
Fluid Dynamics
1 . Revision of IB materials

Continuum hypothesis

By averaging over a small volume ,
define "continuum" properties

· density P(xit)
· velocity U(*, t)

·

pressure ↑ (t) .

Time derivatives

A fluid particle has position * (t) Set.

* = u(x , t)

The rate of change of a quantity seen by a fluid particle is

o = E + 4 . 5
.

This is the material derivative. In particular ,
the acceleration

of a fluid particle is

A + (4.5)y

Mass conservation

↳ + 7 .

(2) = 0

or equivalently,

+ p . 4 = 0

For incompressible fluid ,
DP/Dt = 0

-> J . u : 0

We restrict to incompressible fluids with uniform density
,

so pindut . of X .

t.



Kinetic boundary condition

Applying conservation of mass to a region close to boundary s ,

04 -

n = put - n

At a fixed boundary,

Y . 1 = 0

For moving boundary F(xIt) = 0
.
the surface consist of

material points so

DF/Dt = 0

for free surface problems.

Momentum conservation

Assume the only surface force on a material surface is

given by pressure as -padS ,
then Newton's egh of

motion is

= --p + E(xit)
,

where Elfit) is the force per unit volume ,
e .g. pq-

Dynamic Boundary Condition

Momentum conservation appled near S gives

-

p-1
= -

p
+

m
,

i

. e. pressure is continuous across S.



2. Newtonian viscous fluids

2 1 Dynamic Viscosity (see [B)

Measurement using Couette viscometer

Drag
#read

speed v

-

5
Empirical observation gives

Da
Note the linearity on V.

Tangential stress
- = - =ut

cost of proportionality is the dynamic viscosity.

Unit : [M]= = kgm+ st
.

= Pas

Typical values : M
water 103 Pas

air 105 Pas

Syrup 10" Pas

Note Msyrup depend strongly on temperature.

2 .
2 velocity gradient
Rate-of-strain tensor and varticity consider a real field

U(X) in the neighbourhood of a fixed point.

Taylor expanding,
u(z) = y(X0) + (x - X0) · JF(x + ...



WLOG
.
Set Xo = 0 .

In suffix rotation,

Ui() = vi(0) + X; +

Decompose the velocity gradient JU = E +& ,
where

E symmetric. E antisymmetric .

E : (a + jut) , ej =t+

E = (4 - jaT)
, ri =(-) .

Define varticity
w = 714

-

Exercise Show (wn): = 21:j Xj.
-

So
Ui(z) = Vile) + eijX; + RijX;

or

Y(x) = 4(b) + EX + tw1

E is real symmetric , so has real , othogonal evec with

respect to E = diaf (e .,
en

, es)

Incompressiblity => J. U = 0= = 0
.

=> to(E) = 0

=> e,
+ 2 + 2, = 0

E is called the rate-of-strain tensor.

Example 22 : -e
., e. = 0

,
flow : E * = (X,y , 0)

Has streamf"4 = Xy.

Puse straining flow :F



Taylor Series in pictures

- = - + 0· Xo

-
3

Yo EX ~ I

uniform
+ strain t

solid body
flow rotation

Example (see Ex1 #2) -

->

->

u = (Vy ,
0. 0)

->

2

#

-

· + 4) + G
-

Yo

2 . 3 Stress Tensor

2. 3 .

1 Stress tensor

In continuum mechanics ,
we consider two types of forces :

(i) body forces I that act per unit volume
,

e .g.

gravity , F = Pg.

(ii) surface forces I that act per unit area,

e .g. pressure p ,
viscous stress.

Denote by [(n) the stress acting on a surface with

normal 1 .
Consider all the forces balance on an infinitestimal

tetrahedron of characteristic size L
,
with three sides coinciding
↑ n[(1)

with cordinate planes. It x[(-2) surface area
⑧

- s

............
1 [C- 1)

3



1
.

2
,
I are unit vectors forming an arthogonal basis.

volume forces
Note that

surface forces - = 0(4) + 0 as L0
·

So the surface forces must balance by themselves.

I (1) SS + =)- ) SS
,

+ = (2) SS2 + =C-3) SS3 = 0

But SSi = Mi SS , so

= = - - ) - 1) n .
- [(- z)nz - E( - 3)4s

.

(
I I I

(=>
I = - [C -1) - [1-2) - El-2) E

I I I

=> I = E - D

Note from N3 that (=j) =
- E(j) => Tij = Tilt)

is equal to the i-th component of the free per unit area

acting on a plane with normal
j.

2. 3
.

2 Symmetry

Consider the angular momentum balance on a small (so

surface force balance) arbitrary volume V.

0 = ( = - (2-1) d torque

= Sor Eijk X: The ne as

= Sue (Eijk X; Thel as (dir . thm .)

= In Eijk (See + X,exe) d

O() TOTH)
, provided E differentiable

~ So Eijk Okj &V.

This is true for abitrary V
, so EjkU>

= 0 ,
so Vij symmetric .



2 .4 Constitutive equation for a Newtonian find.

Defi A fluid is a material that flows under Canisotropic
stress

.

The stress tensor has two part :

(i) isotropic pressure , acting normal to surface , indet of direction.

(ii) devatoric part , which acts tangentially and normally.

Decompose Tig = - PSij + Tider , with de =

=> p =
-5 Tjj

Relative motion in a abd of a point is proportional to the

velocity gradient Jy ,
so expect Four-f (5) .

Define a
Newtonian fluid by two properties :

(i) Eder is linear and instantaneous in Ju.

=>
der

= Aijke
where Aijke is a material parameter.

(ii) The fluid is locally isotropic (e .g . not true for a

fibre suspension
=> Aijke =M SijSke +M" SikSje +M. Sil Sjk

Combining ,

TherSi
=0

Tij sym ,
so M =M'" =

M .

this

Tij = - pSij +n(
E = -PE

+

IME.



Notes : · many common fluids ,
e. g .

air
,
water , Oil

, symp ,
are

Newtonian to a good approximation.

· The stress tensor does not depend on vorticity E.

only one. Solid body rotation does not stress the fluid.

· Consider Couette flow (EX 1#2).

-> U

Ev = (0 %

Applied stress T =

Ey
= In exy = 2u(** ) =MX

So
l introduced here is the dynamic viscosity.

2.
5 Momentum Equation

2
.
5

.

1 Cauchy equation (valid for any fluid

Momentum inside a fixed arbitrary (smooth) volume

changes in time for various reasons.

