk = appek + dop -> 20 per

This gives

R
*

(M)= RPCM)

the structure of an assoc
, but non-commutative algebra.

An important property of forms is that we can define a

derivative d : RPM) -> *** (M) as follows

Def If w + RP(M) , then in a coord basis
,

the exterior

deative of w is the (p+i-form deo with opts

(d) c ..

ppt,

= (p+1) -[ ,

W

,2 - -- Mp+ )

Example In EM
, often write F= &A

,

where A = Apkx1dxM is

the gauge field ,

so Fou = 2GipAry

This ext .
deviv · is defined who any connection/metric

: suppose

* is
any

torsion free connection ,
so

T
p , Wyz ... Mp+

=

2 , COMz- ppts
- Th , Wors ...pri ...

- Them , WMs ... Mpu



Antosymmetrising ,

&
[M , 2012 -.. Mp+ 15

= &[M , 2Mc--Mp +1]

Since PV : 0
. Therefore ,

do is well-defined as an antisym[M : Mk]

10
. p + 1) tensor field ,

i

. e . celP
+

(M)

Exercise The ext.
deriv has some important properties :

· d (dw) = dc = 0

· d(ang) = Jains + 2
*
&(d) if < RPMI

, PERELel
· If p : M + N and We RPCN) ,

then P
*
Cdw) = &Sp

*
W)

=> If p : If a differ assoc ,
toVec . field X ,

then

(x(dwl = d((xw)
.

We sayco is aclosed if dw = 0 . (so every
cos"(M) is closed)

andw is exect if I some (p-1)-form a s
. t .

C = d.

Every exact form is closed (d = 0)
,

but the converse is

true only locally

↳ (Poincare lemma) If w is a closed p-form on M(with pp, 1)

then for every point MSM ,
J open ubd UmEM with

meUm S . t . co = &X throughout Um-

Example On Mis ,
all I- forms are closed . Locally ,

7

cord f"O : UCS' + 10
,
24) and do is a closed form .

O

&it 'Rj
However

, I global card fron S
,

so globally there's no

&act 1 form on S'.



In general ,

the space

Hi (M) = (wrism) (dw = 01/Laemp+
(m) /dazw)

is called the de Rham cohomology group of M and

"measures" the notrivial topology of M .

The Tetrad Formalism

It's often useful to use a basis ofvec . fields leph

with the property

gley ,
er) =

you
at every pe OcM.

She apts of Mink - metric in Cart . basis
,

i
.
e. Mar

= diag H .
1

. 1
.
1)

.)

Example The Schr
. metoic is

ds2 = gprSx)dxMdx-

= - fd+
"

+ * dra + r2Jd2 + SinEd) .

where fars : Nit and can choose

20 2
,

=f .
22= , es=

have g(to ,

20) = -1.

In genera . [Cp .
er] +o

,
so they don't from a word

basis. Any such basis is called anonhonormal frame /or a

Set of tetrads). The basis is not unique

== 1
.
+(x) ep



is also an orthonormal frame if

14 -(x) 1
*

p YM = Yve
at each X 0 . Thus we have the freedom to make

↓ Corentz transf"11xESO(1 .
3) at each X

.

"GR arises from Manging Lorentz transf .

"

Given lep) ,

define the dual basis (OMh in standard way

Or(ep) = So .

&aim ON = yMg(ep: 1

P : oreM) = yok grea , ep)
= gry

= Sin. I

Exercise Check YMvO =

gab Lor g= pr &MOOU) .
·-

and OKO = Sta
.

Connection 1 - forms

Let 7 be the Levi-Crite connection. The connection I-forms

are defined to be

(c) a
= 04 Jaehr

in any basis
.

Recall that 15per" = T
"

per : epTae?

=> Daev = Obe Daet-OTipet,

=> (w)a = Ms Jaer = &My pa Ter =0Tp .

So wir encloses the connection cpt . T."p Po thought of as

al-form (here in our othonormal basis)



↳ Chrba =

Yu (ck-c
= - Corpla .

# : Cripr)a = Yuk (Whr)a

=

Yik Otb Jae-

= Da SysRPbe"_) - eP-Ja(ypekb) ·

: -e

-Jgal
==gre-Jaep
=

- Por Jae"u
=

- YukD" Jaen = -LWupha .

I

Lem OM obeys Cartan's 1st structure egu

COM - wh . 10" = 0
.

