
General Relativity
General relativity (GR) is a geometrical theory of gravity,

extending Newtonian gravity (NG) allowing it to be reconciled

with special relativity (SR).

· GR revolutimises one's understanding of space , time and dynamics,

generalises the concept of spacetime (Minkowski space) in SR.

to some red spacetime manifold.

· There is a beautiful fit between physics and maths through

concepts , like curvature , geodesics ,
metric, Our treatment of

geometry will be as elementary as possible but self-contained.

· celebrated predictions and applications of GR include existence

of blackholes , gravitational waves , etc - it is central to research

in e .g . quantum gravity and string theory , through to cosmology

and blackholes.

1
.
Introduction

11 Gravity and Relativity

Newton's law of grav . gives the force on a mass m
,
at X

due to a mass me at X2 :

·
mi

Ein = -Gm
, m.Fi "Fiz

-

M2

where G = 6 .
67x10" m3kg's is Newton's gravitational const.

Noe : we could distinguish between active and passive grav. mass

by writing mPPmaA in (*)
,
but by N3,

Ez = - Er



=>m (woal

ie . Single concept of grav , mass.

Now consider the force on a mass m at I due to matter

distribution with density P(*) . This can be written

E = mg(x) ,

where the gravitational field

g(x) = -7

and the grav. potential I satisfies
7

-

E = 4πG9

N2 gives
E = mb) = = mg(x) .

where m/F) is inertial mass.

Remarkable fact : m1/m = 1 (WLOG) tested experimentally
to order O(10). No explanation for this in Newtonian theory.

NG and ND are successful - e . g .
describe planetaryabits to

high accuracy.

But know ND applies only for VaC and beyond this
, we need SR.

Recall in both ND and SR
,

there is a preferred class of

inertial frames (IF) within which objects more in straight lines

with const velocities in abscence of forces .

In ND , assume

existence of absolute timee.



In SR we assume speed of light cust
,
then IFs related by

Lorente transformations and we have no notion of events being

simultaneous in general ,
so we can't interpret (* ).

When do we expect modifications to be important ? Consider

circular orbit , radius r about mass M
:

I = -GM

and

v/c <) suggests NG adequate It1/C: .

In solar sys .,
IE1/c2 <10

. 5.

1 . 2 Gravitational fields and accelerating frames

Einstein's happiest thought
: the grav, field has only a relative

existence
,

because an observer falling freely under gravity
detects no field (locally)·

Consider a choice ofwords It .

Call this frame S
. Motion of

a body in S in grav. field g(at) is given by
[ =

g(x ,
t)

.

Define new words Eit for frame 5 with

I = X - b(t)
.

for some bit)
.

=> = = - E(t)
,

or = = g = g -

is accel · in 5. Note X = It) in S is position at origin = 0

in 5 .



Consider & uniform , indep . of , then

· If g = 0
, we can produce g = -1 + 0 as desired.

· If 9 0 , we can choose b to make g = 0 (1 = g).

Given interpretation above ,
refer to 5 with g = 0 as a

freely falling frame (FFF).

Simple Version of Einstein Equivalence Principle :

In an isolated lab
,

there is no expt . that can distinguish between

uniform acceleration of lab and a uniform grav . field. Moreover,

results of expt . in a FFF are same as in an IF :

(a) Gravitational bending of light
S(lab) e .g .

on surface of Earth

f : -gz

zr -Er
S S

z-..
- -

5
-

Ih 2 >

>
X

> X= X

d
choose b = - E gt Z

z = zo-Egt" E => g = 0

trajectory of light ray
z = zu const.

In horizontal distanced
, light ray drops by distance

= Egt"=
to leading order.



For g=loms ,

d = 1 km - h = 5x10"m
,
but experimental

verification of light from GR
,

e . g .
total eclipse in 191.

(b) Gravitational red/blue shift

Consider Alice (A) and Bob(b) separated by height h o

surface as shown

E
zn

q = - g

Sa
>

=-J M
& t

T
E = gz

B ta to

A sends light signal at time to, B receives at tr.

z = h fora -h + Eg+2 for A

zo for B = Egt" for B.

In 5 ,
n + Egt - Egti = c(+B - +A)

Suppose signals send and receive repeatedly at small intervals

Sta . Str
, replace ta tA + SEA ,

to tB + At
, expand

to 1st order and compare , get

gtaSta-gtr Str = <(Sti-Sta) .

=> assuming gta . gtB c.

~ I -E (tB-ta)

= 1- to leading order.

Hence
, -En

Note for IE/c741 , weak gravity.



Regarding intervals as ticks by clock ,
clocks run at different

rate
, depending on gravitational potential.

For frequencies Un = /ta
.

Up = //tr.

= 1+-

·<E => VB"Va grav . blue shift.

· FACEB E UBCPA grav .
red shift.

Experimental test : as above h = 22 . 5m => 10 ,
tested to

about 1 %.

Non-uniform fields

- -

S S
-

b & -> . to

- ~ W

> >

shall see effects
In non-uniform field

,
best

of grav . field.

we can do is make =0 at some point

only locally a FFF-

Compare neighbouring trajectories

Yi = g : (x ,+)

use cords X : and set 22 : %X:

(xiihi) =

g,
(x +h

,
t)



Taylor expand :

gi(x + h
,
+) =

g :
(f ,+) + hjb; g : (xit) + 0(1t'll

Combining, : Eij hj = 0
,

where

Eij = -2
j 9 := 20; (g = >E

= Eji

is the tidal tensor.

1 . 3 Special Relativity Revisited

Consider Minkowski spacetime (IF) with cords

XM M = 0
, 1 ,

2.3
.

N (Xi Xi , x 2 , x3) : (Ct ,
<)

.

Inner product or (flat) Minkowski metric

yur = day (-1 ,
1

,
1, 1)

with

inclement-
Mundxdx

= - (dxi) + (dx|) + (dx))) + (dx3)

- cidt + dX - d)
.

Metric gives invariant separations between nearby points or

events
- (Ss)2 = - c 1st)" + SX . SX

generalising Pythagoras.

·(SS) 2 <0
.
18x/"> <'St)2 : separation is spacelike

and SS is proper distance

· 1ss)" = 0
.

1SKTc1St)2: separation is mightlike /1.

· 18s)2co
.

18x1 < (118t)" : separation is tumlke
,
and

ISS)" = c'ISt) "
. where Se isproper time



Ne : Positions of indices important , e .g .

XM
,

X" on cords
,
and yar.

Summation convention applies when one index is
up and one

index down. Inverse metric no and

yea yau : Sor

land in this case yer-diag(-1 ,
1

.
1 . 11).

Consider parameterised curve X
* IX)

,

aX = b
,

with

Fergentrector To= xM(b)

-
To 1st order,

X
*(a)

SxM = +MSX

small displacement. Care is said to be

space like

lightlike & if yurTh+ I -
timelike 20

Compare with (SS)" above

For a spacelike curve
,

consider

S = /[dx ,

C =MurThr)" = (yurd

total proper distance along curve
,

and

2=
where S(x) is proper distance (arc length) up to same endpoint

with S(a) = 0.



For a timelike curve
,
consider

CT = S2dx
.
2 = (-yuTTY = -ye ***

=c
where el) is

proper time along curve.
with Tal = 0.

then T is total proper time along curve.

Under a change of parameterisation + * with d2/dd>o,

new targent rector

↑M=
change of scale but not direction. In addition,

d=
henc

I<(TM)d) = J C(FM) d*

Consider spacelike curves with specified end points (as above).

Minimum distance S is obtained for a geodesic s.t

SS = 0

to first order in Sx*
. With Smal = Sx

*(b) = 0.

Given by Euley-Lagrange equ

* k) = 0
,

with 2 = yar xMyr where xn=

= (arX



Multiply by yes to get

(xm) = 0
.

Changing parameter to six) simplies equ to

↓M ==x = usX

with UK const . Stangent rectal ,

i

. e. Straight line.

From deft of S,

qarU
* U" = 1.

(a) Motion of Massive particles in Minkowski spacetime

(i) Trajectory of massive particle is a timelike curve ,
called

the oldline

(ii) Proper time along any trajectory is physical line measured by

a clock moving with particle .
(clock postulate

(iii) A free particle (no focus) In an IF moves in a straight line

with constant speed

Recast (iii) using variational principle : extremise

S = cT = Sa2dx with 2 : -yarxxv)
*

for trajectories with given endpoints - this gives trajectories

El :

&) = - [xi) = 0

Change param to T()
.

Since 2 = c*, EL becomes

# (xy) = 0 = yM(+ ) = um + + x
+
()

.

with = 11 is 4-velocity
· York

*U =
- c =



Ne : For XM : /Ct
, X) ,
if we use t as a param , we get

tangent vector

M== ) .

- um

=>UM = V() VM
,
Ve = (1-14)

Example (Time dilation) Consider worldlines for A and B.

X = UTa
,
X = U TB

conciding at IA = TB = 0
.

B am A

Writing (V)" = yor Ver ,
know X-X

(WA)" = (4)
"

= -c
usum

Compare events shown
, separated by

ya = NoVTB

where v is relative speed and YarNMW = 1
, YurUN =

x + ym = x = (UBTB + N"VTB) = [Unta)
"

=> -citB + Vats" = - CITE ·

=> To = VE) Ta > In time dilation
.

Note that
proper

time is mised for Bob

(b) Extension describing massless and massive particles

Cannot try approach in (a) for massless particles/light rays.

e
.g. no motion of proper time along mill trajectory.



still have version of (iii) :

free massless particles more in an IF in straight line with

speed c.