(i)
.

momentum carried across the boundary IV (momentum finx)

(i) volume (body) force Xt
->

I
(ii) surface forces. vO
From N2, I

2V

Ser :
dV = for Pui(un) dS +SeEdr + Sounds

= S
.
(pull+pin)dv = JE+d

V arbitrary ,

So mass conservation = = 0.

- -

++ Pu+(4) = F+



=> p + uj) = Fi+

=> = ( + 4 - 01) = E + 5 . E

2. 5
.

2 Navier-Stokes Equation

Tij = - p Sij +Meij

Assuming M = uniform

=> 2
;wij

=
- Dip + u(bjbjui +

2
Thus

= E-Jp +My u
↑

- ↑ stokeswith 5 . 2 - 0.Neil
restkes

egn

2 .
5

.
3 Boundary Conditions ! for rigid boundary

(i) Mass conservation.- U . 1 <te /
no penetration

I

(ii) && finite (or else E unbounded)I
'

=> U :I = -14 : 1) E ets 1 . E = 0 (no slip)
X

tangent vector
I

!
(iii) Balanced forces /conserve momentum

(puly - [j) My at

=> E . n ets

For parallel flows ,

rato and pets



2.5
.
4 Navier-Stokes equation in different coord systems

&esian : = (n . v
,
w)

,
J = (5

,
55 , 5W)

p( + u + vE + w(z) = - +(+
and similar equ for rand W.

Rectlinear
-

Ether use Tr(51) = 0 (2) : 54
=> Y =

- T-(j - y)

or use diadic

-+

Example Cylindrical Polars (r. 0 , z) with U = vCr) 20 .

Either

27

-nu-) = 100 ---

= u =-(
Notice that n = 10

,
: -, 0) + 10 ,

52
, 0) .

Or , start with : v(U) 20

- = (e + 2) ver
Recall -20,0 = -Er

,

so

+1 =e - Ve = (22 (
= E = -)(-)(



= = (er + 2 +z)(20 - e)

= er er - ()(0)
- (2000- e-er) - Leve + 20

J = J . Ju

--
and

1. =
- Ver

So steady N- S egn give (for thin case)

-I = - inward pressure force-
centripetal
farce

o =-M
See Sheet 1 #6 .

2. 6 Energy equation - dissipation

Take the scaler product with 1 of the Canchy momentum egu.

up(+ ) = uF += (k)

145: put - n+puru)) -Eur14)
- S

= o by mass

conservation.

RHS : U : Fi + (iTij) - Wij
Integrate () over a fixed volume V with boundary &V and

use div
.

thi.
(4)

-

·dudS=EdV
+Sij is

Use



Note zijkij = 0
.

Since Tijsym , Rij anti-sym.
11) : Rate of change of KE inside V due to

(2) : Flux of KE across boundary into V

(3) : Rate of work done by body forces inside V

14) : Rate of work done by boundary stress - = E . * on the

boundary2V

(5) : Rate of work done against internal stresses.

For Newtonian fluid
, Tij = -pSij + 2Meij

=> Tijlij = - PEj + Iulijlij <0

1. 1 = 0

So (5) is a sink of energy . It represents energy

dissipation by the action of viscosity and deformation.

Total dissipation rate

D = zu Srejeijd

2.7 Scaling (Read P. 45-50 of UFF . or IB notes)

2.7 . 1 Non-dimensionalisation.

Suppose that flow has a characteristic speed U extrinsic,

cross-stream lengthscale Land varies on a timescale
T

.

-
->nig - - u

-



Suppose that pressure differences have scale P

Define dimensionless variables

u
+

= E ,* = Et
*

+ E . p
+ = 5

Then N-S with no body force becomes

= J+J

Pressure is always regid to enforce incompressiblity and

P is chosen (determined) internally to balance

dominant terms in N-S.

For now ,
choose P : AU to balance visions term

=> Re(st + y
*

. Y
*

y
+ ) = - y

+

p
*

+ 7
*
4*

where Re = # is the Reynold's number

St = i is the stronnal number

v = MP is the kinematic viscosity.

2 .7 .

2 Dynamical Similarity
Whereas U = 1 /X , + ; p , u . U .

L
,
T

, shape

Y
*

= 4
*

(X *, E*; Re .
St

. Shape

2
. 7 .
3 Approximations

St1
=> quasi-steady , ignore Z

st1 => rapidly oscillating , ignore 1

. Je

Rex1 => viscously dominated. ignore LHS E stokes egn

Re > 1 => inertially dominated on extremise lengthscales =>Euler egu.



BT viscous terms can be important on small

lengthscales. -> boundary layer - equation (S2).

Often T is set by advection time
T

~ E
,

in which

case St = 1
,

and only important parameter is Re.

The Kinematic viscosity 0 = M/P determines how far

motions are communicated by viscous stresses between

fluid layers.

Typical values :

Veter = 106 m2s-

Pair = 105m's-

3. Unidirectional Flows (See [B)

1 = UeX

Incompressibility y - 4 = 0 - - 0
.

=> U . JA = 0
.

Excise Momentum egn reduces to

( = - + Fx +uT4

0 =
- 1

+ p
+ F

where I signifies the space 1 to Ex.

3.1 Plane Couette flow-driven by boundary motion (see IB)

Rate of dissipation= rate of working by boundary forces
Stangential Stress)

.

3 .

2 Plane Poseville flow-driven by pressure gradient
Rate of dissipation = rate of working by external pressure forces.

key results : u =- y(h -

y). ·



Volume flux (per unit length into the page)

8 :. "udy = -th
varticity w =-y = 10 .

0, (y)

E

:
Strain rate

E =-
3. 3 Circular Poiseville flow (pipe flow)

3 p(
En cylindrical polars (r .

0. z)
.

E = (0 .
0

. warl)

N-S give
0 = -
0 =- & (1)
0 = -+()1

7. u = 0 = ↳ = 0
,

so

(2) = = 0

=> - = G const

=> (E) =-
=> = -A r

by regularity (finite sheer.

at V= 0



=> W= (a - r)

using no-slip at r= a (wir = a) = 0) .

volume flux is

g = Ju - da

- I do !"dr wr

= =
Double radius => 16 times flow rate for given pressure gradient.

To double flow rate
,

increase radius by 20%.

Pipe of length 1 ,
then G-

Viscons face on wall due to pipe is

F =

area x stress

= zitaL (-ura)
= 2πa)) -u(29)
= Ta Ap .

= net pressure force.