If : (dOMLab = JaOyM-TyO = 2 JtaONby ,

but note JWP -
Latv = Jae"p .

Hence
,

& OD = (M<Ou = - (wMr)aOY

and therefore

SdOrlan = 2 Jt ONby

=> 2(WMvIzaPiy
= - Jurunolab. At

This is often a convenient way to compute w
+

P

.

Example Saho
. metrica

ds2 = -fidt' + dr + redo" + resodo-f:
and choose

00 : fat , 0 = Jdr ,
O'=do ,

03 : using do



Then dof'dradt = -'On0"

dol = 0

do = dr-do = E0 -0-
do" = Sino dundy + rcoso don do

= fanda as
This suggests we take

~

m
= 0

,

202
,

= Ep
,
2 = Fos ,

wico

20 = - 2010 flpo

22 =
- W = For

Therefore,
Wa: -w = p

with other (iv = 0
.

W32 = - was Go &3

Currature 2- form
Let's compute drMv

.

Have

/dcol-Jab = JaCWNuby- Jy (comula

= JalOM, The") - Tb(@McTae'v

= ama (Jaybe" - TbTce?)
+ 15aOMa)(7berl-1TbOMa)(aein

= Ome Rodabedr + (ed +Ta0)(0% Tbe)
- Jet , Toa) /or Tae')

- (@Po]
ab + JWaMa 200 Job

.

Where @Pr : & RYvozO"not are the curvature 2- forms



We have Cartan's 2nd structure egn :

depr + colori=

This is often an efficient way to compute Riemann tensor.

Volume Form and the Hodge *

A mfld M
,
dimm = m

,
is
orentable if F nowhere - vanishing

m-form 3 .

E is called a orientation . Two such

Orientations are equivalent if I' = fg where fr foo at

each pel .
A basis of vectors deplp: .... m

is right-

handed if Ele
, . . . .[m) 30.

·
A coord system is right-handed

if (xh right handed-

Anoriented mfld with metric g has a preferred normalization

for 3. . Define the volumeform to be & S.

t.

· le ,
, .

.

.,

em) = 1

where sept are our othonormal frame (right-handed).

In a right-handed cord sy , have

=> =S = One = Ora en

So

&(, ..... ) = G)oMep, , ..., BMmeym)
- E &Ct) Q.T ... O
TESym(on)

= def (OMa)



Also
,

since 70kcOlp : gap ,

have det(ONc)=g .

=> E = Ngl dx'n ... 1dx

or equiv ,

E
, z ... m

= Ngl .

Lem Je = o

Pf : In normal courd
,
have 29prlp = 0

, Thilp = 0.

E Ju Em , ...m
= 0

.

But this is tensor equ ,
so true in any basis

.

1

Lem ga , ... apapt - En

Eb
.... SpCpt-Sm

=F
p ! (m-p) ! Sa ...

S
up

where : Riemannian
,

- : Lorentzian

We can use I to relate p-forms to cm-pl-forms

Define HodgeStar * : 1P(M) -> &P /M) by

1 wha ...amp Ea
, ... ampb , ... bp

cob .... bp .

for any Cof &PM)
.

· where cobibp - gbicbpWe
...p

↓: Rem
Lem · * (* ) = C-1Pimp wo - Lor

.

·

kp=-poba. . .

Example If SM
,g) = JR3 .

S)
,

can identify vec fields with

1forms using S
.
Then grad(f) : df

, dir(X) = *d(* XP)
.

curl/X) = * &X .



d" =
0 => curl (grad (f)) =

0
,

dir (curl(X)) = 0
.

Example Maxwell
equ

* Fab = - 4jb
, JiaFse] = 0

=> d XF = -4πx] dF= 0
&

(Princare len : F = dA at least locally) ·

Integration on Manifolds

Suppose we have a right-handed cord chart 0 : 0-> Um

M with words XP
. If w is an m-form vanishing outside

O
,
then we can write

w = w
, . . .m(X)dx / 1 . . . ndxh

If 4 : 0- U is another RH chart with courds y" , then

also
co = ev

.... m (y) dy'n ... 1dyw

=
....m/y(x)).....

= E
....m (y(x)) def) dx'n ... ndxm

So
W

.... n(x) = En
.... n(y(x)) det()

Consequently,

Sw .... m(x) dx'r ... dx =S or ....my dy'r.dye

and we then define Joy l to be its integral over
any

wood patch UCRM corresponding to some RH Chart.