There is a modified punciple that applies to massless and

massive particles : world line XMIX) with fixed endto XMa),

xm(b) extremises

I = / Ldx
,

where L = -yarxxv ( ="
.

with Las before
for massive particles

E-L gives
(Marx) = 0= 0

=> xi = umx + ch

with Ut "const
·

and you U
*
U" = 0 in massless case.

Automatically get convenientfine parameterisation with

X = At + B

in massive case.

(c) Corentz Invariance

Consider words related by

Er = 1 x 11 const · Matrix (

(can choose YM = X V = 0 at a given point by translating in

spacetime

To ensure

ds" = Yardxdx = Hard dr
invariant ,

we need

yar 1213 = up :



or , as matrices,

1
+

71 =

9

The set of all such transformations form theEventsgroup relates

IF in SR -

E
1 = /-sho-Sinne ( boost in X'dir .

with
10

O
01

speed v = c tanh O

Expe 1 = (i) ,

R3x3 rotation acting on X1 ,
x2 , xS.

2. Metric and Geodesics on Manifolds

2. 1 Manifolds and metrics

(a) Manifolds

A manifold is describedI really by a set of courds bxMh and

no
, of cords is the dimension.

Example IR3 : dim 3,

Minkowski spacetime : din 4

In general , a manifold iso vector space , so cords"not

components of a position rector.

Eple 2D sphere with polar words X = 0 .
X = Y.

OcOCTT , OCY12 .
This is well-behaved away from

"median
:

y = 0 (or2π)

For complete description ,
need additional set
:

ofwoods *, *2
. Can choose to be C

&

polar angles corresponding to some different median
!



In general , a smooth manifold M lofdimn) is defined by a

set of cardinate patches or charts as show

&↓

#
Indices M . r

,
c .B take in values · In overlap region .

1x*

and (1) are smooth (infinitely diffble) fr of one another·

Small changes related by chain rule

SEC XM

sym=
Matrix of partial derivatives is invertible

det + 0

and

=(=

= Sup

Example #" with (x , x21 Cartesian couds ,
Y = r

.

** = Y

usual polar. X = rrosy , X=rsiny
.



uk 2

I

M = () = (cosy -In a
and detM = r0 on overlap (r > o) and restriction on Y.

(4)Metrics

A metric on a manifold/ specified by a sumetric

tensor
,
with components

-

gur(x) =gru(x)
in each coordinate set xMY.

This defines a

I elementex dxdx Egyonxn matrix
which gives invariant notion of "separation" on M.

So in words 351 we have

ds2 = gap(X)d **dX

ds2 invariant
,

so

Jap = gur /chain rul

As matrices

(cp) = MT (gurl M

with M= Row



Example For IR2 , (gur) = (0) I standard inner prod .)

-> (5cp) = MT(bi)m = (08)

=> ds" = (dx)
2

+ (dxy)" = dri + ridy"

In general , (gar) is nxn symmetric , non-sing matrix
,

and at a

given point , can choose **, and hence M to diagonalise metric

with resulting non-zero entries #1.

Here consider (mainly
· (+ 1, . . ..

+1)Signature is Edean/ps-def-study this

mainly for n= 2
, 3

· ( .
+ 1 , ....

+ 1) signature isCrentzian .

Assume this unless

otherwise specified , mainly n = 4.

In these cases , (Mig) called Riemannian or pseudo-Riemannian

manifold.

At each point ,
we haveanverse metric gar satisfying

gragar = Se

Examples

·

n-dim Enclidean space with Cartesian words Exit. (Sometimes use

iij eta in pos-lef case)

g.
= Si = )" ....) - (gi)) = (gij)

· n-dim Minkowski space with cords /xM1

ge = yar : /" 1

.... ) = (g( = (gyc)



· 2D Sphere with X = 0
, X == /04/2 , 00)

·

ds" = gijdxidxs = do + sinpd?.

19.)) = (o sino) and (g) = (d isnro)

Ne :

We can think of this metric as inherited from 3D
,
but our

treatment of geometry is intrnsic to 2D.

2 . 2 Curves and Geodesics

(a) Definitions

A parameterised curve XIX) on a manifold M has a tangent
-

Vector
-

TM=
using words <XM1.

Using words (*) , curve Hand tangent rec .
is

↑=
Note

gaT"TV = gapTCFe
just as

gruSXSx"=apS** Se.

for any small changes ,

and have

SxM = TMsX
,

Sc = FCsX

for small change along curve.

I & S I
space like

For gathtoo curve iS ligh like/mull

time like



We define anaffinely parameterised) geodesic to be a curve

X(x) With a-X6 which
, for fixed end points X

*
(a) and

xM(b)
,

extremises

I = SaLdx,
where

L = -gurXMyr = -gaTNT

It follows (see below) that dl/dx = 0 along the curve.

(b) Interlude : Euler-Lagrange Equations

seek to extremise

I = SLIg" , gr ,
x (d).

where go(x) . V = 1 , ....
n

. defined for a b
,

with qua) , g(b) fixed

and gr = dg/dx.

Working to 1st ender in Sq with Squa) = Sg(b) = 0,

SL= Sq+ Sign

SI =(b)] 39dx = 0

for any sq"iff

-
· L is indpt of g" (fixed u) ,

then EL

=>c
· I has no expect dependence on I

,
then

gr-L = cust-

These are examples of firstintegrals.



(c) Geodesics equations

Apply results in (b) to

I = J. ((xM , xm)dx
.
L =

-gapXxP

= - 2guX chain rule for gup(XV(x)
~

) =
- ( =SupXi + 20gmpXVXp)

== (2gup XP + (tugup + Cp9)XVXP)

m =
- augpXXP

E-L = 2gmp
XP + (2p9mr + 29pm-Gugpr) XPXV

= 0.

x g
&M

- + Tpxeyv = 0

where TBY is the terCutaconnection or metric connection.

Also written as Ipv)Christoffel symbol .

Note that there is a first integral (no explicit & dependence (

xm - L=

const . along a geodesic . Hence = 0 on geodesics.

Example (9 :)) = to if X = r
,
x2 = Y

(g :)) = (0 ir)

E-Lfrm - = (t) +v(g
i = ri" = 0

, i + Ev = 0

=> P
.
2 = T = Yr

,
To = r



Note can choose =S arc length

= ja + r
- y = 1

land 1st integral because (indep of y)

rac = l coust
·

=> v + lyz = 1

=> for s =

0: point from which
=> (rc-12)" = IS + const we measures .

-

=> v = (2
+ (2) X-

M

i = Mr =Ee = 4-4o : tan't .

W

S

S

and note ds = (dx)" + Id **" I -

I

4-Yo-
2

> Yo X
&

(d) Summary and some key principles in GR

Assume spacetime is 4-dimensional (pseudo-) Riemannian manifold

with Corentz - Signature metric

ds2 = Gurdxdx
Invariant separation (Ss)" between X

* and x* + SxM can be

timelike (co)
· null/lightlike ( = ob or Spacelike (30)

consider curve X
*
1) with a<xib and tangent vec.

Th = XM=
Let ((xx , xc) = -gur(X) xMXr

For Lo
,

then

= 1-1)
"n

defines proper distance along curve
,
and

S =( 2 ( -2)" - dx = S(b) - s(a)



is the proper distance along endpoints

For Lo ,
then

= Li

defines proper time TI) along curve and

T = ((" (x = c (t(b) - T())

Geodesic with affine parameterisation defined to extremise

I = /" (dx = Sal-gurxexr)d)
and this results in o for sol's.

We can choose either 1 :-

=> gap
or) = s

=>g +

A geodesic with this deft also extremises S and
T

.

↳principle :

· The trajectory or wline of a massive particle is a

time-like curve
,

and proper time along the worldline is

physical time measured by clock moving with particle

[clock postulate]

· The worldline of a free massive test particle is a

timelike geodesic : it extremises proper time between end points.

(test particle means mass small enough that we can neglect

its effect on metric



· The trajectory of light ray (massless particle) is a light like

or mull geodesi.

2. 3 Static Spacetimes and Newtonian Limit

Consider a spacetime with Loods Xo = et
, Xi ,

S . t.

ds" = gardxdx
= gooddt" + gijdxidx' (goi = gio

= 0)

and

2+ gu = 0 (metric stationary)
Write 900(*) , gij(t) , for X = (X1x2 , X

*).

(c) Gravitational Redshift

Observers A lAlice) and B (Bob) at fixed positions XA I *B

andA sends light signals received by B.

Sending and receiving signals separated by -
M

It for A and13 from translation invariance-t

of metric (relating mull geodesics) ①

stee
Change in proper time given by

(1TA)
"

= - 900(*1) (A+ )
:

YA XB

(OTBs)" = =goo(Xi) (At)
"

=> s)"grav red/bluethe

To reproduce formula in $1 . 2 for weak fields
,

consider

- 900(*) = 1 + 2/ with 11/1

=> ( - goo(f))k = 1+/c



and + (A) - (A)

as in $1 .
2.

(b) Newtonian limit

Consider non-relativistic motion of massive particle in weak grav .

field. Timelike geodesic parameterised by proper time [

L : -g .0c()" - gi cist integral

General E-Legu for space cords

-
For +-coord

,

-g..CE const . (1st integral

Rearranging, #" = -goo-E gy Vivi,

where vi==

Consider weak field gmr
= Yor + hor with hur small-make to 1st order

and low (non-rell velocities vic-work to 2nd order

From (a)
, 900 = -1 + how = = (1 + 2/c)

gij = Sij this

= (d) = + - S rivs

(for E = 0 we get Y(K) .

t- 1st integral becomes

(1+ (1-+ Sijvivi) (binomial thm).