Dissipation is zUJv : d

(&(=
So

D = 2n)vE : EdV

= zu
.2 ·2

rate of working by
= IG a = gsp .

= external pressure
force



3 .
4 Pressure - driven flow in a rectangular channel

I
zky _

X

Solve MT2u/y , 2) = - G (const . ) with no slp

u(Ea , z) = u(y , = b) = 0

Write u as a superposition of plane Poseville flor

aboutz to absorb the
pressure gradient , plus a flow U*

u= (b - 2)
.

+ u

Then 34
*

= 0
,
U

*

(y .b) = 0
.

u
*

(a
,
z) =- b-2.

Using separation of variables,

U=-24b c
where In = (n+ E )+.

Flow rate is

g-5 dyldz uly

= ab(1-
3.5 Impulsively started plate

Y I u = (U (y , +) ,
0 . 0)&->CX

->

Is

/ 11/To



Fluid in you set in motion by rigid plate at y
: 0,

which begins to more with fixed speedU at to .

Decay length (boundary-layer width

set

Similarity sol" u= erf(y) . n=t

sheer stress on plate

n = -M = - - (say)
whereT is the external force per unit area applied

to plate.

Rate of strain: 19
Dissipation rate per unit area

D = zu)c : c +

=In (1 + 1) So eat d
rate of·
working by
boundary

TU = D + * - ROC of KE

3
.

6 Oscillating flat plate /Sheet 1
.
#7)

Note : in complex representation ,
the time

average of quadratic quantities

<fg) = Rellfg * ) S IS
111111111111111111

-

Ucosnt = Re(ceint)



4. Stokes Flow (Re = UYr(1)

Either U . L small : colloids (mist) ,
bacteria

, or

o large : crude oil
,
lava

, glaciers.

N-S become

Stokes eqn(0-5p
+M

Write P : Pu + D' :

where JPn = E defines the

hydrostatic pressure ,
then

- Tp +MJu = 0

we drop the prime , i
.

e.

-stress tensor

7. E = 0

4
. 1 Simple Properties

(i) Instantaneous - No term
, always at terminal velocity

.

Flow can vary in time parametrically (quasi-steady) if

the boundary conditions depend on time.

(ii) U . P . E are all linear in applied forces.

Example

⑧ a
A depends only on geometry.

D Idrag) = A : U

For a sphere (isotropic) , radius a
,
(A = XE)

,

I
- <Mal.

See later for D = -6 +MaU.



(iii) Time reversible

Apply force ECt) in Octst

Reverse force - El2ti-t) in tits2t
,

Then flow reverses its history previously.

(iv) Reversible in space (linearity + symmetry) .

Example
" " 14

gt " 94

"
contradiction

Reverse g ,

then reverseaI
up-down symmetry

↳
v

I

=> sphere falls parallel to the wall.

Example Sedimenting rod does not rotate.

Suppose
Reverse 9 :

-g X a G

-------
- ------------

I
L

Rotates towards horizontal Rotates towards vertical.



No net deflection of

Example

Y spheres.

passing sedimenting

W
i

(v) Harmonic functions

0 = - Jp + uju (X)

5 . (4) => j-p = 0 - p harmonic

Jn(x) = w = 0 => W harmonic

& (7n( *) = 754 = Ju = 0 = U biharmonic

↑ biharmonic in 2D.

4. 2 Exploit J .

E = 0 for Stokes Flow,

4
.

2
. 1 Uniqueness

Suppose I' ,
42 are stokes flow in domain V with same

boundary condition on 2V
. Let 1 = -12 etc.

In 2meedV = (v (rj + PS Cyd-
=In - Mij) dr
-
antisym

- (v (,Kil-Ki
i

= Sar Tic dS



- (2 (E ·1 ) as

= O if either y or E . E is prescribed
on boundary

=> E = 0 = E = e through V.

=>U = 0 up
to solid body motion.

(i) I prescribed - -4 in v

(ii) on prescribed => A = " + u +11 in V
x A

cost

4.
2 .

2 Minimum dissipation theorem (Sheet 2 #4)

let us be a stokes flow
,

and I
be
any incompressible flow

with same velocity onJV. Then

/ : edV -zuSe : d
# : Consider OEM/r(e-E) : (e-es) dv

= zu/r E : EdV-2u/ve:
!

+/ : Ce : El dV

Final term = 2)vES : (e-E) d

= 2(a t .. (5-1)dS = 0
. T

4
.

2
. 3 Geometric Bounding

↑v ·
D



Consider an arbitrary solid body with exterior V
, translating

with velocity I through unbounded viscous fluid , resulting

in a drag IS

- Du = 2u) : dV.

Now consider the flow I outside the body consisting of

stoke's flow outside a circumscribing spheres of radius b

and rigid motion between the body and the spheree-

Then - I. = u/re-Edv

-zu(ye: d
=

- DS . U
.

ButD = - bimb U

=> -
5

.4 GimbU2 .

Similarly .

(exercise)
,
for an inscribed sphere of radius a

- 15 . U = 6Tal 2.

Example cube
, side 21. -

a = L
,

b = 5)

So syncure-246 .

[
4. 2 . 4 Reciprocal Theorem

Let U and be two stokes flows in the same domain V

with different b . cs on2V. Then

for 1
· Ea dS = Jan 'E' ds



If : Exercise · Start with 2) : edV = zu)
-
ce'dV .

and proceed with proof of uniqueness.

2 rFamou

J Ul O D

"I'

D' ·
"

=
"

. I'

Application of Reciprocal theorem

· Linearity ofStokes flow.

Di = Aij Us B .
From reciprocal thm.

VI

Aij U;
" U:- Aj U"U:

"

=> Aij = Aji

So A is real and symmetric , so diag
.

Example Cube FI SymmetryE equal eval -> isotropic

So cube sediments vertically and at the same rate

regardless of orientation.

In general , for a solid body with translation U
.

cotation &.

Drag E = A -y + B .

Torque G = . 1 + 12

Exercise Show that A . R symmetric , B : ET.
-



4. 3 Corner Flows

Let ( be the distance to corner,
then =
--

any flow has Re
,

< 1 Sufficiently close to=E
-

---

corner.

In 21
,
introduce a streamfl s . t . U = T 1 10

.
0

. 4)

Use polar cords

=( ,
-

, %

Vorticity w : J - 1 = 10 ,
0

. -754)
.

In stokes flow,

58 = 0 = j44 = j3 y24 = 0
.

