
Further Complex Methods

51 Complex variable

1 . 1 Revision

Def A neighbourhood of a point zEK is an open set which

contains z

Def
: The extended complex plane is KU101

,

notation I
,
C*

All directions to the pointis are equivalent.

Left A fl f(z) isifferentiable at I if

f'(z)=moSz-flz

exists independently of the direction of Sz . We say f is

analytic (regular/homphic) at 2 if Fubd of Est.

f'(z) exists everywhere in the ubd . We say f is analyticIn

domain Dif f exists throughout D.

Cauchy-Riemann relations : if f(z) = u(x. y) + i V(x-y) · Z = X + iy,

U
.
VER is diff. at E , then

- = - -

Conversely , if C-R holds and Ur haveto partial derivatives.

then f is hiff.

Cor Write X = F(z +E)
, Y = /z-E) and regard z. as

independent variables
, using chain rule

= =-i) , -( + i)
.



Then +i) (n + i)

- ( -]) + (i) +) = 0
.

i

. e . analytic fis depend on ,
but not E

Thm (Cauchy's thm) If fizl analytic within and a closed

curve C(Le .
in simply connected domain) ,

then

of f(z) = 0
.

C

implying integral between two points is path-independent.

Cauchy integral formula : if fanalytic , forzo within C .
then

-fi . It
Thus knowledge of fiz) on 2D( = C) determines fli) within D.

(d)"It) gives

fin (70)=zenn di
All derivatives of exists at zo .

(An analytic fr is infinitely

diff .) .

Defh A complex fr is entire if analytic throughout C.

Thm/Couville's thm) If f entire and bounded on QUIO),

then f is const.

(An interesting fo has to have singularities

If : Consider a circular contour 17-z01 = R
,
with If(z))M .



Apply Cauchy integral formula with n = 1.

f'(z)= Sizin de
=> If (i) = Dizzr del

2 R=

Let RED = Ifizol = 0
.
hence f(z) = 0

.

and faust . 13

Laurent expansion :Suppose f(z) has anostated sing . at Zo.

lie . f analytic in a ubd of to
, except atzo itself)

,
then

we can write

f(z)=% CnCtz)

where =Contour enclosing und ofa

We classify isolated sing off as follows. :

· if series truncate f(z)= Cucz-zl

· N20 : regular point

-UNCO : zo is a le of order -N . (N = -1 : simple pole)

· N =- + : zo is essential sing. Le . g .

eat z = 0).

Def' Residue of fat to is the coeff - of 12-20)" ,
ie

Res f(z) = C-1
.

Z = zo

If zo is a pole of order N ,
then

Re f(z)=tim
*"

(z0f(z)



Thm (Residue thm) If f(z) analytic in a simply connected

domain except at a finite or countable number of isolated

sing . 2 ,
z
, ...,

then

anticlockwise 8,f(z) dz = zitiRe
-

where sum is over set of Sing .
enclosed in C.

The Indentation Lemma

Useful in evaluating Integrals of fis with a simple pole.

ContourCas depicted , part of a circle of radius 2
,
centre at

zo . Increase in arg(t-zo) around the circle -
is p-x .

-----
Lem Let fiz) have a simple pole at zo

,
Contour Ca defined by

he : z = zo + zei0 , < 101ph ·

then

im / flzdz = ip-res (f : z)

If : f has simple pole at z0
,

hence a Laurent expansion around zo
.

and 7 analytic f"g(t) St. f(z)=flizo) + g(t) ,
withhe

1g(z)/ < M in 17-zokv for some .

Then for Ocacr .

Scaflzsdz = ves(f(z) : zo) (cgz
- res(f(z) :zo) (ido + 1 gizl d

-

11 < M . ITE

-> iCB-c)res(f(z) : zo) asto
.

It



Cauchy's Argument Principle
We say f(z) is momorphic in D if f(z) analytic throughout D

except at isolated singularities which are poles.

Cauchy's AP : Let f(z) is meromorphic inside a simple closed

curve V with no sing ,
or zeros on U

,

then

S dz = zi(N-P)

where N is no · of zeros within V. I take into account

P poles multiplicity.

P : f(z) = 0 at E1
,

zz, ...
with mult K, kz , .

f(z) has poles at E
,,
Ez

, ... with orders 1,
,

12, .
. .

Then flz): g(z) ,

where g(z) ala

and non-zero in V.

+)+) +
Apply residue the then done. A

1 .
2 Analyticity of function defined by an integral
Consider fis of form

F(z) = )
,
fizitidt

,

where C is a path in complex plane (not necessarily closed)

For what values of E is F(z) defined and analytic ?



Conditions for analyticity :

(i) f its jointly in z and +

(ii) Integral converges uniformly in each compact subset of

domain of z.

(iii) f(z , t) is analytic inz for each to

Recall the integral /flat) It is uniformly converging
for ze U if given E

,
7 Bo Sit . Bo < B

,
< Be
,

IS f(zt)d+ ) < E

Vz U .

Example F
,
(z) = Joe-ztde

(a) Existence

For what values of z is the integral defined ? (if not defined

can't be analytic).

Integral converges if Relz 0
, diverges if Relz)co-

If Relzl = 0
,
integral exists - convergence relies on oscillation,

but not absolute.

(b) Analyticity
(i)

. (iii) satisfied.

For (ii) , convergence not uniform in Re(z) >0
·

but is uniform

in Re(z) < 310 for any Eco .

We know that F,
(z) = (2) indeed analytic in Relz)L0 .



Exemple Fill: de (Note that*"
= exp(1z-) log + )

·

(a) Existence

Check limits 0 and 0 :

· Near t = 0
, integrand~+E Consider

↓t * dt :t
*

]
.

well defined if Re(z) > 0.

· ++ 0
, integrand ~ +

E

jot- at : T

well defined if Re(z) <

So integral exists if OcRez) < 1.

(b) analyticity
(i). (iii) satisfied.

Can show integral converges uniformly if OcacRelzl < b<

& oca . b<1
,

so (ii) satisfied

=> analyticity for OcRelz) < 1
.

arce radius

Evaluate integral

& de mid
R

Parameterise : A t = 1 Ecu = R

Bt = ReiP 0(8 = 2π

C + = ge 24 > 0 > 0

D+ = 42 R > Uz .



Asto .
R+ 0

· EA-SOdu , IB = O(R) ->

EB = -(d eiz Ip =0

(i)res( : t = -1) = (1-eiz) Id

=> du = es(z)

This is analytic fr of z for OcRez) < 1.

1 . 3 Analytic (or meromorphic) continuation

#hm (Identity Thm) Let g , () , galz) be analytic Cholomorphic

in Connected open set D&K , with g .=g2
in Da non-empty

subset of D
,
then g .

=gz on D.

(extension - result holds if D is a curve or if 5 is countable

set with a communication point
If (Sketch) : Expand g , -ge as a Taylor Series in - the "zero"

Taylor series· Expanding about zo - can choose so that radius of

convergence expand outside D . therefore g .
= g. on point of D

that is larger than D. Now carry on this procedure. D

Analytic Continuation

Let D
.. Do open sets in K ,

D
. /Da + P.

Di D2f , analytic on D
., fu analytic on D2

.

and fi = fr on D, 1 D2. f. Ill f
fo is the analyticcontinuation of f

,
in D2.



Dop The continuation is unique.

If : Assume 72 continuation of f, into D2
,

e .g . f ,
E

,
then

faE on DidDz
,
but fuffs on Dal /D ,

ND2).

In notation of identity tha.

g .
=f , m D

.,
fron Dal (D

, &D1)

92 = f ,
m D ., Fran D2) (D

,
1 D2)

Since
g .

=

gz
on D

.
MD2 = g ,

=g m Drl /D , /D2)

=> fz = F2 on Dal (D , 1Dz) D

Methods of analytic continuation.

(1) Taylor Series

Supposef analytic in D .
Pick zo close to boundary

of D, , construct Taylor series expansion about

zo
.

which egs in circle that extends outside

Iz-Zot · Zo

Di
. Hence defines an analytic ctim of

f , into region larger than D
,

Di

Example Continuation ofz

Notezo
converges in disk 12-201 < /1-z0).

let fi(z) =z defined in 11
.