=
c + [SijVV +E = E cost

rest
X

ke
*

PE



This is conservation of energy per unit mass.

Now look at Xi-equs. Note Tap order in Idenratives) of hor.
Crecall T= 0 in Minkowski space).

To order specified,

=T
and = 1 + O(E) + OIV)

,

so

↓T

But ↑= git (Log-22900)
=-Egg; goo .

= Si (2j.(E) (gi = si + 0(h).

Hence. =
Newton's 2nd law With gravitational potential I.

Note : You have not needed to say what his is-return to this

shortly.

2.4 Changing Coordinates and Equivalence Principles

For
any metric (Lorentz signature

ds
"

= gurdxdx = gapd& d*P.

with words &xMh . / Y11 , then

ap =E gar

Previously noted , at a given point O ,

could rearrange

gur = Yur
atO by choice of (x1 with XM = 0 at 0.



This is preserved by
YC

= 19XM with 1 Lorentz transformation.

Consider behaviour of metric as we more away from O
, using Taylor,

gur
= Mr + Grup XP +... (to 1st order

with coeff . obeying Purp =

Cryp.

For a change in cords given by

YM = xM + &AmrpX
*X + ... (to 2nd order).

where coeff . A
up

= Amer.

Note
xM = Y - -Amo +... ( to 2nd order

To find new metric components ,
we need

>=-A
Then

ga =gr
= lyur + CurpX1 +... ) (Sc-A*

cr
*V

+... ) (Sup-AV + ... )

=

Yop-Capp ** - Apar *U-Aspur +..

where Aapr = Yam Amer land YM = XM to leading order

In summary
,

gap-gap + Capp*0 +.

where Capr = Capp-Apar-Aapr = 0
. by choosing

Appr =E /Capp + Carp-Cora) .

Conclusion : we can always choose cords to ensure that at a given
-

point O ,
we have gar-yor

and Agr = 0
. Hence Tmor = 0 at 0.

This choice defines a local inertial frame.



Isol above find by cycling indicies

+ Copy = Appr + Apap
- Cora = Apra + Aupa Esol

+ Grop = Avap + Acus
I

I

Einstein Equivalence Principle

In a localinertial frame
, the results of all non-gravitational

experiments will be indistinguishable from results of same

experiments in an inertial frame in Minkowski space

contrast this with meakear principle : trajectory of a free

falling test body depends only on its initial position and

velocity , indpt of composition. This is universality of free fall

or equality of inertial and gravitational mass.

3. Motion in the Schwarzschild Metric

Saw in S2 .3 that a static metric of form

ds = - (l+E ) cidt
=

+ (Sij + hij) dxidxi .

with /C2 , hij) , reproduces N2. for motion in gravitational

potential # (by considering geodesics) .

Special case in NG is =
-* potential for point mass M

at ~ = o
. (g = -EM) with no sources in70.

Generalisation in GR : Schwarzschild metric

ds" = -(l-)c'dt + (1-EM) "dr + ra(do +sind



This is an exact soll of vacuum Einstein equs ,
no sources in30.

I exact in NG and determined uniquely by symmetry .
Same is true

for Schwarzchild in GR (Birkoff's thm)

Common properties of metric and Newtonian Potential :

(i) Static -
time translation symmetry.

(ii) Sph . Sym .
(at const

.

t . r
,

we have 2-sphere with polar angles O , 4)

(iii) For Vic &M
,

we recover previous case of weak gravity with

=-G, and identify M with mass.

(iv) Interesting behaviour as reo but also at V = Us= the

Swarzschildradius - what's going on ?

Note that for Sun ,
Us = 3km,

Eath
, Is = 9 mm

Moon
, Us = 0 . Imm

Just as in Newtonian gravity ,

metric must be modified to

describe interiors of star
,

etc.

3
.
1 Equations for timelike and Wull geodesics

Take units with C = G =
1 .

dsa = - (1 - 2)dt" + (1 - 2) "dr + ra (dp
=

+ sin20d42)

Geodesic equ for massive or massless particles with affine param.

↓ (set x = t proper time in massive case)

t-equ : (1-2) = E const.

I-eqn : resino =
h const. I

- ( * )



O-egn :

& (r) - resins ( = 0
. /

Instead of using r-equ ,
consider standard first integral

(l-2)()"-(1-2)"de2-r("-rs=See

Note O and doldy = 0 satisfies O-egn ,
we can ensure this

holds at initial point of geodesic by choosing O , 4 appropriately

land using properties of ODE)

Once this is done
,

we get ,
after substituting for de/d) and

dy/dx,

E-(*) - (1-) =((1-2)

or using dots for didx
,

[r2 + Veff(r) = &LE2-x) ( * )
.

where Vefy(r) =-+ E = (1- )t
,
h = ri

Mechanical analogy : position v of particle of unit mass moving

in potential Veff(r) , according to N2
. with egn above

conservation
energy ,

e .g. Veler) the effective inward force.

and Vef(r) = 0 condition for sol v = cust.

Examples

11 = 1 (massive) - details depend on values of M . h
,

but we may have

& Veff (r)

1- Veff(r)--AMSect-



k = 0 (massless)

~ Veff (r)

i Veff(r)-
To find shape of orbit ,

convenient to set

u(y) = Yr
.

= - tr= y = v =
-hu'.

where U = du/dy. Then

(*)= (+ Vest) = const.

! ( **)
This implies

d + u= + 3 M

3
.

2 Massive Particles : Circular and near-circular orbits

Set = 1
, and get

Veff(r) =-+

(c) Newtonian gravitation : for comparison

standard approach : r
, Y courds in plane with grav potential
I =-

quantities depend on absolute time to

Ev =
+ Veff(r) = const . (conservation of energy)

&
with

Veff(r) = -A+2
per unit mass

I
n= rag const

.
(cons- of ang. mon .



ho - circular orbits easteffe

when Veef() = o

Le >
r

=> r= l · length scale

orbits stable when

Vef (1) > 0.

General sol" forarbit shape comes from setting U-l/w , and finding

+ u=

Solv : U=* = + (1 + ecos(y-yo) ,
1- hym.

this is comic section with excentricity 2
. Bounded orbits

for ecl
,

and ellipses for oces .

Sol" for planetary orbite with exl (exclude Pluto) .

(b) Circular orbits in GR.

Veff(r) =-
-

&

Newton , an GR correction

Veff(r)=-+

Ev =
= = (1 + (1- 1)

For real sol" to exist
,

need

h > 25 M.

Then
h2=Mr

So soll require r> 3M
. EEVs).



Veef ~

I hom
S

Veff M

m
> h 25 M .

-
Veef ~

r

-
harsa

checking detail , also find

Veri (r)=-bS
Conclusion : Stable circular orbits for > 6M

unstable -I 3Marc GM
.

(C) Nearly circular orbits in GR

Consider
u" + u = +MA small when Musal w

rx rs
look for near circular sol" in form

u = +(1 + v(y)



witr small
,
1-hYm .

GR term then small for M/11 .

substitute in :

↓ (v + v +y=+ (1 +-

= v" + v= (1 + 2) 1 to 1st order in v).

or v" + c'v=

with W"=1-M ·
Binomial the w =-

Sol" : v= + e costly-Yol)
Small

Hence
,

u= t()1 + 3) + ecos((n - 40)
&

small change to cost-term is to be expected. Compare with

r- 1 + 1-) ) =e(1-)
Main pt : sol" is almost an ellipse but now need to increase 4 by

= 2 + G
to return to same value of U, ie . ellipse processes by

14 = EM (2)

on each orbit.

⑰



largest effect for smaller orbits. e .g. Mercury find

14 = 5x10 rad/orbit

equivalent to 43"of are per century. This prediction of

GR is experimentally confirmed.

3 .
3 Massless particles and Deflection of light

Refer to (* ) in $3 . 1 with =0·

=oes

7 = 0 in (** ) :

u" + u = 3 Mr2

Solv U= =to circular abit (unstable from Sketch of Veff(r)
.

Consider shape of orbits in
regime ruM

.

To Oth order,

u= = siny .
(straight line)

-

One integration coust · fixed to

ensure symmetry under 4-> T-Y . 3

and note u+ o (r-r) as ye 0,T.

Other const of integration b gives "cloest approach" or

impact parameter. Take buM to ensure Muc 1.

Seek sol" to next order

u= 5 (smy + v(y).

with V(y) small ( M/b



Sub
, in to get

v" + v= (sny+
= sinty = EM(1-coscy) ·

Particular sol" with space symmetry Y1-H-Y is

v =# +(+Szy)
produces small redef.
of b -

ignore to

the order we are

interested in -

Find values of 4 for whichtoin

new sol" .

sin y+ L = C

But this happens for : -S
, U = - + + ) (Sco)

with 8 small,
- S +2 = 0

and deflection

14 = 25-
For measurement during solar eclipse ,

find &Y = 1 .
75" in agreement

with GR.

One other important experimental test - Shapiro time delay
.

Similar effect discussed on Ex Sheet 2
.



4. Tensors
,
Connections andCurvature

We work on a general manifold (as in $2 . 1) .

4. I Vectors and Tensors

(a) Definitions

Vectors and tenson are defined as objects with -ponents in

each cord, system ,
e . g .

(xM
, or / ** ) With a transformation

rule relatingepts in different coord systems.

A vezer is an object with components VP or &"S .

t.

=
This is rector transformation rule.

A corrector is an object with component Un or East.

= Un
.

This is corector transformation rule.