↑ biharmonic egn

Note 14944-0 ,
and ut is a efh of 1474.

Example (Source flow
0= 2

Assume radial flow ,
i. . Uo = 0. a"-> -

-
From mass conservation

,
UrC@

T

-"p0 =
-7=> 4 = Q f(0)

.

Recall that J = fer) +t
=> 8-4 = af

=> -44 = (t))+ )(f)= = 0

=> fN + 4f" = 0
.

=> f = A cosco + Bsinco + C + Do.

If flow is symmetric ,
then Ur is even

,
and sof is odd ,

So A = C = 0.



Apply no slip : Ur = 0 m 0 = X

=> f'(+x) = 0

=> 2B cos2 + D = 0 (1)
.

Volume flux :

Q = [ur do
=[ do

= Q [f(x) - f(-4)

=> f(x) = Bsin22 + Da = E (2)
.

Solving (1) and (2)

f(x) = Sin20 . 20 COSIX

Sin22-24 cos2X

Then ur= f

= & CoS20-cos

Sinza-2XcoS2]

Note that if XX1
, f'd Ur parabolic . (as expected

Also
, purely divergent ,

ie . Also for all O only for <*

Example /Scraper problem , Sheet 2 #7)
P

744 = 0 in fluid ,
'

,
I

fluid
I

-
U : V = 0 on 0 = X

0 = 0
A 1. / -- 1111

no slip 10 penetration -

↓ I
V = 0 m 0= 0

-u=-Um 0= 0
.

Then 4 c Urf(0) by linearity.



Example (Moffatt vortices
,
Moffatt 1964) .

p = x

Flow in corner forced by far-field 11
,

,
,

, s

disturbance. --
744 = 0 (

4 = u + f(0)
-

......
0= -L

=> (D" + (x - 2)2)(D+ x)f = 0-

where D=o ,
with b

. c.

f =f = 0 m P = = 2

=> f = AcosXO + B SinxP + Ccos(x-2)0 + Dsin(x-2)0 .

Consider, for example , anti-symmetric flow => ↑ even in p - B= D = 0.

Then no penetration gives

f(x) = 0 = f = E(cos(X- 2)CcoSXO - COSXCcos(x-2)0) .

and no slip gives

f(x) = 0 =
- (cs(4-2) < Sind + (x-2) rosk sin(1-2) = 0

This is an elgenvalue problem for X.

For 2211460 , no real roots. All roots are complex

X : a + ib
, say ,

so

Y : Vatibf(0) + Complex conjugate

So

p = ra [cos(blogr) Relf)-sin(blogr) Im(f)]

=> 4 Oscillates infinitely often as reo

...Off



4
.
4 Stokes flow past a sphere

-r

->

-> & o
>

U

Axisymmetric , indet of y in sph . polar coordinates (r, 0 , 4)

- /Uroso
.

- Using ,
of as-0.

4
.
4

. 1 Method 1 (Classical

Solve -** : 0 using separation of variables in sph . polar, with

IS = 10 ,
0,no

↑ is stokes streamf". Noting A = 71
S

=-ro
,
o

↑ - Ursino as ->n

4.
4.

2 Method 2 (semi-classical , hybrid
Note

, decaying sol of j= 0 are to j(t) ,
50lt) etc.

We have -p = 0 , p linear in 1
.

The only scaler can be

formed is

p = Au . +(t) .

= -A

Recall Jr = E . We also know = 0
, 0 linear in U .

So.

w
= BU - + (t) = - BA

Note, from Stoke's egu,

-p = T10 = A =uB



Now 1 = (using%

=> w =- = [t-) ,
-]2y

=- sind by

=> ) = sing

Note angular dependence and write

4 = U f(rl Sin-0 .

= f" - Ef=

= f = - [Br + E + pr

Far field , r+ => B =

On r = a,

·

no penetration => flal o = - [Ba + Ea + ta? = 0
.

· no slip = f() = 0 = - [B = + a = 0

Combining.= B-so

4 = Ursin(t-+

=> Un = Ucoso (l-z+

Yo = U sino (1++ )

p= allt

Note that In-U) = 0(t) as ren
.

Slow decay
.



4
.
4.
3 Method 3 (Semi-modern) (See handout

Exploit linearity (only) to deduce

u(x) = ( f(r) + =(u-z)g(r).

p(x) = u((-1)h(r) .

= (l-- )+* (+)

=-

whence

E. = 1
.

Therefore ,
the force on the sphere is

SuaE - AdS = 4tat = Small

4 . 4. 4 Method 4 (Modern) (See PartI) .

Nate : force on sphere can be split between a "form dray"

Sr
=a(n

· E - 1)1d) = 2πaU

and a "skin friction"

Jr=a(t · E. ) EdS = 4aU .

For a bubble
, form drag isItual.

Sedimenting Sphere

weight - buoyancy
= ESPg-Etaps of Is ⑨
= Giall

=>U =F



5. Flows in thin layers

Examples

⑳erneir Mesheet 14km
-

97 -
1000km

-

Fomm'

5 . 1 Scaling
Y

M

Cu,v)thash
[ 3

L

5.1 . 1 Quasi-parallel

J . y = 0

=> + E = 0

=> Y - T

=> v vuu
So flow is almost unidirectional . (quasi-parallel)

5. 1 . 2 Momentum equ

X-dir : ·-
Scale time witht

u: u.::



Note that > ignore

U Of provided the reduced Reynolds number

Rem:
t ignore inertial terms.

↑

The leading order equ is

0 =- +u fx
Note that pressure differences Ap-ML to balance the

largest (only remaining) term in egn.

y-dir : =-

Eu . In: :Eu
42

(th I : Tz

So leading order egn is

0= fy

So to a good approximation of

1 ,
the flow satisfies the parallel-flow egus.



5
.

2 conservation of mass

- y = h(x , t).
X X+ SX

(g(x) - g(x + Sx))St = Sh - Sx

Divide by SxSt , take limit.

-E

=>

5
.
3 Thrust bearing oil

", S

⑪ 8

fluid Po

......En
1

U

Always easier to work in frame of reference in which geometry
is fixed

hix) = d
.

+ xx
,

where 2
Thin film approx valid ifA andE



Then 0-- +M
0 =-
u = - 4 on y = 0

U = 0 on y = h(x)·

=> u = - Eny(h-y) -U

=>f : Judy =-
Form mass conservation,

= 0= = 0 = g
= go const

=> p = p+( )+ (t -1)

But p = po also at X = L
,

so

g =
-U

Note:=

On bottom plate,

normal force Fo = J
.
"p-poldx=Tend

Skin force Es=
y=

X. Ten-

Exercise If <x 1
, then

For Fs-uU
=> F -O



So we can support a large load (thrust) while keeping friction

modest o low .