(D,

Choose zo = 3: /4 ,
then falz)=zil nin <gs

in 17-3 :/41 < 11-3 : /4) (D2). In particular · f ( (t) = fz(z)

on D ,
MD2

.

Hance fulz) defines an analytic continuation

of f ,
into D2.



1z-Sila/1 -

34) 3

Di

repeating .

Di -gives
an extension

of fi(z) into c) (1)
.

z = 1 excluded . - this is
Da

a meromorphic
continuation.

Di prop - the continuation is

unique

What can go wrong ? e .g. singularities of filz) are so

numerous on boundary of D,
that they prevent continuation.

~

Natural boundary example : Define fizt= egs for 121) .

Ceg . ratio test) .

Consider

f(zz) =z =I

f (z4) = f(zz) - z = f(z) - z- z

f(z) = f(z)-
but flll = D

. Hence
,
f(w) = 0 VW S . t .2"= for any

finite n.

w's are dense on 171 = 1.
↑

(z) = 1
can't extend by finding Taylor

-

series that converges in circle

extending outside (21=1 .



12) = 1 is 'natural barrier' or natural boundary' for f.

Potential non-uniqueness

fu
fi

3.tif DonD
Da fi = f , in D2'RD,

No overlap between D2 and De - fs not guaranteed to

be the same as fg.

Relavant to multavaled f's with branch points.

(2) Contour deformation

Let

G(z) =St
applies for Im(z)co - defines analytic fr for Imbz) >0 .

We seek to continue Giz) to Imlzlo.
M

For Im(z)co . Ga(z) = J dt Dr
-

.
If Im(z) 30 - then Galz)= G(z) because V passes

integral around closed contour is zero
,

and
below z

furthermore Galz) is an analytic fr , hence G(z) = Galz

in Im(z) > 0 and Galz) is analytic for lying above V.

So Galz) provides continuation of GIE) into shaded region.



Another possibility ?

dy(z) =1
for Im(z) # 0

.

But for ze Dr ,
then

Ga(z)-Gb(z) = 2Ti res(z) = zieit

Ga(z) if Im(z) < 0.

G(z) = ! Galz)-2Tie :* if Im(z) Co .

So Gy(z) jumps by value zitie't as we cross real axis.

Gy(z) is not analytic - not analytic continuation.

=ample F(z) = Syflat) It defined and analytic for zED .

J unique continuation to zED with D> D - needs care.

1 4 Canchy Principle Value

Motivation -

can we assign a finite value to an unbounded

integral ?

Example / *. = log2 -log1-11 = log 2 ?

,11

If f(x) is not integrable at X-c and accob . 711,
define the Cauchy Principle Value (CPV) by

P))f(x)dx) =lim(fid + Saf

if limit existss (Can extend to many non-integrable points)



WLOG
,

set c = 0
.

Consider fix: where g(x) well-behaved

at x = 0. Set f(x) = c, X" + Co + GX +
..., then

p(S f(x)dx)= [C , log(z) + c
, log( * ) + G(b-c + 0(a)) +

... ]

= C., log + Colb-a)...

May also use CPV to deal with infinite limits.

P()f(x)dx) =im Ia
if limit exists

Exple I = P)) dx) , where fizt analytic in Im(z)0

and1 fizll -> 0 as z -> u.

Need CPU because pole on path of integration.

M

8zdz = +Sj- *Sc Scr CCR

because no enclosed sing. -
5

-

= (x : = R = xc - c)

j + = (x: = X < R)
.

C = /z : z = see,020)
.

Cr = /z : z : Re
,

00)
.

limitto
.

Red
, then Scyto : /fall to

. J.S
.

+ I

Scim iced- iof a

Hence
I = inf (0) .



Remarks

·Could have closed contour below z = 0 rather than above.

· off real on real axis
,
then result implyf(o) = 0

I consequence of analyticity).

Example pid)
Note that this is non-integrable (sing - at X = 1)

P(dx)= P(j)dx)

= Emp)/(x)
-

M

- semicircle

radius R

radius E

- I &

I---P-R
-

close contour

J-)dx - + i(vesa+ - 1) + 0(a)

+ [ )dx - Mi(resat 0) + O()

+ lidx - T Creat1) + O(d) + J )dx = 0

im pdx=
R=v

= Hi(cos) - 1)

=> p)J.)dx) = =(cos) - 1)



betransforetransform of fr fi defined by

2(fly) = Pldx
· It is linear operator
· If assume f(x) has Fourier Transform ,

can deduce Hlf) by

linearity if we know I((ein+ ).

S

We will show that

2((ei*x)(y) = pdx :he
If : Good choice for 230.

E CR

Own de = 0 =Jem "So, Ca

im I to using Jordan's lem as I * C
C

m -Tireside ata

Hence.Pdx = Leiny = Leiwy (10).

If wo
,

close contour below
.
---jeiwy (wool D

Note H(2((einx)(y) = eicy - /f)--f ,
so It is anti

self-inverse (115 = -I
.

E identity).

More generally , if g : 11/f)
..

then Hlgl = -f.



Kramer-kunig relations
Let fizl analytic in

Im(z) 30
, with feo as 121->0 in Im(z) > 0

.

Let X'ERR and consider integral around contour as drawn

= Pdx) - inf(x)

= 0

& I(follows from Cauchy's thu and
-R O * R

follows from analyticity in Im(z) > 0).

Write f(z) = u(X.y) + iv (x ,y)

For ZEIR
,

X = z
,

and f(z) = U(X . 0) + iV(X . 0) = Ho(X) + [Vo(X).

Result above :

pdx = -Vol It (40) = - Vo

w

Pdx =x H(V) = No.

This istheamer-Kronig relation.

Application : consider simple linear system

- = - dy + F(t)
. (x0)

Can be solved by FT.

=> (-iw + c)y = F(w)

Cusing F(c) = 1% eirtfctsdt)

=> y(w) = /. intwa
i

. e. F(w) multiplied by fr which is
* pole in lower

half plane

analytic in upper half plane.



More general linear system

y (2) = F(w)s(r) ,

(expect (c) analytic in lower half plane if system as usual

Write S(r)-Ye(c) + iSilw) for w real
,

then

#Se(w) : Podw , Silv : -Pdw

for 'real

Sc(W) determines sol" in phase with forcing , e .g . dissipation

of sound.

Silc) determines sol" out of phase

1 . 5 Multivalued functions

A multivaled f" F(z) admits more than one value for given z.

Example . Z single valued at land 0)
,
but elsewhere in I

it
may take

z = rep = z = w eiltotuit) NEX
- Inlag

:0
· OE to ,

2π)
.

Example logz = logr + 10 (for zo) . , may
also take

values logr + iP + 2 in
, NEI

Branchpoints (BP)

z = a is a BP of fizl if fla + rez) + flatr) for small

~ where flatre") by analytic continuation.

e . g. analytic continuation by
&

as ,

Taylor series t



A branch of fiz) is single valued -"obtained by taking me

value for each 2. This "will have curves of discontinuity
called branchcuts . (Branch cute join branch points ,

but not

all branch points can be joined by branch cuts)

A branch is defined by (i) f(z) ,
(ii) set of branch cute,

(iii) a value of fat one point. ,
then all other values can be

obtained by analytic continuation.

Emplef(z) = z has two BPS : z= 0
,

0.

z=o : BP follows from writing zorely.

Zin
:

Write t=z .

t""has BP at to
.

Branch cut : choose (-0, 0) and specify fill = 1 gives a unique

deft or y = arg(z) < (- +, +) -

f(x) = 1

Alternative : (0 .0) as BC
, f(It = 1 /just

No 3

above the real axis)
-

f((t) = 1
The defi is unique on arg(z) + (0 .2) &

m

Example Let f(z) = (l-z2)" = ((Hz)()-z))1

Claim : f(z) has BP at : El.