Def"apply at any point. Vector and corector-valued f's

are called (colvector fields.

veater countravariant vector

-

corrector covariant rector

# Vectors and correctors can be "paired" to give a scaler.

* = VM Un
[Check LLS=MU = RUS

-

S



Examples For a parameterised curve XMI)
,

or *Cx) , the tangent

vec
.

TM =M
Noted previously that these opto obey the rector transformation

rule
.

For a scalerf" f(xM or f(xx) (samefi) , we have,

generalising the gradient-

Um=, or=
and there obey the corector transformation rule.

Consider how fIx(x) changes along curve,

* f(xM(x))= UnTM invariant

Generalising this ,
a tensor of type (pig) has ept

+
M, ... Mp

v, ...g o
FG ...

Sp , ...Bo

related by

↑ C
...

<pp .... pq= N,
This is tensor transformation rule.

Example. (colrector is tensor of type (1 , 0) · w(o , . )
.

· scaler is tensor of type 10 . 0)

Note : previously saw invariance of ds2 = gurdxdx implied

transformation of gur to gas-now recognise guv is a 10
.
2)-tensor·

Also note GV" is not a tensor



(b) Raising and Lowering indices

The metric provides additional structure which allows us to

change between rectors and covectors by raising and lowering

indices.

e.g . given VN
.
define V = groV

given Up .
define U = ghrUr.

Consistent
,
since

gagnu V" = StrV" = v"
.

and can check correct transformation rules for all objects above.

Similarly ,
for tensor of type (p.q) ,

we can choose to lower

an index to get a type (p-1, g+)

gpa TCM
, . .

. Mp-
U

. ... Ug
= TpM . ... Mp-

U
.... Uq

or raise an index similarly.

Note : VMU = gpr VU"
= gNYUr = UUN .-

and gMgox = Sta can be interpreted as raising/lowering
indices on metric itself.

(c) Tensor algebra

Operations on tensors can be defined on operations on components

provided this is respected by tensor transformation rule.

(i) Addition (only of tensors of same type (p , g) defined by

(T + S)[ ... dp
B....q

= TC. ... Cp
p .... pq

+ S ... Cp
B....q



(ii) Scaler multiplication

(xT)c .
...

p

B.... pq
= 1)TC ....

<B . - pg) .

Escaler 1.

(iii) Tensor product
- For T type(pg) .

S type (min) , define

(T@ S) of type (ptm , gtnl by

(TQs)4
... <pm . ...Mm

B....qV ... Un
=T SM

V. ... On

e . g. Using this we can construct a tensor of type (1
.
2)

from a vector V" and correctors Un . Wr.

T = VOLOW
,
Th = UnWr .

Ne : For a tensor of rank 2
, say ,

ToP
,

it is at true in general
that The UVO for some US , VP. But true that

T can be expressed as a sum of such terms.

(iv) Index contraction - Given T type (pig) ·

can define

S of type (p-1 , 8-1) by contracting on one upper and

one lower index

↑
<M, . . . Mp- ,

Cr
.

... Uq
= gM .... Mp-

U, ... Ug-1

respects tensor transformation rule
, just as we checked

VU scaler.

(v) (Antil Symmeterisation on like indices

Defined for any pair of indices of some type.

e . g. Top = #Tpc · say T Cantil symmetric

similarly
. TCP = = TMBC



Notation : define Taps = E)Top + TPa) sym

Tzapy = &(Top-Tpa) antisym

Clearly Tap = Tcaps + Tap
Note Tap Sym Tap = Tlops Ttopy = 0.

Example gap = gcp ) by defi

Example TKR) Sap = TCPSk1).

(H = 2) T &B
++BC) Sap

= -(TPSap + TP Scp)
= I TaP Sap + T Spa

= TCP . 1) Sap + Spa) = TCPScop
and TKR) Stop = 0.

We extend this notation to any no . of indices
,

e .g.

Tlpr) = at (Tapu + Tra + Trop # Trave Tupa = Torp)
[PV]

(vi) Quotient Rule.

In 54- 1(a)
,

we noted that YOU = VU Vrec and cover.

Conversely , if this is invariant for any Vec .
VM ,

then

(M) a
= VMUm

True V VM = = Up.

which is corrector transformation rule. This has clear generalisation.



Example If R
&

spo
VP = Sour is a tensor & VP

,
then Bour is a tensor.

If TcpMr
rsp Sor is a tensor VSP , then T a tensor

4. 2 Connections and Covariant Derivatives

(a) Motivation and Definitions

Recall : for a scaler fof , Cut is a covector
,
but for a

vector field VP
, CV" is not a tensor.

Ep = (u)(VY
-(GV
-

spoils tensor trans
·

rule
.

Consider (simpler Situation) how Vi changes along a curve XMI).

(VM(x(x))=V

translating this
with TN - tgt rea

,
to curve. as above

But compare with geodesic equ in form

+T = 0

with T levi-Civita connection. This takes some form in any

cord
. system (derived from UP) and we can deduce how

↑ must transform .

=V

This is the connection transformation rule.



This suggests we define covariant derivative of vec.
field

UN along curve to be

# N=N
+ TTV

and this should be a rector /can check) . Geodesic equ become

T = 0

Furthermore
,

with def" above,
can write

↑ VM= 12V + Tate Vil = T
"

Jove

where

DaV" = 2Um + Tar Vo

This is covariant derivative of a rector field
.

Check this

is 11 . 11 tensor.

Already have covariant derivative
Taf = Daf of a scaler f"

Define similarly

covariant
.

derivative
*Ur = -Um-TUp of a corrector field.

This ensures the following libnith property
:

Ja(V* Um) = 15aVM) Um + V& /* Un)

Check : (HS=a(VU) = 2 (VMU) = (2aVMUn + UM(2a(n)

RHS = (2alm +TV) Un + VM(2U-TUp)



Explicit check that JMV" transforms like a 11 . 11-tensor.

= P= P+ V

= (V + Tap VP)

·
= Dur as desired.

To show [ ...] = 0
.
consider first term and write it as

·
-

= Sa

=-
We can extend these def's to any T , type(pg) to get

covariant derivative JT
, type .

(p . q+)

Example (g) = (1 , 1)

- a WMu = 2 Wh + TM Wi-TinWap

Example (p .g) = 10
, 2)

* Spr = 2aSur-TairSpu-Tar Sup ,



(b) Connections in general and metric compatibility
We can define covariant derivatives using any connection ↑

that satisfies the connection transformation rule.

For a general connection.

-Jef-Tp4af
= Ja (2pf) - Jp(6of)
= (212ef) - Tap2of) - (amb)

--Tplef .

where Tap = Top - The is theTorsion ,
a tensor of

type 11 . 2) . For Ceri-corate
.

ToB = 0 "tursion free"

Fundamental Thm of Riemannian Geometry
For a manifold with metric gur ,

there is a unipe torsion

free connection for which the metric is covariantly
const
-

Tagr =

-0
.

I : Jagnu = Lagur-Tongpo-Torgm = 0.

= Engra-Turgpa-Tria gup = 0

= Grgan-PriSpa-Trugap = 0.

Combine these with - ++ and Tap = Th to get

-9m + Gugua + 2r9am-2 Pur 9p
= o

=> Tr = +ge (20gau + Guara-bagur) A



Note this implies that Jagh-o and Covariant differentiation

commutes with raising and lowering indices.

e.g. JalVal = JalgurVV) : grota" ,

Ta(MYm)= (gmUM) =

gu (Ja VM)U"-gurumIav) .

(c) Summary of defis and properties
For a tensor T of type (p .g) ,

the covariant derivativeXT

is a tensor of type (P .g+ 1) with

* TMMr
va-

g

= DaThe
... q

+P +PM -rp
V, . . .

qu

+... + TMP + M ....Mp
v

. ... va-Tar, ThiMppe ...Va

-

...

- TPM U. ...qrp

Covariant derivative of general tensor.

Tensor transformation rule for >T follows from transformation

rules for T andT
,
but can also be deduced from the

following.

Properties :

(i) Y(aT + ps) = a YT + BJS · for T.
S tensor of type

(p .g) .
<

, B coust.

(ii) Jef = Guf for any
scaler f.

(iii) < (Tos) = (PT) @S + T* (79) libnith property .

(iv) - commutes with index contraction (see prev recs
,

cores).



Above, (i)-(iv) holds for a general connection.

(v) 7 commutes with raising and lowering indices for T
,

the Levi . Civita connection
, satisfying

* gur = 0
. TcTpf-Tpcf = O (torsion free

Further def's :

Given arec
-
field VP , define the covariant derivative

along VM
Xv = VETa

acting on any tensor ,
and

=+ S
= T** S

covariant differentiation of tensor S along curve
X*() with

tangent TC = &XM/x
.

(d) Parallel Transport
Consider manifold M with metric gor ,

and a curve

XM(x) with TM = XM
.

A tensor S
is parallelly transported

along the curve if

== =

Ne : If S is defined only on the curve
, we must interpret

above by taking
Tdx-

Example= forf scaler
, being parallelly

transported

= Tos :=



If curve is an affinely parameterised geodesic ,
then

+ = 0
&

tangent vec . parallelly transported along curve.

For vectors US
,
VC metricCovariantly

c constr

& (gapUve) = gap(U) vP + gaU(VP)
= U

if US ,
Va parallely transported ,

i

.

e. lengths
, angles ,

etc

are preserved. v

un
~

~
Tu

To expand on this ,
consider the following sketch :

#
Vectors VI live in tagentspace to M at each point

as shown
.
Basis for each tangent space comes from choice

of words (x1 on M.

Without or connection
,

we know what it means for VM to

vary smoothly ,
but can't say whether it's constant.