Note d . ~ul/ L .

so choose oil sufficient

viscous to keep dis roughness of plates.

Need heavier
,

i . e . more visions ,
oil to support a larger

thrust .

5

.4 Cylinder Approaching a Well

-

quix to
S - ........

-> X

a) Geometry of thin gap

h-d = a (1-coso). find
n = d + 20

= d)l +t

Since OsinD=

Relevant length scale is Lead
.
Consider &La

* (gap) -p environment

-
minant

region.



b) quasi-parallel flow.

u= -ziy(n -y)

2) Mass-conservation

q =-
In general,
= 0

=>- -V const

=> g=x +
O by symmetry

e
Note that there is very rapid decay of pressure (2 **)

so can apply p-po as X- > "D"

d) Normal force on cylinder (per unit length into page
"I'

F = S (p-po)dx .

-"I
"

-art
= smal

e) Motion of Cylinder . (given weight = F)

Ed = -Va - dk

=> d+ -d
-
x -t

=> d = (do + kt)
- 2

=> d -> 0 in infinite time.



5

.5 Hele-Shaw Flow

--
zx -

L

If haL
,

then thin film approx .
Valid .

If I = (n
.
v , w) ,

then w = /Eu , Ev) by 5 :

20 , so

approximately horizontal flow.

Inertia can be ignored if E. 1 as before. Then

u = upIxy

where Uy = (u,

=> Y =
- Eu Tupz(h-z)

=> Er = Unde = -P

Continuity J . 4 = 0

=> T My + z = 0

=> /Du· Un + dz = 0

=> T ·

En + [20
: no penetratioa

So Du · En = 0.

=>Tip = 0 .

Note that p is a "velocity potential" for qu.



Define a Darcy velocity
Up(x ,y) = H= Und : <4)

Notes : · Aug (Darcy) velocity Up is a 2D potential flow with potential

y = -
· Flow through porous media (e .g . ground water flow) is often

modelled using Darcy's egn

ru = - k]p .

where the "permeability K has dimensions length squared.

5
.
6 Viscom GravityCurrent (on a horizontal surface

~ Z

p= po

-
hixt)

&

>acts .

X

Once XNh (and 1) , we use this film approx.

Vertical : 0 = -- 19 with p = po at z = h(x , +).

=> p = po + pg(h
-z)

Horizontal : 0 =-u

=> u =-z(2h - z)
.

Isatisfying no slip Uzol =0
, no stress Ez = 0

"Volume flux" is g: "udz =-*



local mass conservation

+ = 0
.

=>/)
.

(1)

(1) is a non-linear diffusion egn for h

Boundary conditions :

g :=30 at X= 0. (2)

n = 0 at X = XaIt)
.

(3)

Global mass conservation

volume = S XHh/x , +) dx = V koust). (4).

Plus initial conditions.

Recall that diffusion equations forget about their initial

conditions quite quickly.

Similarity sol

Scalex with L
.

W with H
, t with T . Then

(=
(4) = H2 -V

Only 2 scaling relationship for 3 scales , so T=t and

= 2-(1)" , He
Write h= flys , where= = (e)

"*

X



and

Xw(t) = 1a)Xgt)15
Substitute into (1) to find

-Ef-Euf = - If f
"

(l(

-Iff = 0 at 7 = 0 (2)

f = 0 at 7 : Ya (3)

+d (4)

Integrate (11 to find

- Enf = If'f'+eco
=> - y = -f-f

=>
- Toy " = If + D

=> f = (f)"3 Ma = ya)"
From(4) ,

with Y1/w ·

=> (8) 5 Sll-y dy-
Note that S

.

'

(1-y* "dy = Betall,= T

= Yv =1) J-35-1 .
13.

Sheet 3 #4 (axisymmetric gravity current

+ (g) = 0
.

(General : + J . g = 0
g + g(r + Su)

Global conservation of mass :

W

So 2ich (rt) dr=



6. Vorticity generation and confinement

6
. 1 Varticity equation

start with N-S with conservative body force E : -TX.

p = p(y . +y+ ) = -p +M+ - 5X .

Recall un(714) = T(42) - 1 . 51 ·
Take curl of Ms to get

+ 1 . Tw = 0 . T1 + 36

advection stretching diffusion

6 .

2 Vortex Stretching

A material line element is advected

according to S ,
*

a

(sl)= - x
XI

= Uz- Ul

= (4 + 51 - 24 + ... ) - 4

=> (51) = Se : 51 in the limit St-0
.

Note-W
= W . Je if no viscosity -

This is a consequence of conservation of angular momentum.

Eu
- = w

,t T
↑

↳ a by- a Y



Mass conservation : pail, = paitz
Average angular momentum :

paiLal apwi = (paiL air.
-

mass

-

moment of
inertia

=> Wa : E w,

6
.
3 Diffusion of vorticity

see 33 · impulsively started plate.

i i w-

11111111
1111111

> U

Vorticity is generated at rigid boundaries by no-slip condition.

6 . 4 Confinement of varticity

E or

y

> X

- d , -1 - 1 - 1 -- v

Consider flow past a rigid , porous plate through which fluid

is sucked at fixed Speed V.

This has soln

u = (u(y) .

- V
,

0) .



check 7. 1 = 0

X-momentum :

-v = ru = u(e
- 3/s)

.

E
=> u = u(l - e

- Vy(r)

This is an exact sol" of N-S.

Note that steady state is achieved by balacing diffusion

away from
the wall .

So ot
,

with advection S-Vt.

il
.

t ~Vt
z

=> t -

E

=> S-

6
. 4.

2 Stagnation point on a rigid body

- "
-

-
S

Locally
L - ⑩

Y *
----

-

is
> x 1 . 11 & Y

"Far" from the wall,

U-lEX ,
- Ey , 0) = 10 (say)



No slip + no penetration

=> y = 0 o
y

= 0.

Note : The outer flow satisfies no penetration ,
but n no slip

on y = 0.

Ne Jndo = 0
.

Far field is irotational. But
, vorticity is

generated at y = 0 by no slip ,
diffuses away and is advected

by flow.

Velocity Scale U
.

then En U/L.