Z

Parameterise z = -1 + reit = I + reil,
Vz

Co

r
,

Y
For BP at z = -1

. consider ·
(42

*
zt -

- I
· z- !

z + = - 1 + re
: 0

+

= 1 + re
Iπ-

z = - 1 + nei
2

= 1 + rei
+ (r+=

= 2)



Then f(zt)-f( + +r) = (re
**

C-r ,
ei-1)" = Ihr) gol

f(z-) = f) - 1 + mehti) = (rei ( - r
,
gitt)" = = (r, ra)"eit

= F(r,r)"

Similar for BP at Z = 1. So

f( = 1 + r) = - f(z) + re2πi)

f is multivaled.

Introduction of a branch cut gives single value of and discty

We now define a branch of f

(i) f(z) = (1 - z2)" = ((Hz)(1-2)
"n

·

Z

Vz
r

,

(ii) Branch out Y
142

·
zt -

↑ I

(iii) Value of f at one point
- I

· z- (

Parameterise z = 1 + r
,
e% =-1 + reith

f(z) = (ra ei (r , citi))" = E (r, r :
)"-e

=(.
+ya)( + iπ/

eit
= [i (r, re)"e" (l+Ha)/a

Two natural choices of BCs

·

mmma mu
,

mum

- I es (

[- 1 , 1] 1 - 0 .
- 1) V(l . p)

e . g. Choose flot) = 1. e .g. choose flo) =1

Choose [+1 . 1]
,
flot) =/

flot) = 1 = E : / exc
+ok

= Ei - i = =(1)

So choose" -

"

,
and

f(z) = -i (r,
ra)" ei(ti + yu)(2

= - i (1 - z2)" ei(1 + y2)/2

Now evaluate f(z) at other points by considering evolution of

Y ,
and Y2 along paths that do not cross the branchcut.



f(z) = -iCr, ra)' est
+ Yu) 12

= - i(l - zz)"2ji(y,
+ 42)/2

Just above real axs
, U= T

, Y2=

f(x) =

- i(x +11 (x-1) eiπ) = (1 -x2)"

~ Y = + , y = 0

f(ot) = 1
↳4:4-O &

⑤ ~eu

X X-=
f(zl : -i(x-111(x+1)" eit o

: M
= i(x-1)"-(x + 11

j
y = yz = 0

f(z) =-i(X-1)" (x + 1)112
I-iX for large X

=- iX for large X.

Y ,
= π . Yz = 2π

f(zl = -i /(+x /"-

11 - x)
" ecb+ = - ( -x2)"

or Y .
= -

. Y =0

f(z) = - i (1 +x)"-(1 -x| ei
+ h

= - (1 - xY
"

So f(0- = -

Branch cut algorithm

Aim : evaluate I = S , C1- x2)"dx.
Let fizt be branch of 11- z2"

. BC = [ . 1]
,
flot = 1.

Consider OfIzIde . C "big"
C

large z : 4 , 542 , z = reilreil
ximux

f(z) = (1 - z2)
"

= - ill - z2)(ei(y ,
+42)/2

- i(z)eiY = - iz



Lorente expansion : (1-22)" = (- zu (1-E)
"

= Fiz (l-E2)"
= iz(1-z + ... )
take"-"

Hence
,

& f(z)dz =
- g

,
i = dz +i .

=. 2πi = - T

But also can collapse integral into

branch cut ·

J
.

"

(1 - x
=) dx + Si - ( - xz) "dy

=-2)(1 -xz) dx = - 2I

Hence I=.

arcsin defined as an integral

(a) We know that arcsiz = ll-z,

Can we define arcsintz) = S. 2 dt ?

Need to fix branch of(1-t2)" at t= 0
,

then define by

continuation as we more along contour of integration.

key point :
(1-t2)-112 has BP at t= 1

.

value of integral will

depend on the path-

Scindt +Sr.glad 9 un
Hence analytic Continuation of arcsin(z) is not unique.



(b) We define a single valued f"Arasin(z).

Arcsin(z) =J2

with branch as defined previously= 1 at too.

Take branah cut of11-t2)** to be [1
.
1 - interpreting too

as t= o
"

Lying just above Branch cut.

The path of integration is not allowed to cross BC.

Define as follows . If Argze /0 , it)
,

use U.
↳· Z

If Aug zE [it , 2) ,

use Ve
,

i

. e .

oT

- I

integrate around BC to 0
,
then straightoto z .

Where is Arcsin(z) analytic ?

For OcArg = C2it , Arcsin(z) analytic except on BC.

Discly in Arasin(z) across BC [+. 1)

Also a discty across [1 . 0)
,

hence BC of Arcsintzl reg'd from

- 1 - A.

Now define a new flgladt = Aresin z

(i
, 3)

with ArgizIE([t ,3)
- Ut.

·

with Arg(z)Elt2) - V-

· mT

With Arcsin(z) =
Arasin if < Argz < It.

(T, 3T) (0 , 2π)

Both fis are analytic .

Lence Arasin(z) is analytic continuation
(T, 3π)

of Arcsin(2) into 25t Argz < St.
(0, 2π)



Repeat process
Arcsin(z)

- ----6 10, 2 T)

O 2π

- Arasin(z)
Th 3 (T1, 3T)

- Arasin (2)
2π 4 (25, 4)

-

Hence have analytic multivalued fo arcsin(z) with disity

across [- 1 , 1].

Dependence on Arg(z) :

· If OsArgEC2t .
arcsin (zezi) = Ari A+yd

= Aresin - 2π
10

, 2)

In general, all possible values of arcsin(t) are Arcsin(z)+ 2n
,

NEX
.

10
. 2π)

Icould resolve analyticity at z = 0 by choosing a different BC) .

(c) Alternative to above procedure is to acknowledge path dependence.

Each of Vo
. V., Uz, ... give answers differ

by 2. ⑳
What about paths that encloses E1 , 17 ?

(1 - 22)
-"

= (-xy)
=12

,
07x3 +

· Z
· Z

deform
↓

E
0 < Scr = (z)

Ex-> ⑭X
↑

(( - z2)
+ (2

= - (1 - x2)
-1

,

= 1X50
.

arcsinct = f. "(1-x *
*
dx + 50 - (1-x2)dy

z
+%- 11-sevio)

"
seit do

== T-
Arcsin(z)

.

(0, 2π)



Another set of possible values for arcsin(z) is

-T + InTT- Arcsin(z) ,
n

(d) Enverse of arcsin(z).

1 arcsin(z)

- I ①

·
I

I

z b.
--I

3
-- T

--
3π/z<

- - IT

Consider the inverse of aresin
- call it "sin"

W = Arcsin(z) , sinwz

arcsin(z) =

Arcsin (z) + 2+in = Sin(arcsin(z) = = = Sin co = sin(c +2π)
.(0 , 20)

arcsin(z) = (2n-1)+ -

Arcsin (z) = Sinw = sin((2n - 1) + -w)
(0, 2π)

Inverse of our multivaled f's is a seerdic fo

Complication of multivaled fr is avoided by taking inverse.

Note J. clade-logz as z becomes large ,

consistent

with behaviour of sin fir

sin w= (ein-e-in)

together with the fact that only singularity of sin is

essential at 0.



1 . 6 Elliptic functions

Def"Periodic f" f(zta) = fizl for some <ED.

Defi Doubly periodic fr (DPF) ,
have .. WzEK ·

W , /Wz #R, ie .

ang (w
. ) #arg Iwz) ,

S . t -

f(z+wi) = f(z+Wal : fIE) Ezek .

More generally ,
f(z + mco

.
+ nW2) = f(z) F zEK F minELL.

Left Elliptic fr is DPF which is meromorphic in K.

consider the parallelogram defined by W ..W2EK . (WLOG assume w .
el.)

1

All zeros/poles of elliptic fr are Wa
· W . +W2

O ⑧

copies of zeros/poles in one cell .
- alternative
·

w
S cell

.