With connection ↑
,

we can compare vess in targent

spaces at nearby points and define covariant derivative.

For
any pair of points O

,
XM = 0

,
and P

,
we can

parallely transport VM from O to P along any given curve.

with results V .. Ve for different curves as shown.

In general ,
V

I,
V2 different and this corresponds to

urvature of metric.

(e) Normal Coordinates andPunctuation Notation

Recall in $2 - 4
,

around
any point

P
, we can choose local

-

inertial cards/eal inertial frame with

gu
= Ye lar Sur)

at PI
and 29 = 0

=> T Mp = 0 at P

Coordinates (xM1 s .

t. To at P are also callednormal cords.

Since a tensor identity holds in
every cord, system if it

holds in
any

chosen courd
, system , we can adopt normal words

to simplify calculations

* TM -

Mp TM ..M
v

, ... Vg

The Symbol
"

= "is sometimes used to denote equality in normal

words at P
.
Also convenient to denote

2

Ja
by subscripts lor superscripts)



e -g. Gave = Vic
.

2
,
VP = Vi

, a

So
Voic = Vic TV

and

Sbir"="Sp . V lat P)

Be aware of double derivatives , e .g.

]pUv = Uripa (usually not Uripia
↑

order is important
of xip indices

2TF0 in normal words.
,

even thoughT=o at P.

4
.

3 Curvature and the Riemann Tensor.

(a) Definitions

Claim If UI is
any vec . field

,

then
~ Residentity .

1Tchp-Upka) vM = Rivap Ve

where RMo is a 11
.

3) -tensor
,

the Riemann (curvature) tensor.

Note LH) is a tensor
,

so if we check RHS does not depend on
-

IV or 22V
,
then R is a tensor by quotient rule.

If: ]nVm-Lacep

-altum)-VTpV= (p)

=Gal + T120V+ VV) - (p)

= (TpV + (TTrvV+Vr-pV0-(p)
This verifies our claim we duduce

R
vop

= GTp + ToTpr-apt-TT I



There is an equivalent Ricci identity for correctors.

1TxOp-7p)Un = - RupUr .

Similar for general tensors with terms as above for each rector/

corrector index-

From Riemann tensor
,
define

Defi Ricci tensor : Rap = R
~

aup
Ricci Scaler : R = ga Ros.

Example 2 sphere with ds" = do + sintodp2 , goo = 1
, 99p = sin20 .

T has non-zero opt.

To % = T = coto

-P
To p = -sinpcoso

.

Consider V9 with VO = 0
,
VP = 1 . W

· vo
->VP has non-zero opt .

-pro = +g0VC = ↑ VP = -sino coso

* VP-ToPVx : ToPpUP= co .

- TpVo = 20(7pU % ) - Top 15,%- Tra
= 20) - Sinocoso) - cotO( - SinPcoso)

.

= Sin20 .

7970V0 = 0
.

Hence
, 1000p-TpTo)V0 = Since and Ropop = sin20

11

RopV
*

= Ropop
=> Rap = 9ap ,

R = 2
.



(b) Symmetries of the Riemann tensor
.

(i) Rap = -R*& ( from deful

(ii) Roap] = 0
. Cor given (i)

Ru
rap

+ R
*

<pr
+ MMBu = 0

(iii) Revap = -Rumas -

(iv) Russ = Rapur.

From these symmetries,

(v) Rap = R
Y

cup
= RBx .

Taking careful account of symmetries, we have

En(n2-1) ,

so 20
,

6,
↑ ↑ ↑

n =4n = 3 n =2

indpt . epts in dim in .

To prove symmetries :

(ii) In normal courds,

RMvcp" ="Tp-2p T

Ru"= "Op Tc-zu Tr
Roput"=" Zu T-2e Tre

terms cancel when we add

(iii) . (iv) : Use

GroTp"v = (gmp ,
-

+gru ,p-Spr,u)

Ga labore)"=
"

-19mp . 0
+ guu .pc

- ger .ma)
Hence Ruvap"=" Igup , va-gup ,na-Gro , up

+ gra
,up



(c) Bianchi identity
The Riemann tensor satisfies

* Brap + TaRopr + JpRvuz = 0
,

or

R
Expiry

= 0 (Bianchi identify
P : In normal cords,

Buras""B, at point P.

= Topar-Trcpr + (T terms)
Similarly,

Rupric = Trvipa-Tumpir

Rupaip = Traup-Tr , op

On adding ,

terms cancel in pairs lequality of mixed partials
Result follows .

Since tensor identity true in
any

cord
. System if

true in one coord - sys . A

Contracted Bianchi identity

- Rp - E*R = o

This follows by contracting Bianchi identity above on M . U.

JuRvap-cRup + JpRux = o

contract again on v. S gives

-vRY - TR +Ric = 0

and result follows.



(d) Parallel transport and curvature

Parallel transport of a vector feld(H) = UM(XC(x)) along
a curve XMIX) starting at XM10l - 0 is given by

M = 0

=>M -- /Tax & UV)(4)
.

=> VM(x) = VMo)-C
.

"

(TXVY(T) de

Use this to generate expansion order-by-order in "size" of curve.

corresponding to factors of XC
,

XC
,

etc.

-

VM() = UM(o) + LIVMy
,
( + [AVM] (x) +--

First iteration :

[SV , ( = -J
.

"(T- VY((0) xYt1dE

=- (TarVY((0) X(x)
.

Second iteration : use the above
,
but also

↑ (x) = TjMu(0) + Ta
Y

r
, p(o) XP(x) +...

=> [AVM)al) = Strap UVlo)(.(xx * Elde
.

where

Strap = (-Taup + T>* Tp) (0)

Now for a closed curve OxX 1 with XM11) = 0 = XM(0).

[AVM]
,

(1) = 0

In [AVMJz
,

have

wap = -J
.

'

(xixtide = 2)
!

'(x+ xP- x
& xc)di =

- c
*

analogous to "area" in XC
,
XP words .



But suzapy = R
~

rap

at XM = 0
. Hence,

[AVM]n = - @RMvapWCPUY(o).
Change in vector as a result of parallel transport is given

by currature
-VM (1) = VM0) + AVM.

VMol n

E
(e) Geodesic Deviation

In flat (Minkowski) Space , geodesics are straight lines and if

initially 11 . then Stay II.

In curved space, separation of geodesics varies and is controlled

by Riemann tensor.

(4)
To understand this

, first consider vec - field TC
, S & v9 , and

note

(7+ 7) - Tg7)Vm = R rapThsPV" + Jess VM

where J+= TCJa
,
Js = S & Ya ,

and

[T.
S]P =

T &+St - sti = ++ 5 - T
P

= T2sP-SCTP
· (T terms cancell

is the commutator
-



This follows from the Ricci identity ,
since

(T - +c)(597p) - (= p)
= (T** S98p + T9S97c7p - kexp)

Now apple This . Consider XM/I .C) giving geodesic for each fixed

5 with I affine parameter ,

and

TP= tgtvec.+ T = 0

while SN- "separation vec" At fo
[T.
S]" = + 2SP- 55GTP

=- = 0

Then apply identity with VM = TM to get
O geodesic

-+ TTM - 4 TM = R
*

ro
TCSP+u

and JsTY= -+
SM

=> -SM + EMS = 0

With EMp = -R* vcpT'T' equ of geodesic deviation.

Consider closely separated geodesis
XM(t

.
r) and x

*
(+, 0 + sr) = X

*
It

,
c) + hMit)

,

where hi : So St
·

Hence,

- + ENgh = 0

to leading order in hm 1) lungo

- T+ St



5. Einstein's Equations

51 Introduction and Motivation

compare
Newtonian gravity GR

field potential [(x , t ) metric gop(X)

EoS for

point particle/ = + gi= xp
test mass (T- ag)

Local inertial
frame at a

Set gi = 0 Set T = 0 .

point

Nearby ↓Whi + Eight = 7th" + Eph = 0
,

↑

trajectories
Xi

, Xi + hi Ej = -2jgi = G:
2; ECs = RupTM+u

tidal tensor geodesic deviation

3E = 45Gp .,

Field
equ source

p mass density Einstein's egu .?

(a) Statement of Einstein's equ

(i) Without sources (in vacuum)

e . g. point mass at origin produces E : -Mar obeying JE = 0 for

20 . Comparison above suggests

Run = o (Enstein's egn in vacuum)

(ii) With sources

Mass in NG replaced by energy and mom. in SR
,
described by

TCP = TBa
,

the
energy mom . or stress energy tensor

, obeying



2T = 0

in Minkowski space. 14 conservation laws for Bolenergy) and

B = 1 ,
2

,
3 (mom .

1).

Incurved space , expect this equivalent to

*Top =

0

Tap is a candidate for source on RHS of previous equ , but

-R&P to in general. But , from contracted Bianchi identities ,

Gap = Rap-Ergap
the Einstein tensor

, satisfies

Jahap = JaPap-tyPr = o

This suggests

Gro = Rur-IguR = Tur

This is Einstein's equ with source two

By comparing with Neutrian theory ,
iC- E

We : This is consistent with (i) because contracting with gar

gives
R - [H4) R = - R = xT

,
T =T .

Hence. Einstein equ can be rewritten

Ruv = i (Tuo-ITgarl /trace-revereda



(iv) With cosmological constant

An additional term can be added to Enstein tensor,

Gur + Ngur,
with 1 cosmological const ,

and this obeys

- M (Gar + 10) = 0

This results in

Gro + 1gmr = 1 Tur

This is Enstein'sequ with Cos
.

Const.