P(u + vy) =- +u(+)
Estimate thickness of region of confined varticity.

advection Pr - PES) . E-pEX

diffusion ~
=> S-E

Scale Y
with S-TE

U with EX

V with ES
.

look for a sol" with U= Exf(y) .

V = -

ESgly) , n = /S .

8 . y = 0 = Ef(y) - ESgly) 2 = 0

=> f =g

and = (Exgins .

- FEg(g) , 0)



substitute in N-S to find

E
*

x(g-gg") =
- *** + Exg" (1)

EEggl = --ENEg" 12

Diff (2) w . r .t . X => Pxy
= 0

Diff (1) w . r . t . y = (g"-gg) = giv (3)

subject to b
. c .

90
. g' = 0 . on 7 = 0.

↑
no penetration no slip .

11

guy , gett as you
"

es
=> g" , g"to

Integrate (3) once

=> g" = gi-gg" -

I
applying far-field b .

C.

* Numerical Solution *

Write Y .: 9 , Yz = g · Y : g" ,
then the DE can be written

Yi = Yz

Y = Y

Y3 = y2 - y , y3 -

Write Y : (i) ,
then

Y = E(y)

with I. C.

I = (i
where p is a guessed parameter. Integrate numerically from

70 to 7
: L for the given

value of p to determine the residual

R(p . 1) = Yc(Lip)-1 .

Note yet lasto when R Suff ,
small

,
I suff , large.



Find numerically that

M

7-------

-
" Y

Y
vertical velocity

al
-

-

-

[
-3

So the "inviscid" outer flow looks like

I ↳
-------------------

y = 0
.
64fE

1 1 1 I

with slip and no penetration at a displaced wall at

y = 0 . 648 ME
- displacement

thickness

6 . 5 Burger's Vortex Steady balance between advection
, stretching,

and diffusion of verticity. stretching
N

f
diffusion

>-
advection

zuf



Consider superposition of a vortical flow

u = v(r) 20

and a straining flow

y = -20 + 2272z

Check that J . 4 = 0
.

vaticity is

w = Txu =+ (rv)2z = 20(1)Ez

The steady vaticity equ is

U . Tw = w - Jn + 03 w

gives
-w=

=> -cr-zrw-r
↑

=> - Crow = un +  =
0 at= 0

~Xrzr
=> W = Woe

= v =wor
Note arculation ziirr-or cust as r + o.

S flow looks like (potential) flow around a line vortex.

~
W

V

"
Ol I

↑ Mr3 p I 3r

~ -

C >

"boundary layer"
As r-> 0

, v is the potential flow for a line vortex.

For rat ,
the flow corresponds to a solid body rotation.



L . Boundary Layers (ReL1).

7 . 1 Euler's equations

Scaling of N-S gives

Re-
*

p**

This suggests (naively) when Reti that

= - T I Euler egns
7. y = 0

i
.

e. inertial terms dominates viscous terms
,
and pressure

scales with momentum flux.
momentum

↓ flux

Re= prpu

Euler egns - irrotational flows remain irrotational

-ny = 0 = u = 79

and 1 .

U = 0 on rigid boundaries.

Euler equs are only 1st order in space ,
where N-S is second order.

Can apply no penetration , but not no-slip.

7 .

2 Generation and confinement of varticity
In real (viscous) flow , vorticity is generated at rigid boundaries

by no-slip condition
->I

In many cases
,

advection keeps d vattyar

vorticity due to boundary , where it

is generated



Example Flow past a rigid , flat plate
---

Verticity generated at the boundary
->

diffusion&

diffuses a distance See U-...
->

I 1 1 I1 1
--in time t in y-direction L

laway from the boundary) ,
while being advected downstream

a distance L-Ut in x direction.

So diffusion balances advection (parameterised by +) at

a distance (intrinsic lengthscale) S ,
where

sure-u.

No vaticity -
lirrotational) -

- -T vartata

- ↓
&

-1 -

Note that S/L-FuL-Re 1 when Dell

Aside (c) Sheets #6
,
$56 -4.

1)

Vadd y = d

= -G -> y = (u(y), - VI

↓ ddd y= 0

V

- very = G + v
u = 0 on

y
= 0

,
d Goslip)

scale y with d . n with ador ,

Can inertial scaling)
.

and write

y
*

= y/dux = (PV/Gd)u .



Then -- where=

·

Drop *

+ 2
U = 0 m y = 0,
-
- & O()

&

Full sol" : -- y+ & small

Consider Ex1 and look for leading - order behaviour.

Naive approximation ("Euler sol""(

EU" + U ==
,

u = 0 on y
= 0

. 1
.

2 +o = u= = u = A -

y

could try each b
.
c .

in turn
,

or use physical understanding to

apply b
. c .
at y = 1

.
where varticity is n confined.

=> A = 1

=> U= Hone = 1 -

y

close to boundary where varticity is confined
, expect a new

intrinsic lengthscale S in which viscous and inertial term

balance
.
(The local Reynolds number is O(K)

=>

=> Suc

Introduce a new
,
scaled "inner" variable

Y = y /S

and substitute into full egu to give

My + Uy = - E



The leading order when E-o has

Ury + My = 0
,

u= 0 an Y=0.

=> U = Min = B(1-e-Y)

The outer Ealer) flow has a

-

slip velocity of the wally = Konter

Yout(y =0 = 1
-

Choose B S . t- the inner

boundary layer flow tends to the outer slip velocity as

Y-> A
.

(ie . Sto for any fixed y)

Lin Win(Y) = ye Koutly

=> B = )

The outer and inner sol

X
one

U

provide functional asymptotes ↑ Wi

----
to the full sol" when YDE

and y
: O(E) resp.

Remark Composite Sole
-

Ucomp- Un + Mont-bo Mont (y)

~ (reY + (1 -y) - 1

~ 1 -

y - e
- 31s



7 . 3 Viscous Flows of large Re

7 . 3 . 1 Solve outer
, invisions flow using Enter egn/potential flow

See IB

7
.

3
.
2 Rescaling inside a viscous boundary layer

>
U(x)

----- san
y1 / S S 118 I

> X

& 2

L

Outer Reynolds number Re= 1

Inside
,

inner , boundary layer ,

scale x with L
, y with 8

twith L/U , n with U.

7. y = 0 = = - E

=> - Y

= v 47.
N-S momentum :

X-dir :

-

+ n +v =-
: u:

Expect SCL /justify later) . Therefore

&



Inside boundary layer ,
balance viscons term with inental

term by choosing usin -1 = Surtu

=> S/m =e < 1 if Rec 1.