S

0 W ,,
We

,
2 ,We areatticepoints

Properties of elliptic fr

(1) Number of zeros and poles in a cell is finite.

land no . of poles = no
· of zeros taking account of multiplicity)

(2) An elliptic fr with no poles in cell is const. (follows from

Couville's thm)

Weerstrass (3 fi - a non-const elliptic f2

Set Wmin = mw
. + nWe

,
minEI (labels lattice points)

Define
P(z)= +m

P(z) meromorphic with poles of order 2 at each leftice point.

Excuse show that expression for P(z) cgt and P(z) is DPF.



Rop to(z) Satisfies

p'(z) = 4 (k) -

gz P(z)
- 93 ,

where gz = 60 win , 93 = 140 [Comm ,
sun over hminhe TP10 . 01 .

#(Sketch) :

Consider (12) = E + Q(z)
. Q(Z) andytic in cell containing z : 0.

Check that Q(z) = 01E4.

P'(z)2 = (- + Q(z)2= -4
O(E) 01z4

4Pla = 4(E2 + R(z))" =++ 4k(

-

UE4 TTz %TES
.

=> ↑
'

(z)" - 4P(z) = 0(z2) + 0(z7) .

-

Jgr . 93 .
92P(z) +g3

Hence D'(z) - 44(z)3 - 92P(z) - 93 = 0(z) = 0

↑
analytic DPF

LHS analytic DPF,
= 0 at z = 0

S

So const .
= 0

Consider detail of OCZ' and OII) terms to deduce gr . gy. B

Following reasoning for arcsin etc.

1"(z) = -1-gal
choice of upper limit =. D (D) = 0

· Cone possible value

Integrand has 4 BPs (including one at 1)

Periodicity of to follows from multivaledness of P"which follows

from multivalwedness of integrand



Difference between C and A will be

integral around branchcut.

we Branch outs are notessential
As z+ p

, p
+

(z) = C + 0(z+12)

il . (4"(2) -C)-Eas z+ y

=> ( (w) ~ (w =D as+ C
.

Elliptic +is important in many areas of mathematics

· e . g. Elliptic curves y24X3-gux-go in2.

parameterised by P(z) : z => (X (7)
. y(z)) = (p(z)

,
D'(E1)

.

Originally arose in mechanics. - Simple pendulum

18 =

-g sing

Energy :E0" = w"COSO + E = co2(COSO-COSPo) (8 = 0 at 0 = 0.).

=>j = zw(COSO-cosDo)'

transformation X=So ,

then X = w(l-X"(l-xsino)

Time requires evaluation of

1"de-U2sin00k)" = G " (x)

-
defines multivaledfv in complex plane.

=> can transform to weerstrass elliptic f"



S2 Special Functions

Exploit machinery of analytic continuation to extend elementary

definition of well known f's.

2 . 1 Gamma Function

Extend defi of factorial fr n != 1x2x ... xn
· from integers to

complex plane.

Let
[(z) = 1: +E+

c
+
It (Euler's integral (

Integral converges and is analytic for Re(z) < 0.

Note I(z + ) = J% + F
e+
dt = z I(z)

., hence

& (n+ 1) = n ! [(l) = n !

Now define TIE) = [(z) for Relz) > 0
.

- continue to larger

part of K.

H)

analytic for Rez)-1 ,
Eto

.
Use as continuation of

F(z) into ReCz)-1
,
70

. Similarly ,

#n

analytic for Relz) > -n-1 and Z +0. 1 .
2, ....

- h. Increase n
,

then

provides meromorphic continuation of E(z) in Retz) so
,
zF01-1 ...

Enler product formula for TIE)

↑ (z)=(+)
One (1/0, 1 .

- 2
, ... )

.

Recall et-Im(1-E)

T(z) = [(z)="(1-yn)" to de



=nnz)! (1 -+" +* di T = +/n

= nz)[n +Sed

=Ina
= Im(z +)

Provides explicit formula for PCE) valid in all $10 . -1 , ...
4.

Gauss Product formula

Claim T(z)=
Pf : T(z)=imE.(z+n)

-..

=
·

->1 as n->

= &

e .g. Thl . has no zeros
.

= Y entire

Weverstrass Canonical Product

Clim: = zeVz(+ ) ez

T Is the Euler-Mascheroni const
,

where

V= (1+ + ...+ - logn) = 0 . 577 ...



Use Gauss Product Formula.

:==
- zon(1+)

..
(

(n + 1)
=

= expl-zlogn) exp(-z0(n)

= exp) - z)E - v) expl- zP(n)

= e-zk)eVexpl-z

=>i zertlim A

T+ 01z4 as z+ 0.

e . g. Ez)
- 1 + Vz + 01z4 as z+ 0

T'() = - V etc.

Reflection formula

T(z) = T(1 -z) = Tcs(πz) for z4[ ..

First consider OcReCz))
.

- can use integral formula-

↑(z) T(1 - z)8(9:

°

+edt))9
.

"

5
*eds)

let +:rsin't S = rcos"O ,
Orio

,
OOS12.

st = 2rcoso.

② :I. re-ver
.

**
Using

*(0s0 *

cososino do

= 2)
.

"
(an o do

tano :

u - du = + (S
+

+ z).

=> T(z)TIl-z) = I CSCITE for OCRelzl < 1
.



Hence equality for all ZECII by the identify thin.

Hence Plz) = # etc.

Graph of T(x) for XEIR.

I

:: /
! I
I in

· T(n +1) = n ! VnEI

· Residue at z = -n are -h !

· T1z) =o F finite z from Gauss formula.

Hankel Representation of THE)

T(z) =z +

+
*

dt
,

z+ 0. - 1 .
- 2

.... (

*
- Tang t <T

The contour is Hankel contour.

Integral defines analytic fo Fz. -indicated
convergence as te - is assured by et factor

by (0t
and avoid potential sing ,

at z = 0.

Claim (t) provide an analytic continuation of Elz1 = 1% +Elect

(Rezso) to $140
,
-1 .

-z
.

... Y



If : Divide contour into U- ,
U+, Ve. & ImLt)

.

let
J1z1 = 11 e++ It

Dra Rest

Write JCE) = So
.
+fra + Jue

On V- : t = Xe*. ALXE
,

dt = e dx

Ve : + = get ,
-TO

, It : ice do

V+: texe't ,

Excu
,
de- ei*dx.

if Re(z) > 0
,
0(at)

J(z) = -(
+
dt +* (e

+(- 1)
- git(

-

1) +(1 +P(d

= 10 et +** zisinTE dt = 2T SITE I (z)
.

Hence for Relz) < 0
· JC)/2iSITTE : I(z)

·
and analytic for

zkI : so provides analytic continuation to <)X-in particular

into Re(z) -O. D

Notes : (1) Apparent simple poles FZELL ,

but sing. are removable

when = pos integer - no BC
Harked Integral is 0.

(2) Residues at Z= 0
.
-1

.
-2

. ... For these z ,
there is pole in integral

at too-Hankel integral corresponds to contribution from residue

at t = o.

j(-m) = g- e+
- m+

d +

- C

= 2 i res(e+y-(m+ )
,
t = 0) ↳

etfm+

1)& It Residue = int

Hence JC-m) = 2+ /m! Now recall TCzl:Sincel .

P(z) has

simple poles at E = -m
,

M = 0
. 1 , 2, . . . with residue



->Sitz)

Iconsistent with previous approaches) ·

Uniqueness of TCE) · Is Tz) as we constructed a unique extension of

11 ! to ? [Question is not uniqueness of analytic continuation

of I(z) .]

counterexample : Consider entire g(z) St . g(n) = 1 VEN · and glztil =g(z).

Now write

F(z) = g(z) T(z) .

↑ (z + 1) = T(z + 1) g(z + 1) = T(z)zg(z) = zF(z)
.

Hence F(n + i) = n ! - F is another possible extension of (1 :

Does a suctable gol exist ? Yes
,

e.g. g(z)= 1 + sin(z).