This is the most general possibility for a sym-tensor that

is covariantly const .
(Lovelock's the : Hap : Hp , Hap and

Hap depend only m g . Eg , Log at each point)

Observation suggests 111 " comparable to observable size of

universe , so unless we are discussing problems in cosmology,

we can safely set 1 = 0
.

(b) NewtonianLimit

Consider

goo = you ther ,

with huw small (weak gravity) and assume in cord ,
with

Xo = t
, that metric "almost static" ,

so we can ignore all t

derivatives.

This implies

Rap = Chus ,ar -husina-hus ,pr
+ hamp

hence

Roo =gMC Ruoxo = yMcRoxo = sidRiojo = El-hoo
, ij) 8

-

R small



Also assume Too = 0 .
/rest mass energy) is the only am-negligible

cpt of Tap ,
and Te small.

Then

T = ger Thr = yothr =

-p .

=> x(Too - E Tgool = Ekp
Hence Einstein egn imply

Roo = /Too - IT(-1))
,

or

- > Choo =P , (1)

where J = si;j.

But we found previously that for NR Motion vi=) and

T = t
,

= -T = Sis (ho, (2)

This lead us to identity 200 : -25 in 12)
,

then in 11) we

recover
7E = 4Gp

by choosing I = ENG (with C = 1)
.

5
.

2 Spherically symmetric vacuum Sol" : Schwartzschild metric

We will derive
, in outline ,

the Schwartzschild metric from

Einstein's equ.

Ihm (Birkhoff's thm) The most general sph . Sym , sol" of vacuum

Einstein equ is

ds"--(1-2) de + (1-E)"do + rideed
,

where do" = dp + Sup dy: for some const. M
. Any such sol"



is therefore static and stationary and asymptotically flat .
(Mink

.
)

We assume sph . Sym , acts on surfaces that are 2-spheres with

woods 0 , 4 and n.t const
.

(these surfaces are orbits of symmetry

group).

* Pf : General Corentzian metric with Sph . Syn

ds" = -Adt" + 2B dudt + Cdr' + Rodad .

where A .
B

,
C

.

R f"of rit -

Change cords wit Firit)
,

+ - Elrit)
,

then drop tildes .

First Set : = R(r.+)· Then let E = + + fir,t)
,

and check we

can choosef to eliminate drdt term in ds2 .

In these curds
,

we have

ds = -edt" + e
*
dr + rodr

"

for some v(r. +I .
/Cr . +) . Now compute Ricci/Enstein tensor and set =0

.

Find Get = 0 = -1 + e* + ry = 0 (1)

Gr = 0 - 1 - e + r = 0 (2)

Gtr
= 0 = j = 0 (3)

Gp
= Sin -8600 = o (4)

All otheropts vanish.

Note (3) -> XIrl indpt of to

(1) + (2) => (d + 0)' =
0 = v = - ((r) + h(t)

· for some h(tl
.

By further redefinition, + reE with dE-e"2htdt
., we get

dsa = -eddta + edr + rde
>

(1) and (2) now coincide and

e-X (1 -rx) = J(re- Y) = 1



=> es = 1 + E for some const . K
.

Schwartschild with K = -2M
. Finally ·

with simpler form of metric

involving only krz .,
content of 14) is

!" -(t + E = 0

which is also satisfied. I

5. 3 Matter-energy sources and Tur.

(a) General comments

Conservation egn In Mink space for a 4-vector current J is

2aJC = o

With choice of time and space words (C = 1)
, we have

Xc = It , xi)
.

2x = (3t , 2/2x) ,

JC = (50 , J
: )

,
i: :

2
, 3

.

and

-
This

implies&S Jod = -(vJdV = - for jinds.

V some volume in (x1X? x'] Space (Indpt . of t) and Mi

normal to boundary &V. y4i
V

Jo : density ,
Ji : flux

.

⑳
and if Ja = 0 outside V /or vanishes in limit V-IR3) ,

then

Q : S- Jo dv
conserved.

For energy-momentum ,
we have tensorTo with conservation egh

x ++ = 0

B = 0 : energy . B = c : momentum.



+
oo

:

energy density

To : energy flux in ; dir

Toj :

mom-density , cpt in j dir ,

Tis : more . flux/stress ; apt in ; dir.

Generalisation to curved space :

TxJC = 0 reduces to GaJC in LIF ,
and DaT&P = 0 similarly,

local conservation law.

Scaler conservation law survives in curved space since

-Th = 2j + ↑jP
- 2aJ" + (Fg2p(F1) JP , gidet(gap) .

↓
= r2(fg() = 0.

-S

Hence conserved charge of form

In FgJdV.

For Tap ,
need additional symmetry of spacetime to be able to

construct conserved quantities , given by a corrector Ex called

killing rector
.

8
,Ep) = 0

.

Then JC = TCP3p satisfies

* Ja = (c TCP) 3p + +997x3p) = 0
.

(b) Electromagnetism - Maxwell
theory

In SR
.
E and I field combined in antisym field strength tensor

Fu = CnAv-GrAm.
where Ap is 4-vec containing potential of and A



=> EpFavy = 0 (Branchi identity)
Contains 2 Maxwell's equ.

Remaining Maxwell equ

URFM = (const jo
<T" = (p , 2)

.

Note 2-%" = 0 for consistency.

Energy momentum tensor

Tap = (const . ) (Fa FyM - Eap Fun Fr(
is conserved for JM = 0 :

st) 2 Tap = 12 Fam)Fp
↑

+ FarhFor - * FMGp Fur
= I (Fpr-EF)

.

= - FM (GrFrr + GuFpr + CpFrp) = 0
.

Generalisation to conserved space :

For = TMAr-JoAm= GAr-LoAm .

(T cancell

=> Jep Fyuy =

CepFiuy = 0

Remaining Maxwell egn

I FM = 0 . It present ! )
.

EM tensor

Tap = (coust. ) (FaiFp
*

- Egas For FrM)

is then covariantly conserved.

7) Tap = 0
.



Example of sols with EM Source : Reissner-Nordstr metric-

modifies Schwartzschild to include electric change & in addition

to M With Tur . incorporating electric field due to point

charge , modifying geometry

11-() - (1-+
,

with ro = CaustIQ
.

(c) Perfect fluids

In SR
,
fluid motion is given by velocity field U ,

which

is "smoothed out" over any constituent particles .
At a given

point , we can more to rest frame of fluid with

U = 11
.
0

.
0

, 0) (c = 1)

ConsiderSimple example with constituent particles with n

number density measured in rest frame. - defines a scaler.

Then
Na = n4a = (n

, 0
.

0
, 0)

in rest frame, and
22NX = 0

is the conservation of particle number
.

If there is no relative motion of particles ,
then
poon

is

energy density with m rest mass
,

so

p
= To

in rest framee.

If no other contribution to energy mun
,
tensor

,
then we can infer

Top = pu us.



More generally ,
we may have

,
e

.g.
C

Tj = Siste isotropic

where p is pressure of fluid

A perfectfluid is characterised by energy density p and pressure

p ,

with

TP = dig (p. p , P , P)
in rest frame ,

and

+
P

= (p +p)4-up+ py6
in any frame.

Conservation of EM : GaTP =0 generalisation to curved space

+ &P = (p + p)uup + pg&

and conservation

Ja TP = 0

Examples (i) Dat :

P = O (no pressure) .

(ii) Blackbody radiation (photon gas) : p = Ep.

(iii) Vacuum energy (dark energy) : p = -p=G ·
includes 1 in Tap.

5.4 FLRW Spacetimes

(a) Homogeneous and Isotropic metrics

Models of the universe at largest scales are regid to be

spatially homogeneous -"the same at all points" - Copernican

principle ,
andtropic - "the same in all directions"-

(together called the Cosmological Principle)
.



Mathematically precise version : spacetime metric

↓s =d+h + act)
* ↓[2

iswords St
,
Xi)

,

with

d[2 = hij(x) dxidx" .

homogeneous and isotropic 3D geometry.
It can be shown that

this implies

di= ridorsmdy,

with #used

k = [ flat
-

pen

These are the Friedmann-Lemaitre- Robertson - Walker (FLRW) metric/

spacetime/universes. Easy to check that geodesic equ
have sol

with t = -
,
xi = const .. These are trajectoriesofmoving

particles ,
observers

, galaxies.... It to preferred space like slices).

Homogeneity and isotropy are indpt. but not unrelated : an

observer who is not co-moving will not see the universe as

isotropic.

Forms of metric above are implied by spatial homogeneity and

isotropy via concept of manifold of constant curvature.

Rijke = K (hishje-hiehjk
for some const. K.



Alternative cords for metrics above

↓1 : d [i = dy2 + siny(dp + snody") I r = siny)
.

3dim sphere ,
const · the curvature

↳o : ↓ So is flat metric in IR3 in sph . polars

1+: [S2 = d+
"

+ Sink'* (dR2 + sinroda") (v= sinhx)

3 dim hyperbolic space , const . -ve curvature·

(b) General Properties

(i) Hubbles Law

Distance between two comoving galaxies IS

& (t) = a(t) R
,

where R is the distance measured using tindpt metric hij. The

v(t) = J(t) = a(t)k = (-)d(t) ,

where ie .

v(t) = H(t) d(t)
,

where H(t) = a /a· Eg .

RE = AX"Axi in flat space (k = 0).

Ho is the value of H(t) at present time ,
is called

,

the

Hubble const.

(ii) Cosmological redshift

Previously discussed grav- redshift in static spacetimes. For

radial null geodesic in FLRW metric,

ds = - d++d = 0
.