Scale pressure variations to balance remaining terms

PrMp (same as Euler scaling

Er: =- + retr

u
=> : 1 : r(E)" : r(2

So leading order equ : 0=

Pressure does not vary across the boundary layer. Pressure

inside B.L . is equal to that of external Euler flow.

Just outside B
.

L.. u = (4 , v)
almost 0 : no penetration S

u = 4 = (ux)
------

---

1111111/

+U (Euler)

So the X-mim . egu in the B
.
L

.
is

= pu +u
where U(X ,t) is the slip velocity of the outer Euler flow.



The inner velocity Uxyit) satisfies viscous boundary

conditions (e . g .
no slip

, prescribed stress , ... ) on boundary y = 0
,

and tends to outer slip velocity as -> "A".

7 . 4 Blassins boundary layer on a flat plate

S

U = (u , 0)

>

->
11 115 1 5 ,

----

Consider a uniform flow U = (U . 0) impinging on a semi-infinite

flat plate at y= 0
, XL 0

.

No extrinsic lengthscle so Lex.

= Su

Introduce a stream fr 4 St.

y = (u
, v) = (E ,

- )

u-l = 4 -US

So write 4 =U flys , where n==
Whene

u
= = = u f (g) .

v =---f - uf(4)

= -If + Enf))

Enk In general , 4 = ((X) S(X) fly(six)



Recall BL egu's

-U
For Blassins

. U = (U
.
0)

,
so cult = 0

,
u = 0·

Steady flow :

u +vE =&
No penetration : V= 0 on y=0

No slip : u= 0
on y = 0

Matching : n+ U as y+ "c"

Then n = uf )-E * +")

= -If'f "

v =-f + If)u
=-If-yflf"

r = U * f= F

So
- Iff" = f

f = 0 on 7 - 0
f = 0 on10

f + 1 as yep

Solve numerically using shooting with f"lo = p as a starting

parameter . Adjust p until fiel as ye "r".

fr

---
- 1



Reaches 99 % of far-field value when go 5
. 04

= y = 5
.04

From the numerical sol" , we can
also determine

vo- vy)= Go (-Ef + tyf)

= 0 .860

Note Voxo-detrainment velocity. At "edge" of
Br,

y = (U
, vo)

say that the edge is at y-S(x) ,
then a normal to the edge is

n = ( - Si(x) ,
1)

No penetration when 1 . 1 = 0

=> - US'(x) + 0 .860 = 0

=> S = 1 .7
This is the displacement thickness.

--j
-

j
-

j-j-j7/-effective solid

........ body for the
outer flow

Get a higher-order correction to outer flow by solving for

potential flow in y < S(x.

Alternatively , compute the volume flux caused by the

boundary lay er

/defines
S

L

(
.

°(u-u)dy = Su is



=> S = 1
.
11-4) dy

- S. 11-fdy = 1 .72 as above

This gives us an alternative physical description of

displacement thickness.

Skin friction

- =my = 0
=uuf"(d

From numerical , f"(0) = 0 . 332

+
S,

->

Define a sheer thickness by

T =u4

= Ss = 3
.
0 Fr

Aside can develop higher-order corrections near leading and

traiting edge. -----

....
------

:
The singularity of the similarity sol is displaced in the leading

edge.



-

-

----

-------
->

I

large acceleration in "deficit wake" adjusts the pressure

field ,
communicated back through the potential flow.

Uses "triple-deck theory"

7 . 5 2D Momentum jet

Consider a point force at X= 0
, y

=0 in an otherwise still fluid.

U= 0

In

·Ii
With BL

approx 0 .
Since p = const . in outer

layer ,
and

X-mom : +v aplay = 0

(1)

Scaling : ~

= S-
(1) E (ut + Ey(uv) -u -u =r

-

= 0 from J. u = 0.



Integrate in y

Purdy +t
=> M = S pudy : const

., Paust.

-

momentum flux

Sealing : PUS -M
combining
,

S(x) = (oxyu(x) =(
seek similarity sol of the form

4(x -y) = ((x)S(x) f(y) , n = y/S(x

u= I Uf >

v= = - (US) + - USf

But (US) =u

= v = 4) - f + znf))

u = ut] & f +uf)-)) + 4)-E + Enf) uf"t=f

=> -51f-iff" = f"using 32 : I

= - * ff = f"+ ... im u
,
ux + 0 = f ,
f 0

y+y

= Y(k" - fz) = f'k const

Solve separable ODE,

f = k tank (E (4-40)



Vo at
y=0 by symmetryEflo) = 0 = Yo =

f= sech()
usx.y) = Uc(X) Sech2( ↑)

where Ucx) is centreline velocity (y-o).

Using M = Sepridy , => k = (f)"

Massflux : Spudy = SUStdy
= pU(x)S(x)x

Increasing mass flux -> entrainment
..

---
-

Recall v = US( + =f) X-
as y+ u

, f = 0
. f+ k = (f)113

↓ I --

= v +- /) 0. ------

F
->

U= 0

--
7 . 6 Accelerating/Decelerating external flows

Consider potential flow past a corner (c.f . (4. 3) with sol

of form

P = U. (m
+

cos(m+10)

Y(X) = Ho(x)(E)
m



In outer layer , enler equ :

X-momi - E = ju =pu
M=1.

i=> accelerating flow

.........
- - --

- B)

high p lowk

M= 0 · u = lo
-

->

--

m
.

persona
no

m
=- 13 : Adverse pressure

Fi gradient

BL equ becomes

u +v
As before

,

scaling
-

> Se Mix

seek sol of the form y = (() S(x)f(q) . % = YISM: y
=> m(f)2 - ff" =

m + f

This is the Falkner-Shan egu.

BL over flat plate (y=o)
.

B
.
C. are

u= v = 0 on

y = 0
= f = f =

0 mg
=0.

n+ H as y
+ u = f + lasg+ p



Solve numerically using shooting method. Recall

n = Uf' · My = Yf

From numerical sol"

M I
O -u . 09

f"(0)
1 . 3 0 . 3 0 . 003

f"10)(0 for smaller m => flow reversal.

E . g. m = -113

-D reverse

&

* Boundary layer separation *

For strongly decelerating flow with adverse
pressure gradient,

flow can separate from boundary , leading to turbulent wake.

E. g. Flow past sphere

&-
S--4 S

2 3

3 7

---
Potential flow U : Ellosin

.