However. T(z) is the only extension of 11! that is boundedm

Relz) = [1 . 27 and analytic

Ihm (Wieland's thm) (A uniqueness for T1z)) If F(z) satisfies

(i) F(z) analytic for Relz) 1 o

(ii) F(z + 1) = ZF(z)

(iii) F(z) bounded in Re(z) E [ 1 . 2]

(iv) F(1 =

Then FCE) = T(z) defined by I(z) and its analytic continuation.

lear Let tz) analytic fr satisfy (i) -(iv) . Define f(z) = F(z)-P(z),

then flz) is entire



# : (i) , (ii) = F(z) can be analytically (meromophically) continued

to Relz) so ( poles at z = 0. -1 . . . ) -

as for T(z) ·

F(z)-NN-1)

=> Res(F(z) : z = -n) = FlilE
ie. same as F(z).

F(z)
,
ThE) meromorphic in 1 with poles conceding

and same

residues at each pole - F-T was no sing in $ (e . g. using

Laurent expansion). Hence fentire. D

Lem f(z) = F(z)-TIE) bounded in strip OCRelzl@1 .

If : First establish thatf bounded on KRelz) < 2
,

then use

recurrence relation. F(z) assumed boundedm KSReC2
,

hence

only need to show boundedness of T1Z) .

ITG) = 1/. c +
+* de) <S

0

Yet +Rat = ↑(Re(z) ->

for 1 Relz) = 2.

Assertion follows from

↑ "(x = %etllogth +* It 20 XXL o

plus T(11 = ↑(2) = 1
. Hence flzl bounded in 1Relz) < 2.

In OfRe(z)eI
,

f(z) = F(z)-Mz)=Ehtzt -
F(z + 1)

.

P(z+ ) both analytic ,

F(1) : PCI)
,

hence fizl finite asto.

Hence from above fizl bounded. A



Combine the two lemma.

#of Thm : Let S(z) = f(zlf(l-z1
.

Then SCI) entire by

first hem
,

and bounded in OXReCE) -2 by Lem 2.

Now Consider SC+ ) = f(zti) f(z)

= zfz) . AA = -S(z)

Hence S1z +2) = S(z)
. and Since Scz) bounded in OfReCz)12,

SCE) is bounded everywhere ,
hence sez) const - by houville thm

But S(il = fillf(o) = 0 (: F(l = ↑(11).

Hence
, S(z) = f(z) fliz) = 0 YzeC. Flz) = T(E) Fzee .

(in particular for Re(z) = 0). A

There are other uniqueness on T
,

but these tend to focus

on argument being a real variable .

(So approaches other

than analyticity must be used .

2. 2 The Beta Function

Define
B(p . q) = S. +P+

(1 - +)8 +
de

for RepCo , Req > 0.

By analytic continuation. for more general p . g.

Setting +: Since gives

B(pq) = 2) sin-p cost -o do



Properties :

(i) B(pig) = B(q , p)

(ii) B11 . q) = J
:

'
(l-+1

8"

de = (Req(o)

(iii) B(p . g+1)= B(PG)

PE : B(pigti) = S
.

'

tP" (1-t)8dt

= S. +*
"

(l-+ 18+

dt - 10 +i 11 -+38+
de

= B(p . q) - [E - *St*-

= (1 + b) B(p , q
+ 1) = B(p, g) A

(iv) B(p . g)= Hence B(m)= former

If : Consider

T(p)4(q)= sids J
.

"etto-de

Set S = rsinto, : ros'o

= 1
.
/do erq sino co (SiOco

= 2) eryp
+8+

Je . )
.

**
sinP-pcospo do

= ↑(p +q) B(pig) A

Now consider analytic continuation. Fix pwith Relp) 10
.

Write q
: z

(iii) => B(piz)= B(p . z + 1).

gives analytic continuation into -1 Rez) <0 (except for z=

where there is a pole) .



Just as P(E)
. Similarly

B(p .z) = EB(pz) .

continues Into -24Res0 apart from z: 0
.

-1 , etc.

Hence analytic continuation VZEC except poles at z = 0
,
-1 , 2,

. . .

Could also use (iv) based on continuation of T1Z).

Pochhammer representation of B(pig)

Let JCpiq) = @fltidt ,
P is Pochhammer contour

,

with f(t) = t
P"

11.+)8+

with branches determined by analytic

continuation along path.

Im(t)
M

Mem oRelt(

I
crossed real axs twice

between 0
. 1

We finish on same branch of tP" (1 .+)8as we started

with
. Parameterise by local angles.

· t

f

t = 1 + set = re10 S

f(t) = t
* (1 - +18

- g
+o-
I

=Crepp
+ (-seip)8 = rP

+

g87 cilp-110i(q)(P-



For Relp) Lo
, Relf) Lo . .

ensures that contributions from smallr
circles can be ignored semicircles I

Us V

On U : 0 : 0
· % = + , fit) = X*" (1x)8tX = Relt)

.

Va : 00
, p = -T1

. fit) = X
"" (1-X18+

Cuttig

Us : 0= -2π
, p = - +

, f(t) = XP
+
(-x(y

- 1
e

-2πi(p+q)
.

U : 0 = -2 , % :T1
,
fitt = X"" 11-x8+ ezttip ., OX11 .

Hence,

JC . q) = So'x ** (1-x8+dx(1-eig + chicp
+ 8)

- e

- 2+

p)
- =(p +g)

- 4 S1PT/SingH= B(p , g) e

Hence
,

B(p. q) =- eTip
+q)
cspt (scgtl

Dig integers
RHS is analytic for all pig except &

sing for p-1,
z, . . . g

= 1 . 2, ...

for p = 0, -1 .

-z , ..., q = 0
.

-1 .

-2 . . are removablee.

2 .
3 Riemann zeta function

Define
3(z)=

for RelE) >1
. By analytic continuation ow.

J(z) analytic in Re(z) > 1
.

Series converge.

5'(z)= (logn)n
-z

also converges for Rec) -1 .

Named after Riemann but previously studied by Euler who showed

-(2) = 52/6
.



Integral representation of J(z).

App For Re(z) 1,
3(z)=). de (t)

# : Recall that TCz). +Fe+
at = nz/

.

"

get ends
.
(t= s)

.

31z1T(z)=n

= 10 Szed
= 1. eas

-1. d
Integrable singly at S=0

. Rez)1. #

Now use as basis for more general integral representation.

Hankel representation of JLz)

5(7)t
We need to show that

#
for ReCzic 1

.

If true then since integrand is entire in E and smooth in

t
,

on Hankel contour
,
then CHS gives analytic continuation

of T1z) into Relel [1
.

-

x 2Ti

Va collapsing Hankel contour on to

I - real axis
,
-useful

mux 3=
TI

>

-
Va

if Relzi I .

V
* - zi



Parameterisation :

U : t = Xe
-

it AXXzE

Ve : t = seiP
,

-TO T

Ve : t =Xe
,

Ex.

It = J- + Je + J t
,

with

J=xedx

Je = ((gRe(zl-)

lim Je+Let
= 2: sinCz) PlzsJlzs by (t) .

=>
Note residues ofat poles on imaginary axis

Res(
,
2iin) = - (2tn)

Thm T1z) may be continued into a Memomorphic f"of z on

4 with only sing. a pole at z = 1 with residue 1.

Pf : Hankel representation implies sing. only possible when

z = 1 .
2

. 3
. ... corresponding to poles of 4/1-7) . We know

T1z) analytic in Relz) < 1
.

So only possibility is z = 1.

Consider zim-) d)
=- d =- · 2 Res , ) = 1i

i



Functional equation for JCz).

Provides an explicit analytic continuation of J11 from Relat>

to ReLz) El

&op T(z) = 2 +
-1 sin(1-z) Th-z) Ezek

.
(*)

If : Derive (* for Relz) < 0
.

Start with integral around Hankel contour - close with

a large rectangle ,
refices at IRI (2N +1) Hi

,
Rul

,

Nx 1
· integer. nImLt)

Take Run , a fixed .

X

-

X

Consider

J1z) = Go dt #mu "Relts

Integrand has BP at O
,
BC X

a long-we red axis, neither is inside contour.

Hence TH) = 2: · Isum of residues from poles along Im axs)·
=2 -22tin

*-C-zitin

Take N+ r.

J(z) = - PTi (ITECOS&
We can show that contributions from rectangular sides +

as N10
.