=>=



Observer at U= 0 /WoG) sees pulses at to and to +sto

emitted by galaxy atr= R at te and fetste. Both

observer and galaxy are co-moving
-

to+ Sto-

mimm- texste
.

- te

>

0 R ~

sign for ingoing
geodesicto

If Ate and Ato small compared to scale of variation of

acts
,

then

#-

Hence,

-== redshif

(comoving) .

Note for nearby galaxies,

a (te) = alto) + Ite - to) alto) + . · .

=> + (to -tel H(to) +.. .



5
.

5 Cosmological models

(a) FLRW dynamics

Einstein tensor for a FLRW metric given by

Get= (2 + k)
· Gij = - (2a + ad + k) hij .

Take a source a moving perfect fluid

Tet = P(t) energy density

Tij = P(t) act hig
↑

pressure

Einstein egn
(G = c = 1) give

Ltt) : (): (Friedmann equ) (1)

(ij) : = (p + 3p) (2)
.

Conservation of EM tensor give

j + 3(p + p) = 0.

Or & (asp) = -Plaz (3)

↑ &

rate of increase rate of working
of energy in against pressure
some fixed as volume changes.

comoving volume

Suppose fluid has equ of state

P = wp .

for some const. W.



· W = o dust

· W = 12 radiation

· w = -1 vacuum energy.

substituting in (3) and integrating (W7-1)
,

we get

p(t) = Po (3
Subscript "O"means present time .

For a given ept ,
we can sub in (1) and get

(= (3)
and integrate to find acti.

Energy density dilutes at different rates depending on w.

- 3
· w = 0 => p(t) C acti

-4
· W = "l => pots a acti

· W = -1 => P coust

(b) Some simple solutions

convenient to use conformal time cords

7 :St
to ensure

dn=.

and FIRW metric then

ds2 = aly) (-dy2 + d22)



Friedmann egn (1) for single opt fluid source becomes

(d + kar = Calw

where C= pablitw) cost

Now find sol" for various values of wand k

(i) w = 1/3 radiation

k = 1

a(q) : )Can e-ko
with choice of integration const : for each sol"there is a point

in the past with ato shift n to choose this to be at 7:0.

Singularity at yo
is Big Bang,

M k= -alyI k = 0

k = + 1

* i 17
For k= 0.

- 1
, universe expands indefinitely.

For k = + 1
,
it contracts and have big crunch at y

=t.

(ii) W = 0 dust

&
& /1-cosq) k = 1

aly) = (c+4)42 k = 0

& (coshn-1) k= - 1

with a=0 at 7= 0 by choice of integration coust.



- k=- 1
k = 0

k = + 1

-
& 3

/2 T

As in (i) , indefinite expansion for ko , -1
,
and Big Crunch for

k = + 1,

(iii) W= - 1 Vacuum energy/Dark energy

p = - p= o (G = 1)

Fried . => (E)+ = E = X
, say

Sol :

acti= coshx+ k = +

act) < eExt k = 0

act) =y sink It k = - 1

In fact , there represents different "slicings" of a maximally

symmetric sol" called desitter spacetime. No BB or

BC in this model .

(iv) Einstein static universe

Combination of matter Pm /Pm = 0) and vacuum energy.

(+= (pn+ )
.

(Fried
.

(

: (p + 3)=- )



Sol" with a =2 = 0 for k= 1 given by

Pm= ,
ad =*

However
,

this sol" is unstable

(c) Our universe

(i) Homogeneity and isotropy hold to a good degree on length

scales of several hundred Mpc. Our universe then

can be regarded as a "borderline" FLRW model (k= 0)

to a good accuracy,

(ii) Universe expanding with Hubble const.

Ho = Kala)o = T2 = 7 (km/s)/Mpc .

(iii) At present , energy of universe consists of
~ 75% dark

energy
~ 25 % matter

~ small of radiation.

For the matter
, only about 4 % is normal matter . and

rest dark matter : which can be seen to affect motion
-

of galaxies. It's nature is unknown
.

6. The Linearized Einstein Equations

6 . 1 Reduction to the Wave egn

Consider a perturbation about Mink. Space

giv = Yur + hynu .

and work in 1st order in Ihrl1 .
So



gNo-gMr-GMr
where we now raise and lower indices using :

hm =

y man up hap
We will make use of crord - changes

X + C = x - 5(x)
.

For 154X/11
,

this produces a change in metric ,
or gage.

Transformation-

her 1> You = Kya + Cop50 + hoSe

This follows because

= 4 -2 = 9 +250
.

together with

17mv +hurlM = Yas + hap

Substituting Einstein's egn ,
we need to find

G ap = [-2m2hap-Galph
+ GulahpM -> Sulphat
-

Tap G2hM + naph] ,
where hi" = h.

looks complicated ,
but we can simplify by using

(i) Ter-har-hour ,
or her : Further,

whereIn = E = -h .



(ii) Gauge transformation

Fear 1 Theo + LeBr + CrEe-yurGaE
<

(a) Summary of some key expressions for weak field metric

With giv = Murthyo and working to 1st order for hyr,

· Tamp = nM(hav , p
+ Koria-hop) .

· Roap = nmr (21 Tp - Up Tov)

= [ (hup , va-hux
, up

+ hux
, up-hop ,na

· Rup = yMY Ryap

= -yeahapGelp Kur + Getrhp-Epfrhu)

· R = not Ros = -Grah + Galaha
,

he had

(b) Corentz or De Donder Garge => Wave egn

Using (i)
.,

we find

G
op

= E)-2e2" Top-Up GebrTM + GcCon + China) .

First term involves

2m2 = - ()" + * = - ()" + y
=

the wave operator.

In remaining terms
,
have expression

zuh -> Gua + >M3
under a gauge

trans" (ii).



We can then choose 3 to make this zen by solving wave egn

for 31 with specified choice. With this choice
,

Guh = o

This is Coventz/ De Donder gauge

=> Gap = - 2u2
*

hap

=> Gap = -16 Tap linearized Enstein egn .

↑Aside : Comparison with EM.

Maxwell
equ

: 2M Fina = 2N12mAa-GaAm) = Ja Caust
. )

Gange invariance: An'tAp-2pf for any fif on spacetime.

and can make InAN = 0
. (Corentz gange) . ,

then

2Ma Ac = (coust . ) Ja J

6
.

2 The Newtonian limit revisited

(a) .

General Weak field metric

Consider(as before) weak gravity and low velocities
·
for sources

as well as test particles. Previously found (S2
.
3) that

choosing
hoo = -25

-

implies geodesic motion for low velocities - reproduces N2 in

grav-potential E. . Then $5 . 1 used Einstein's equ
in form

Roo = 1 (Too - ETgoo)
,

with Too =

p
(c= 1)

to show that



-2 = 4tp (G =1)

and
x = b. (G = c = 1)

Now consider all cpts of Einstein's equ recast as wave equ labove

and introduce small parameter E to set scale and organise

approximations. (keep c = 1).

In general , expect time variation of sources to result from

motion , so Got box.
,

and

# ~v-(x)(c= 1)

Wave equ becomes

-hap = -16+ Tap ,

Too = p + Plan) ~ Ulal

Toi - Too Vi ~Old

Tij ~ Too ViVj -Oldi).

consistent with perfect fluid with p-pr.

Same order for how

Loi
,

hij

Note

=To = - 16+ Too = - 16 +p

=> Too = -4
.

by comparing with Th = 44p.

=> in = gMT = *E - 0(a)
.



=> hoo= Goo- %00T = -48 - E(-1)(45) = -2E
.
(as before)

hoi = Goi ~Old)

hij-hig- Sign
= Old") - ESij : 4

= - 2E Sij + 0(54

weak field metric :

↓s =
= - (l+ze)dt + (1-2E) Sij dxidxi .

with JE = 4Tp .

(b) Sol" for point source and Schwarzschild

For mass in at U= 0
, take E = -M/r (G= 1) with J = 0

,
070 .

This gives weak field metric

d sa = /1- )d+
2

+ (1 + 2) /dr + rid-22)
·

Not quite Schwarzschild ! But can reach standard form by

re-definition.
12 = (1 + 2) wh

=> R = v (1 + m)x = v(1 + A + 0(((4)
.

=> dr = dr (1 + o((7))
·

* = * + 0(()
.

Hence
,
to first order in MIR

, we get

ds" = - (l-)dt + (1+ )dR + Radi

agrees with Schwarzschild for RDM.



6.3 Gravitational waves

(a) Plane Waves Soln

In vacuum , linearized Einstein equ are

2M2 hap = o

These admit wave sol , conveniently written

hap = Re (Hap eipx) ,

whereK real wave vec
., Hap = Hpc complex matrix and we will

understand "Re and work mainly with complex expressions.

This is a sol" provided
kyk

*
= 0.

ie. KY null rea

Lorentz gauge condition

2 Fix =o Hya = o

Example K* = k (1
,

0
,

0
,
1)

, k = k(- 1 .
0

.
0

. 1)

explikuxM) : exp)-ib(t-X3)., tex:

get wave travelling in z direction with speed c = 1.

Gange condition becomes

Hoc + Ho = 0 for any a.

still have gange freedom , using any 5 satisfying

2N2 3 = 0 .

preserves Covents gange.

For plane wave sol" written above
, consider

Ec = -Xa eikpxe



Then

25p + Gp5a - Nap2y5 = (kaXp + kpXa - nap(XV) eikox:

Effect on sol" is

Hap = Hap + (kaXp + kpXc - NapkrXY)

Check that KPHpa + KApa follows Since kek" = 0.