To integrate over all of M , recall we can always find



a countable atlas of charts (0:, %:) .

Pick smooth fas

* : 0.
- 20

.
17 St. 4 : vanishes outside Oi

,
and

& X : (p) = 1 V PEM.
The fi are often called a patio

Funity

Then for any we /M)
.

We define

In w = 5/0
,
4 : 0

Claim. This does not depend on the choice of partition of unity.

Ru :
· Coordinate invariance->> if y : M+ M differ ,

then

Jnw = (n 4*
(W)

.

· If /M,g) is mfld with metric and f: M-> IR a scaler

field , then fa is a m-form and define

Inf = Safe = In *f -

In local cords
,

if f vanishes outside some chart O ,
this is

Inf = Cofig dxn ... ndx = (of(x) drols .

Submanifolds and Stoke's theorem

Def"Suppose S
,
M are ifids with S = dimS < m = dimM

A Smooth map
1 : S- > M is an embedding if it is an immersion,

ie
. (LTS)p - Trp, M injective ,

and is itself injective ,

i

. e.

((p) = 119) if p=g .



If I is an embedding and 115) <M an embedded mfld , we

define an s-form w over 155) by

Jus = Cs #Cos
·

VCEMSM)
.

Note that if wida
,

then

Jussda = (s (
*

Jdal = Jgd(r*9)
.

Defi A mfld with boundary M is defined just as for an

ordinary infid , except charts are maps D : 0. -> Us
,

where

Un is an open subset of R = ( (x, .
.
., xm) EIRM/X10)

·

The boundary &M is the set of points mapped in any

chart to (x = 06
.

2M is naturally an sm-ll-dim

mfld with an embedding 1 : &M-M.

If M is oriented
,

CM inherits an mentation by requiring
↓ X 2, .

.

., xm) is a w .
h

.
Chart on GM whenever /X1

. ...,
XM) is

r . n
. on M

.

# (Stokes theorem) If M is an created m-dim onfid with

boundary ,
and WER"-'(M)

,
then

Sunda : Jay w

Example Let [ be a hypersurface (co-dim 1) With boundary
in a 4d space-time M and suppose F is a 2-form on

M obeying Maxwell equ dF
= 0

,
d *F = -4 *j · Then

# (2 * F = (2d + F = (c + =[]
This is Ganes law.



Stoke's thm is the basis of all IBP arguments on M.

If M has an metric
,

we formulate Stoke's the into

divergence thm
.

Let X vec
, field on M

,
and recall

(X, e)az
... am

= X
&

Ebaz
... am

One can check d(Xs) = 15aX9(E .

If we define the fixx of X through an embedded co-dim

hypersurface SCM by

Succ X : ds = Secs XIE
Then Stoke's

= CX . ds = (d(X, ) = Iixs

which is dow .
thm.

Recall that IJSI is

·

space like if h = lg Riemannian

· timelike if h=g Corentzian

In this case
,

we can relate (* )XsEg) to the vol.

form En an JS
. h) .

Pick an r - b . Orthonormal basis /b .... bul

on S
,
then & lbz

, ..., Labml still on on u. The

unit normal to S in M is the unique rectora that is

orthogonal to all Lxbz
, ....

Wbm
,
with

& (n , L bz
, ..., (xbm) =

g(n , n) = #1 .



Then

(X, () (1x bz
,

. .

.,
(x bm) = X

*

na = g(X , n)
.

and so

(
* (X , (g) = ( * )X9na) En

.

consequently,

Is Xana d voln = (m1aX9) Eg
where dvolg = Eg etc.

na points out of M for &M timelike
, g Lorentzsan Jar

Whenever g Riemannian)
,

and points into M for 21

Spacelike , g Lorentzian
.

The Einstein - Hilbert Action

We can derive EE from an action principle using the

Einstein - Hilbert action

/
Ricci Scaler

Sig] = IdSuRig] Eg

Note that Rw CT + ↑T and Trg"(29 + 2g-2g) ,
So

EH Lagrangian is quadratic in 29 ,

but non-linear ing

itself.

To derive vacuum EE
, vary gie g + Sg ., where Sg

vanishes outside a compact Set. Expanding to first under,

we want to compute SEIg + Sg]
- SENIg] -

First
, consider Eg = Jdrollg = Egldx'n ...

ndxm
, we

have

Sig = SFg: -Sg) ,



where g = det (g)· For any matrix A ,
have

log (det A) = +r/10g A) .