R-> a

I/dt)x = Mr lupper boundis
length
of 2



X = R( =uN) : le+ 1 = e
- R

= (e
+

-11 = 1 - 20
.

-> Max It" (ERReAl- ,
and L = (N+2) +

Hence,

MrFNRG -> 0 as N- D

X = -R( =Mn) : le+ /ze * +let - 11 zeP-1

max It"1 = /ER/Rects-1
, Ly = (4N +2) it

.

V

Hence

Mr=N ImaRe. -> O as N - A

y
= (2n + 1) + : (e +

- 1) = (ex + 117)

Similarly for ItE1 . L = IR : zeN.

=> Mr = 2UN (F(2N+ 1) + )
Rel - 1

-> 0 as N+ D.

Contribution from rectangular sides -> 0 as N,R -> 0. So

lotdt4
Hence,

3)(z) = 2+/sin T(l-z)T(l-z) (Rezco)
.

This is analyticfz except pole at Z = 1
, hence equality hold

for all z by analytic continuation of RHS. T

Can use to obtain 3(2n).

>(1- 23) = 2)
-2
+2 S) T(2n) ](an)

/

#In Ben ,

where Bu are Bernoulli numbert



=
B

B, = -E
,

B2 = 5 .
. . .

Hence
,

T(2n)=In any
e

(Recall T12) = T16]

Zeros of TCE) and the Riemann hypothesis

-(s)= = Tps ·

Re(styl (** )
.

Riemann showed that

& llogp) = X -[
pprime p : ((p)= 0

m= 1
, pm X I

I
zeros of 3

weighted measure

ofA primes &X

(** ) = T(s) + 0 for Re(s) > 1
.

S functional relation gives information on zeros of J in Rels(0
·

Connection between 31s) and primes

Chebysher psi fi

4(x)= logp=

where 1(n) = /log p if n = ph
ow

2-g. 4(10) = 31og2 + 2lug 3 + 10g5 + log 7 .

Consider 1(mis (Rels(-1) generating +" for 1 .
Can show

⑫In (Relsic1)



Ef :

- 510g(5(s) = @ Slog21 -p
-3)

=
= Sslogp (t+et ..) =

Now consider

(at()( *)
Choose a) 1 So Re(s)-1

,

⑦10)/
· XIn

,
close contour to the right - 0

· Xan ,
close contour to the left -> integral = 1. from residue at S= 0

,

=> RHS
=[ Min) = 4x

Hence a=

1
atio

4(x)=Cano (-)Eds =X-
-

& =

logkit)/
series of increasing order of1Imp :/

4 (x1 for large x ? Euler product formula - no P: with Relpi) >1 .

key result : Relpi)) = 4(x)-x as x+ n.

Consequence : T(x) = # primesx) -S
.
"itedt as x+ 0.

locations of zeros P.. Pr. ...
Control error in above approximation.

T(z) = 2**"sin Plz) [11-z)
.

gives information on Re(E) < 0
.



=> J((n) = 0
,

N = 1 . 2
, 3, . . .

(: Sin niT =0
.
T/ltzn) finite)

#z
5(0) to since zero of sinz coincides with simple pole of Pl-z)

z = -In are trivial zeros of 3
.

Are there non-trivial ones ?

Riemann hypothesis : All non-trivial zeros of T lie on Re(z) =12.

~ Im(z)

-

-
8 ⑧ ⑨

- Re(z)

-
RelE) = E

,

critical line.

Consider F(z) = +==12 (z(2) [(z)
.

= 27 +
212 - 1 sin +(2) P(1-z)[(1 -z)

=T
zk -

T(t)T(1 -z) = FLI-z)

Hence F(E+ iy) : F(t-iy) = Fltig)
= Flltig) E IR .

Requires FII) : Fes - follows from properties of
=12

, T(z)
·

JCA)
,
etc.

It is known that :

· Hardy (1915)
: - infinitely many zeros as Critical line

· Itadamard : 7 no zeros on boundary of critical strip.

(i) Calculations of zeros on critical lines - look for sign changes in

Fle + iy) .



(ii) Calculate Cauchy Formula :

# d = #zeros-#ple

Apply toC containing the strip OcRe(z) < 1.

If no
. of zeros from (i) matches no from (ii)

,

then all zeros lie

on critical line
.

Platt and Trudgian (2021) : all zeros B + :V with OIVI *30

have p=.

Consequence of Riemann hypothesis :

·

it(x) =1 + OE 10gy) ·

zeto fo-many generalisation ,
e .g.
[As deral of e . g.

elliptic operator - applications in theoretical physics.

3.Solution of DES by transform methods

33. ) Sol" to ODE by Integral Representation

seek general sol" to linear ODE as integral in K.

Example Airy's equ
W"(x) + X W(X) = 0 (1)

Applications : wave propagation , e .g. Optics ,
as an approximation to

W" (x) + f(x)W(x) = 0
.

with fix changing in sign.

We could try to solve using FT.

(k) = 1 eixwidx ,

W(x)= eickdh



Deduce EIX) and invert

W(X)= exp)- +kx)dk

This is our sol" of 111
.
but (1) is 2nd order

,
so 72 LI sol"

.

But second sold is not bounded for large X so does not have FT,

Instead
, Consider (1) in complex plane , treating was K+f

- use z in place of x for indpt .

variable·

Write WiE) as

wizl = )
,

e
*+f+ ide,

with fitl andI to be determined

It will turn out that fitl is determined
up to a ciust

.

but here will be multipleshone of V , allowing &LI sol's.

Substitute representation of wizs into (1) :

Wi(z)= SeztfLtdt=fl

Hence W" +zw =0

=> (2 (++ z) et fitidt = 0

Want fitl be z-indpt .

IBP and get

z etfltidt = (v(ef(t)) - eEtfiLtIdt

= jetfit] - So etf'ctidt
Hence

,

[ez+fits]r + Sc (t =f(t)-f'(t))eEtdt = 0
.



We find fitl , V S.t.
1 and 2 are individually 0.

Note [etf(t)]y = 0 if fitl analytic Within V and V is closed.

(2) : tf(t) - fit) = 0 = f(t) = Ac
+ 313

(1) : Finding V S. t
.
Tete+ ]V = 0.

Note ifV closed
,

then

↓ e
+
fit) It = % ext

++
d+ =0

not useful . Instead
, seek eEt ++1

-> 0
.

Put + = It /ei0. For large It) ,
have It3/3141zt

e
+33 ite30

-> 0 If coSSP -0
.

~

O=/z + 31
+ 0as(+ 1+ b

= -S
e

0= I

M
0= 3

Any of V, V2 ,
Vs give required property that

[e
+12 ezt]y = 0

Any two gives LI sold (note Ir .
"frefre =0

V , can be determined to coincide with the imaginary axis.

trig ,
W , (E) = iASeizy-iy's dy

same as FT representation.



=> W . (z)
= A): cosly-zyldy +

[
Hence

,

W . (z) = AJ% cos(y3 - zy) dy

is a sol" of 11)
,
with A = 1/2

W
,
(z) = Ai(z) (diny f" of 1st kind . )

~ Im Lt)
For second sol"

,
choose U2 and deform to

+ =

iy ,

O > yz0 -

t =
- X

,
OXXX

.

[ &

Kelt)

W2(z) = Ali) cize-tiy"dy - 10
*

e
zx -x33(x)

- V
,

-

unbounded as ze - is => no FT
,

=> Wa(z) = - A)
.

"

sin(* - xz) + exp)- zx- x )dx -

Set A =*, Walz) = Biz)
, Airy fr of 2nd kind.

Integral representations can be used to extract useful infor

Ai(z) = /cosly >13 - zyl by

Hence

Aild)= coslyldy = 34 ↑(5).

A: 17): YSinlysk-zy) dy

=> Aild= /Bysinly :
3) dy = E 3:13 (5)

.

corresponding result for BilE)
.

Note thatLI can be established

from Wronskian Ailo) Billo) - Aillo) Bi(o) -



Example zw" - 11+ ziw' + 211-z)w =0
.

Seek solv of W(z) =S * fitidt .