Return to example of wave in z-dir.
Set kil ,

so

k
*

= (1
, 0

,
0

.
1)

, k = (1 ,
0

,
0

,
1)

Consider Xa = (0
,
2 . 0

.
0) C caust.

Hol -> Hol + koX+- : H-C

Using this , we can set Hoi- -Hz = 0.

Similarly , set Hoz = -As = 0 by considering XX = 10
,

0
, ( ,
0)

.

Now choose Xx = /A ,
0

. 0
, B) .

No effect on Ho ,
or Hoe , but

100 -> Hoo + k0Xo + k0Xo-YorkXy
= Hoo - 2A - (-1)(A+ B)

·

= Hoo + B - A .

and

Hos -> Hos + koX3 + kaXo - MA
= Hoz-B + A

consistent With Hoo + Hos = 0
· (gauge choice).

Last step , consider Hij with iij = 1 .
2 .,

and Xa = (A , 0
.

0
, B).

Hij -> Hig-SiglA +B) for i .j
= 1 . 2.



Taking account of everything above
,

Hope = Hsp = 0
,

Hi = -Hzz
,

This is the transverse traceless garye .

The conclusion is that we can take

Hi : (S
2 transverse polarisations for a grav. wave

, given by constants H+, Hx.

Note also that this
gauge

choice hap : hap .

(b) Effect in Test Particles

Consider grav . Wave in = dir . as in 19) ,
with transverse

traceless garge choice.

Note
Too = Eq (Wolpo + 20hop-Ghool = 0

. (Apo = 0)

S for a particle initially at rest with U = (1 ,
0

.
0

, 0)
.,
then

-To = 0
.

lat to

Hence particles in X-y . /X-X2) plane don't change their

cod positions due to the wave.

However
, proper separation does oscillate

,
as given by metric,

↓s =
-dt" + (1 + h+ )dx2 + (1- h - (dy" + 2hxdx dy + dz2

where hy = Re (He e
:**

)

.



Examples

· H+0
, Hx = 0. For pairs of particles with cards

(IS, 0) SS" = 4(1 +h+ ) 52
in X-y plane, 15 small)

Co
,
IS)

.

ss2 = 4(1-h+ ) Sh

⑨

⑨ ⑨

·
& &

⑧ ⑧ ⑧ ⑧
a &

⑳

· ①
·

· H+ = 0 , Hy + 0. For pairs with cords

↓ (S. 18)
,

SS2-4(1 + hx)S2

& (IS ,
= S) 552 = 4/1-hx) S

-

①

⑧ b ⑨
⑧ b

·

·

·

& · & · &

·
·

* (c) Detection and Quadrupole Formula

Direct detection in 2015 (Ligo) - accuracy required 10.

Previously ,

indirect evidence from observation of binary pulsar

(Hulse-Taylor) .

Consider source of lengthsacled and motions within source on time

scale T
.

r (
W



At
very large rading r

,
total energy flux produced , averaged over

timescale large compared to I is

(P+ = (j) tr .

(G== )

where

Qij = Iij - & Ik Sig
reduced quadrupole tensor ,

and

Fij(t)=) XiX; Pltd

Metric fluctuations ata depend on Filt-r) .
Prediction from formula above matches observations for binary pulsar.

Orbital period -0 .05s
,
and change due to emission of grav. waves

is a lous per year.

(d) pp-wave metrics

There are same (fairly) simple exact sols of vacuum Einstein egh

corresponding to plane fronted waves.

dSa = Hluxy] dao-dadv +dx + dy2
-

↓+--dz" -

With U = - z
, V=+z -

For such a metric
, the onlycpt of Ric: tensor which is not

identically O is Run
,
and

Run = 0 > 18x +2) H = 0
.

Particular sold: It :Ho eith for Ho
,
k const.



7. Black Holes

Schwarzschild metric is

ds = - (l-)d+ + 11-e"Gr + rada .

appears to have singularities at U = zM and t= 0.

Scaler invariant RPUS Raps:&M + 0 as wo
,
but it is

finite at U = 2 M
. Suggests =o genuine singularity ,

but w= CM

may not be

7. I Radial Geodesics in rcam

(1 - 2 ) + = E = 1
.

by choice of affine parameter , and

11-22-11-)"= 1 : 1s timeline
a

2a) Timelike geodesics

Motion of an infalling observer

1 - i = 1- (E = 1 ze vo as vexu)
·

=>i = -E C-sign for infalling)

=> (r- r=2) = - EM (T: -to)

From ro-r(tol
, we reach r = r(T1) <No in finte proper time.

Nothing Special happens as r.
+ 2 M·

In terms of coordinate time +
,

however
,

r = -(1-) ·

= - Em it -to)= dr
.

log divergent as r
.
+ 2 M.



t is the proper time for a distant observer fixed at UPM
,

hence

they never see infalling observer reach tozi.

(b) Null geodesics

v = 1 and r is affine parameter .

dt = = (1 - 2) "dr = I dry
.

for loutgoing ! curve,
we

he

-(1-(M)" = It
Choose

r = r + 2M logI-11 .

(for the moment , r( 2M) .

Null geodesics in r > -M given by
+ - r = cust · (outgong) or ++ r = const Lingoing

7. 2 Causal Structure and Horizon of Schwarzschild Black Hole
.

(a) Ingoing Eddington - Finbelstein coards

Take V
,

r
,

0 . p as spacetime cords., where

V = + + rx

const . as ingoing full geodesics.

dv = dt + dry = dt + dr . (1- ()
+

Schwarzschild becomes

ds= -(l-dr + 2 drdr + rad"

Singularity at =o andcousing for PCrCO
,

- overland

0 . % as usual) .

(Note 2x2 block(I-Mr)) has det +0.



change in cords using # is valid for rczM
,
but can also be

applied for r<2M (same relations) and metrics agree · Hence ,
these

ingoing EF cords allows us to understand from me region to

another.

(b) Wull geodesic using ingoing EF courds.

- 11-)dv + 2 drdr = o

satisfied for

(i) dr= ot veconst -
now holds for allso .

(ii) /1-2dv = 2 do = V = -M (new) ,
or

= 2+ v = zr + 4mlog( - 1) + const

To sketch these sol's
,
let

to = V- r (to + w = t + Vx)
.

and plot this against r.

M

to

S

M

&

T

M

·..
8 zuh

For sketch
,

note for sol in (ii),

to -r + <Mlog(-1) + cust

=> 30 for



· In
region

I : - > 2M
,
have ingoing and outgoing will geodesics-

agree
with S7 . 1 (b)

· In region I : rCCM
, null geodesics all ingoing and reach v= 0

in finite affine parameter.

· Tangent vectors to timelike curves Iradial) must hie inside

forward light cores as shown.

M
T T M T T

M

# y #

U< zM
.

u = 2M
.

U > zM
.

=>

any
massive particles in I reaches U=0 in finite proper time .

· Particles can pass fromI to It
,
but no particle or signal

can pass fromI to 1 : this is a backhole with event

Lazon at r= 2M.

· r = -M is a mull surface ,
and area of slice With

cords 0 . 4 is 4T/2M) = 16TME ,
the

area of black hole.

· Now, reconsidering metric in original cords , we see that r

is actually a time-like cord
.
and everything terminates at some

fixed value + = o



7.

3 Gravitational Collapse

· Blackhole forms if a star contract under its own gravity until

enough mass concentrate in a small enough region

· Above -2MO
,

end result cannot be white dwarf or neutron

star
,
and either star shed mass -> supernova ,

or it collapses

to form a
black hole

.

ty -
7-·Y

>

r= <M

· considering spherical collapse with infalling observer at surface

of star, sending signals to distant observer
,

as shown

· Signals sent will be redshifted and redshift ->o as horizon

approach· Collapsing star appears to "freeze" and go
dark in a

short time.

7
. 4 Kruskel extension

Ingoing EF cords v. r. 0. 0 , with V= + + re used above.

But could use instead oang EF cords Cor,
P , &,

with

u= + - r4
.

This allows region
I /r > >M) to be extended to a region

with OCUCIM.

# is different from I because now any
null curves in

#ats at #= 0
, get opposite of a black hole - a whole



To clarify this
,
introduceskdcords U .

V
,

0, · with

U = -e-ukm , V = em
.

and note

UV = -etrm
=
-em -1)

·

Using this to define r/U , v) we have

ds" = - 3M e-remdUdV + ride

Metric can be extended toE
,
I

,
III

,
IV.

r

⑪
T

r= const . #zM : hyperbola
r= 0

r=M : axes

⑪
r=4M

①

r=4M

r= 0

⑪

Only region [ and # are relavant for physical applications.

Region IV isometric to I but no signal can pass through

them.

7
.
5 Comments

(a) Singularity Theorems and Geodesic incompleteness

· Original sing . thm . /Penrose). : small departures from sph.

sym , in grav, collapse do not affect formation of black hole

(w/ sing .)



· Similar approach to expanding universe (With conditions on matter

content) imply existence of some initial sing ,orBang,

· Signal of a sing.iscodesic incompleteness : cannot extend

to arbitrary values if parameters to the future or past.

The termination point is the sin
.

Ow
, space is called

geodesically complete.

* (b) Black hole thermodynamics

No complete theory of quantum gravity ,

but Hawking showed using

QM in curved space ,
that black holes should radiate With

a thermal spectrum and temp,

T=k (Hawking temp)

In addition
, black hole has an entropy given by

SBr= A Lieckenstein - Hawking)·

For a solar mass blackhole
,
have

T - 6x108K
.

The black hole will evaporate" due to loss of energy and for one

of this mass
,
time scale o much larger than age of universe.