=>
↓ SidetA) = tr)A"SA)

.

det A

In our case
,

this gives

Si =- g gab Sgab .

"EgT gab Sgab

To compute SM , first consider St . The difference of

two connections is a tensor ST& c
.

To compute this.

use normal cords at p ,
where Engrelp = 0. Then

STM= gMt(Sgou , p
+ Sgpriu - Sgor ,

o) Ip

= EgMt (Sgruip + Sypoir - Syprir) Ip .

This holds for any peM and is a relation among

tensors
,

so we have

Sta =+ gad /Sgbdic + Sgadib-Sgbaid)
.

in
any basis.

Next
,

consider SRiver again and work in normal courds

at p . We have

RMvpa = 2
*
g

- 20 Tp + PP ,

So

SRYprlp = Cp/Stc) - 2.1STp)Ip .

· JpSTY - Tr Tholp .



=> SRabed =c ISTod)-N ISTEs)

and likewise

S Rab = SRamb = Tc Sta - To Stac
.

for the variation of Ricc tensar
.

Note that S1gabgbs) = 0
.

so sgab--gauged sgad .

Therefore,

Si = S(gabiab)
· Sgab Rab + gab sRab
= - RSgab + gab j7c (STai) - ObISTel)

.

=- Rab Sgab + TcX"
,

where X" = gabstain - gas Stats

Altogether , we have
&

16TGSSEH = In/SREg + R Seg)

= In(SR-1 gab sgabldg

=> SSen = IGS)-RS + gabR) SgabEg
-a Su JeX

*

Eg

Dropping the total divergence ,

I since Sgab has compact

support) , we see SeyIg] is extremised for metrics obeying

Rab-EgabR = v

the vacuum EE . If we also have some matter field I
,

the full action will be

SIg ,
E] = SerIg] + Smoter Ig ,

E]
,



with Smatter : In (19 , E) Eg . By defi,

SySmatter = Stab Sgab Eg
,

where Tab is the stress tensor ,
then EL become

Rab-[gabR = 16tG Tab
.

Emphe Suppose I is a scaler field , and

(Ig. ):Eg*2cE2E + VIE)

Then

S Smatter = Snft SgabwaEWb + Egabsgab) as

- In /taE-g* E) Sgab Eg

So
Tab = &22bE - gab L .

Note also that if we choose to
vary

the metric by some

differ ,
so Sgab = 2 Yla5b) ,

then we have

·S=In 2
*

02a5215g + In To 015b)Es
7

o Bianchi id .

ia(n(b)30Eg - Jn(Tatab)5b Eg

So the full action is differ inv . Seven off Support of EE

provided JaTab = 0.

The Cauchy Problem for EE

We expect EE can be solved given initial data on some

spacelike hypersurface 5
. What data should we give ?



Suppose 1 : 2 + M is an embedding s. t . 1/E) is

spacelike , then h = l
*

(g) is Riemannian
.
Let n be the

unot normal to 115). For
any

rec . Geld X , Y ou &,

with X = X
, Y : /Y , define the extensi

curvature of VIE) as

k(X , y) = L
* (g(n , xxy)

Pick local cords (yil on 2 and XML

m
and up & So .

Then

k(X , Y) = gronR/ **JoY V) .

& s - (x *

2ry" + Xo T= Y
=

)

= * Y=

T = kIY , X) .

One can show that if (Mig) solves vacuum EE Gab = 0.

then the constraint egus

(430: kij - Ch17; /" = 0 (c)
(h)
R - kijks :

+ (k) = 0

hold on 5
,

where Ihy is the Levi-Crita connection of

h
,
ship Ricci scaler of h

conversely ,
if given (2

, hij , kij) with 2 an (m-1) Riem.

mfld, metric hig and sym . 10 .21-tensor kij ,
St

. (t)

hold
,
then 7 sol (M,g) of vac

.

EE and an embedding



1 : [-> M S. t . h = l
*

g is an induced metric , k the

extrinsic curvature.

Finally ,

it turns out that

Tij=C (kij-hijk a)
is the momentum canonically conjugate to hig in El action

.

The second egn in It) becomes
,

usingTij --
hi,

↳(R) E =
which is the wheeler- de with ego.