Wiz) = S
-
+etfceldt Wilt = S

,

the* fitldt

Hence (p(z) +
--t-2) + (2 -+) ezt f(t)dt = 0

IBP = [Ctr- +- 2) ezt fitl]v + (((z-+ ] fit) - felt-t-2(f(t))]eEtdt= 0

=> (2-+) f (t)-(t - t-2) f(t) = 0

=> f =ctes up to a const
.

Now requiree = 0

Find V S .t .

above holds with↓Ct-zdt + 0
.

ChooseV closed and encircling one or more poles.

& M

&
&

X X > X X >
- -

- I 2 - I 2

Y r
,

A B

Choose B.

↓Tct-adt = 2 : Res(ectes ,
t = 2)

-z

↓Tect-c)dt = 2 : Res(ct-) ,
+ = -1)

=- ez (1 +3z)
.



Omit the factors

~, (z)= e2z
C

Wz(z)= (1 +3z)e
z

/Check LI using Wranskian)

Solving ODE using integral representations - general method

for equ of form

a 1z)W" + b 1z) wi + C() w = 0

with a .
b

,
c low-order poly in z

,
the general approach

is

wizl= ( k(zit) futide

substitute into egu to determine fitl etc.

Various options for Kernel K(zt).

· ezt Laplace
· (z-t)t Euler

· tz Mellen

Example (Euler Kernel)

W(zl = ) +
*

(1 -+(
-b -
(+-z)

-

ad+,

a .
b

.
c const

,
is a sol" of

z (1 - z)w" + (c -(a+b +1jz)w - abw = 0

Chypergeometric equ) provided that
M

Pockhammer

[ta
- c+ )() -+)b(t - z)) -a) = 0

.

/contour

Sometimes choice of contour depends on
⑮

parameters in egu .
2 . g.
Ex2#6 - also Hermite equ

- choice depend on r
W" - LzW' + 2VW = 0



3
.
2 Solving PDEs by integral transform.

Laplace transform : extension of FT . to f's that are non-zero

only on Semi-interval ,
e .g . fix) Xp

X > 0

Def" (Laplace transform

F(p) = S
.

"

e-PY fix dx

Sf(x)=bi f(dp
whereC fixed real coust. Contour C-iD to ctics is the

Bronwich contour
.

Choose a st . Contour is to the right of
-

all sing. of F(p).

#mk If Xo
,

can close contour to the right
.

(recall

Jordan's lenmal
.
Obtain f(x = 0.

Example Inverse IT of F(p) = Stat ,
a cR const

f(x)=zePYdp. - Im(p)

i
forx

Xia

Xco : close to right = f(x) = 0

x 20 : f(x1 = 2i (Res(p , Pria)
X- id

-

Re(p)

/

+ Res(pas , p=
- ia) for x > o

=x
=> fix) : (ax X > 0

O X 0

Exercise Verifyx exex=a



Solving PDEs using LT.

Example /Waves on finite string)

=c u = X = 1 ~
y (0 , t) = 0

O

3
X

y( ,
+) = yo(t)) + 20 A

y(x , 0) = ye (x , d) = 0
.

0 -xxl
-

Several different approaches available Co
.g. Fourier Series)

IVP suggests LT as good option .

Take LT of equ :

j (x ,p)
= 9

.

%

e-ptp(x ,+)dx

y (x , +)=Py(x ,p)dp

poj(X . p) -

pyYeX
, ) =Exp

Y (0 . p) = 0
, y( .p= -Ptyotide

Simplify yolth = Sy to , yo cost.

=> y (0 , 4) = 0
, y (l . p) = Yo/p .

Thus y (x ,p) = A(p) cosh(* ) + B(p) sinh(* )
.

y 20
. pl = 0 => Alp) = 0

Hence
,

j(x , p) =&P,



Mod 1 : explicit inversion
a +io

y(x , +)= )
a-to a ep
-

F(x , tip)

F(x
, tip) has simple poles at p:m ,

MELL.

For Relp) large >0

,Sh-el ↑
Hence

F(x ,tip) -e
p(t +)

can close to right if + + It co ·

Can certainly close to right

if two Ijustifies taking 230) .

=> Y( , + = 0 for -0
.

But can also close to right for osts f
,

ie .

Y (x , t) = 0 for ct < L-x
.

Sol""switches on
" for ctcL-X(consistent with wave propagation) .

For Relp) large and 10 . -nhp ept-E-tp, smalle
Relph--us if 4c-X/c + +co

,
ie .
to

~ Imp)-
Then y(X,t)

= 24i · [residues
· Y

residues at #time ,
(mtl

,eitome in#imC
*

At m = o residue = /I
.

Y

Hence

y(x . + ) = yo) *+Seeu)
s

= yo + 2 E sincon



Two forms of sol" are consistent - FS cancels if t small .

↑

Men2 :

y(xp)=

:-epe

-epy +epte- )

Bromwich contours in Relp) > 0 justifies expansion.

Each term is ofthe form Le ,
LT of kH(t + 2) by

shifting tur. Hence

y(x+) = y. H(ct + x - (2n+11) - H(ct - X - (2n+ 1)l)
.

-
->

-

Train of leftward and rightward propagating waves - appearing in

ocxal as repeated from different ends of string
.

3.3 Causality and Stability
linear input-output system ,

e . g.
a linear ODE.

y(t) = ( f (t)
.

fi+- - yet
input ↑ output

"black box"

Expected properties of C

1)Causality : If fitl -o for to
,
then

yetl -o for too

Output can't precede input.

(2) Entability : In rough terms
, if JR S.t. fitt = 0 for It = R

i

. e . fitt non-zero only for finite time ,
then (fitl to as two



Example Consider linear operator representing damped harmonic oscillator .

-

-
Y" + 2 by' + (az+bi) y = f(t) .

bo

Specify fitl = 0 for to · Y(01 = y'(0) = 0.

Take FT girl = 1. evintyltidt -

lin) + ziw bi + latbij = F
Hence

i = ElwiF - E=Frotziwb + 192 +b2

↑
transferf-

El=a) b-iainential.

R(+ 1 =

a Lelbricht - elbrialt)
,

+ 10·I
O t o

Hence
, yetle)

.

"Rit-el fit

- +e-blt-t) Sinlact-ell fitt de

Hence System is both causal and stable (b > 0).

consider location of poles of R1c) .

RIS-rtb+ =a) (in + b- =a)
Im /c)

M

b 10
,

then poles of RIW) are confined to
x b - Y

upper halfco plane.

ta aReins
General property : causal/stable if no poles of

Ricol in lower half plane.



Compare with LT approach

y(s) = 1
:

0

e
s

ty(t) de

ODE E Sy + zbs y + (a2+bi) y = f(s) + y() + (s+2b)y(0) .

=> y(s) = m(s)[(s)=tanbi

-talbia-btial F(s) .

Poles at -blia in left half plane if byo.

Stable and causal if no poles in right-hand plane.

Extend to more general systems :

· FT casuality/stability if RCc) has no poles in lower half plane
· LT Y R2(s) -

right.

3.4 Nyquist Stability Criterion

Nyquist Stability criterion is a graphical technique for determining

Stability , e . g.
used in control theory (mechanical/electrical systems)

Consider linear system - characterise by transfer f"G(s) Couit")

With negative feedback process with transfer f
: H(s)

.

Open Loop transferf"GISIH(s) · ↳-

IIf G(s) H(s) has poles in RHP ,

--
then unstable OUT

f- fx
IN ↓ G(f-fx)

OUT
3

(negative) Gettfeedback



=> fx = HG (f-fa)

=> fa=a
.

=> f-fx = Tha
,

a (f-fx)=

Overall stability determined by poles of G and zeros of 1 + HG.

zeros of 1 + H(s)GIS) in RHP = poles of h in RHP - instab

Finding zeros of ItGH can be difficult .

Nyquist Criteria determines no · of zeros in RHP. . Uses Cauchy

argument principle ,
recoll : fis) meromorphic inside simple curve

~ with no zeros/poles on V
,
then

# d : -P Canticlockwise)
x ↑

no of zeros no of poles.