Sol" to BL egh "blow up"

at 0 =* = 104.
50



·-
turbulent

wake

--
For flow past sphere ,

turbulance shifte BL separation to120:.

= reduce drag
.

E
.g. Flow past acrofoil

-

small angle

&--
large angle

#tab
dray-form drag
.

Drag on bulff and streamlined body

--gi & &

Po

e

-
-

m-& -

---



Skin friction -uEL" -MLURe
Form drag ~ PUL" for separated flow

-

tamdra Re

7 . 7 Boundary layer at a free surface

At a free surface
,

the no-slip condition is replaced by a

condition of zerotangential flow.
A
->E

I. E- D = 0 -

At Recil
,

the Outer flow will typically not satisfy this

condition. e.g . flow past a bubble

Y = -Uocosp (r + *

=> 40 = += Losing (1+)

ero = t (v)(p)+
0 : no penetration

Fro =-losip to

Very weak BL with velocity deficit I &Not
AU-SE

,
sur in

=> ~Ure* U

for Rea 1

I Can linearize BL to leading order , so no separation , but often

need second-order corrections for patical purposes ,

so BL analysis

is not straight forward . )



Dissipation

D = 2) EidV- Suk E
With no slip,

D - M(2 + + m(z)

~U 5 +URL

So
,

in flows withridboundaries , dissipation is mainly in

the Viscous BL.

With no-stress,

D -u( ** (s + u(4)(
-44(z) + M4

So in flows with faceboundaries
,
dissipation is mainly

in

the bulk.

7 . 9 Rise velocity of a spherical bubble where Re 1.

↑ u
Buoyancy force

↑ p = 0 E = - Eraspf

Work done by buoyancy is E . U· equals dissipation

D) = zu Joa E : EdV



Potential flow

y
= -U ( = Au . +(t)

u = Ty =-+

↑
KiXj

=/

E= (2U'r" + 4(4 · x() (use suffix rotation

=> D : I Sea E : EdV

- RimaU" = E . U

-> 12MaU
= -Eapg . Y

= U =-
using symmetry to deduce I anti-parallel to g.



8 . Stability

-
:

-u
8. 1 Kelvin-Helmholtz Instability
(c. f · water waves and Rayleigh - Taylor Instability

Consider a shear layer between unform streams.

i
Un

Ignore the viscous boundary layer around y
=0. Perturb this

interface to y:y(x,t) and Consider limit of small (infinitestinal

perturbations (17x11).

~
potential due to

perturbation
Let u = (U

,, 0) + Jy ,
in you

1 = (2
, 0) + 042 in you

For field 4 ,
to as yeu , Unto as ye-r

Infinitestinal perturbation= > 1541U .



Kinematic boundary conditions

Interface described by y
= y(x.t) for all time

, so Lagrangian

(material) derivative

(y -y(x ,+) = 0.

- - -u -v = 0

=- -( + 2) + = 0.

-

qnadratically
small

↓

ignore

linearised KBC :

u expand about

y = 0
,

look at leading order.

Note V, 12 at y = 0.

Dynamic boundary conditions

Continuous pressure P ,
= p2 .

Use expression for pressure in

irrotational flows

put + [ Plak + p + E = f(t)

indpt of I
quadratic

ret + Ep (42 + 24 - 0 y +Hiy + p + E = f(t)

So egus for perturbations are

+ p.. + p +

197 = fi(t).

↑+P + pa +197
= fe(t)



If p. = Pr ,

p.( + u. + 97) = pr( +u + (i) + f(t).

Having linearised the perturbation egn ,
can use Fourier Transforms

to consider each wave number independently.

Set
7 : A eikx + r+

j'y =0 Y.
= B

,
ey nike + ot

Ye = B
,
eky eckx + +

Apply B
.
C.S on y : 0.

KBC : TA + ikU
,
A = - kB

,
(1)

-A + ikUrA = kBz
(2)

Consider the case P. EP2 ,

then

DBC : &B
,

+ ikU , B
,

= + B + ikUzBe (f=%) (3)

Substitute for B
..
Bu using (1) . (2).

- (5 + ikU , ) = (o + ik(z)
"

= +
=

-ik

= n = Ap)ik(x-+ 1) Un-uc
disturbance wave

one decaying sop

travelling with mean velocity
There is always one growing sol" for arbitrary initial condition,

so flow unstable if U . +Ur
.



Rela) -

k
Modes with largest wavenumber k

,
smallest wavelength=

grow the fastest.

Physical mechanism of instability.

u,- lowp. highp streamlines

----- -N
- ------ -

---

-acceleration ----
-

↓
high p

low p. =Uz

Bernoulli indicates low pressure over peaks , high pressure over

troughs , which gives accelerations as indicated
, tending to

amplify the disturbance-

Alternatively ,

consider advection of vaticity.

-> ↑ ↑
2~

E

e



Accumulation of vanticity tends to push crests up and

trough down= > instability
.

Get rolled up Into Kelvin-Helmholtz billows.

stabilisation of long waves by gravity

Suppose Parp ,

so light fluid over heavy
.

DBC becomes

p ,
(0 + :k(i) Bi + PigA = Pr(t + ikUn] B2 + PegA .

Find B ,
and B2 in terms of A from KBC

=> P . (t + ik( . )" +Pr(r + ik(z)
2

+ (pn -p. )gk = 0 .

=>w= (-ik(p , U . + po(z) =5)
where

1 = PP(l-U2)k- (pe-pit gla
There is instability iff SCO

,
so that I has a positive

real part
. So instability if

I
Re(o)n

-unity / with gravity
>

k



Stabilisation of shortwaves by surface tension

If fluid are immiscible
,

then there is a jump in pressure

across the interface equal to the surface tension (time

the curvature.

P,

4
P2 >: 7

P -
- p . = - VMxx

Consider
p .

=

ps ,
VIo .

DBC : (t + ik( , ) B .
- (5 + ikUa) B2 - EkA = o

= (r+ ik( ,) + (0 + :k(z)2 + E k = 0

=> A = - 4k (U. + Hz)2 + f(Ui+un)k2 - 8713
Re(t) -

........
-

T
2

k

Unstable (sco) if K < plu . -Un)"/zr

Altogether , if Purp ,
Uso , get

↑ = Pp(l . -un) - (i +Pe)[(9 + Vk]
Re(r) -

-- of unstable
-

T
2

k wave
numbers-range



max() = P .P- (U-Uc)" - 1p+pe)2Pig

achieved atk
So stable at all wave numbers if

(U1-un) a 2 fines