-⑫ w

O plane

GrO O

z

= # times that If encircles origin

Hence
, no . of times that If encircles origin : N = Z-p Canticlockwise)

= P-z (clockwise)
.

For simplicity· Consider unity feedback sys . H(S) = 1.

t



Closed loop transfer furs

Nyguist contour

rIm(t)

S

S
- Nyquist Thals

- contour r= 1 +G(s) L

3

- C 'Relo)

No. of encirclement of origin by Tita = N = P-z for Itals)

in RHP .

We can obtain the same info by mapping according to G

rather than1G .
Plot shifted to the left by -1 , quantity of

interest is no of increments of -1 .

M -> -
No. of anticlockwise encirclements of -1 by Ta = P-z for

1 + GIs) in RHP
·
Measure this quantity by measuring Glicol.

ie. oscillatory input for varying frequency.

EmpleG(s)= 0

Open loop system is unstable (pole at S=2)·



closed loop transferf"is

-/4
Poles where S-4 + (1st3) = 0

,

hence s = - E+

confined to LHP if < > 413.

For X =1
,

- Ta counting p - z => p- z = o

-
=> # poles In RHP = # zeros in RHP ·

-
=

I

=> Azeros = 1 => instab

For 2 = 2
,

P- z = 1

* =>
# zeros = 0 in RHP - Stable

·

Erase Show that image of imaginary axis under mapping GIs) is a circle

4. SecondOrder ODEs in the Complex plane

Start with IA DE applied to complex variables.

W" (zl + p(z)wiz) + q(z)wiz) = 0 (t)

with P1z) , g(z) meromorphic in K.

4 . 1 Classification of singular points

(a) z = zo is an ordinary point at It) if piq both analytic

at Z = zo OW
,

z = zo is a singular point.



(b) If z = zo sing ,, but 12-z0)p(z) and 17-z0)" g(z) are analytic,

thento is a regular sing , point.

(c) Ow
,

zo is irregular sing point,

For linear ODEs , sing , of sol are indpt of IC and determined by
p(z) , q(z).

#osW not true for NL egn .. e
. g .

W + W" = 0
= Wil =

1 + W10Z Y

sing determined by IC.

Defh of 201
, 161 can be extended to z = 0 by writing z : ".

It) becomes

Hence=analytic
at t = o

.

If E-PE = -fit) , hence plz = E + ErflE) with f

analytic as zt0 , and : get) ,
hence gizt

with gl11z) analytic as 2+ 0
.

Correspondingly ,

Z= 0 (too) is RSP if

+ (E-) = 2-p(z)z -

is analytic as z + 0
,

ic . p(z)
= E +& f(z) · With famalytic as

- +1
,
and

: zqlE

analytic. ie . q(z : Eg('E) withg analytic as zt0.



Example ↓-

z = #1 RSP . (verify) ·
z = 0 : ql- +O) , plz) :- = Ell + P(a)

.

Hence a is RSP.

For large Z, -

CompatableWith W = z" for large 5.

(indicates RSP but more precise conditions will be used later).

4. 2 Indicial Equation

Am : to find LI solls to It) · Consider RSP at zo .
Seek power

series sol".

Will = ztanz
in ubd of z = 0 .

Using Criteria for RSP :

plz)=E PmE , qual= qm

Sub-into (t)
.

t an (n++ (In+-1) + 1 Pmzn) /n + r (an En
++-1

+ (E2qmz) an z
+ ) = 0.

Geff , of lowest power 15-2)
:

as 1528-1) + Xp- + g - ) = 0 (indical equ).

Roots +1 . Je and hence generate two sol" .

W . (z) = zV (av + a . z + anzh+... )
,
Walz) = z4(botbiet ... )



T In are exponents at z=0
.
(sol"LE if T, &2)

Now Consider RIP at 0
. Define t : 11.

Write
W(l : tUSant = zU anE

NoteSign convention ona

analytic as argument -> O

- &

For Rspats , require plzt
= E + Eflz) , q(z) : En gl11)

,

il

p = PmE-m , q= gmz

Sub into It)

z-5 an(n+)(n+ r + )I

-zanhPmim) + z
-ranz(qmz%- =

Identify terms with highest power of E
.

ie . Z52.

& T(0 + 1) -

dowp ,
+ 90qz = 0

with roots2 . 52.

Summary : RSP at E = zo if PIE)= PuCZ-zo . gizl= quizz,

With

~ (E) = IE-zolan 17-Z
with & mot of

2 + (p- -1)2 + qu = 0.

RSP at E=0 if plz= pmEnqz :qmE, with

W(El = z
2 Zanz

with acoot of
wa + 11-p , )2 + qz = 0

.



4. 3 Sol" of second oder ODEs near OPs at RSPs

Eple WW
q(z)

p(z) , q(z) analytic in 121)
.

Near z = 0 (OP) ,
two series sol"

W . 1z)= Z , Wezn
Note Wild0

, Wall o , both analytic in 121) .

NearE= 1 (RSP)
,

write

Wizl = (0-1)0an1z-
~ (0-1) + 45 + 2 = 0 = 5 = - 1 %: - 2 .

Hence
,

2 LI solh

Walzi=z , Wall=ER .

Using analytic continuation
,

can't integrate through sing. point , but

we can integrate around and use analyticity . May have to accept

multivaledness .

Note 5 - E % - to be discussed later .
-

Ern : Write z-1 = Z
, W" + EN + Zw = 0

Indicial equ
:

+(5+ 1) - 45 + 2 = 0 = + = - 2
,

- 1

Will =zz , WfE(n +1)

=> relations between IW .. Wal .
(Ws

,
Wil , (Wi

. Wb] .



General properties of solt near OP and RSP of

W"(z) + p(z) W(z) +

q(z) Wizl = 0 .

with
p , q meromaphic on G ,

Sol" near op :

Thm If p(z) . g(z) analytic in disa IEICR ,
then I two LI sol"

W . (z) , Welz] Set

(1) W
, (E) , Welzl analytic on 121R . Iway be analytic in part

of 1zK-R)

(2) W.(d) 0
, W2d = 0· Wald = 0

. Crots of indicial egn are

r= 0
,

r = 1)

Pf : Sub Taylor series for pizs , glz) .
Write down series for

WIZL= Anz , equate coeff- of Ev and check ags A

Example sol is analytic in region that includes sing- of puts , g(z) .

w" -W+ W = 0
.

has sol" W = Alz+) + BIZ-112 Centre) .

(2) is egu. to saying that I sol Satisfying Wo
,

will given.

Sol near RSP : indicial equ has note 5. . Q With WizINZY
, z*

Ll if 2,2

If w = rz .
then WIESNE" and win/logz) zYLI.

Thm If z = 0 is RSP , 72 LI sol W
. (E) .

Wales with

111 2 - 22 **: WIES : zUUiEl
,

Wall = -FrUzE)
,

With U,Ur

analytic in 1E1-R with Clo , Unlo #0



(2) T. = 52 : W(z) = zY U
. (z) ,

Walz) = Willlogz + ↑Uz(E)
,

with U1. Uz analytic in 12KR
, Unlo , Unco) to

(3) & 22
,

5
:
- RE1

. (say +. > 52).

W
, (z) = zU: U , (E)

,
Wall = (Will logz + ZU Unz) ,

with U.. U2 analytic in 1E1R and U . Lo) , Uco) O.

Pf : (1) Pose power sol" with WES = Zanz .
Sub-into (H.

anCherIntrant Puz)

+Anzh(fmz) = 0

Then coeff- of z5r :

9 v(r-1) + arp- + 90g = 0 = 00 F(2)

F(t) = 0 determines U . T2
.,

then higher power :Utr2·

an F(r + r) =

-& an ( + r)Pr-men + Gr-m- 2) .

Recurrence relation for ar in terms of am Iman) (Straightforward

unless 5:
- 52 (1)

(2) . (3) include log z term ..
This will generate & LI sol· A

RSP at is : soll will be of the form

W .
(z) = z

- 5. U , ((z) + z
- 0
Uz(1/z)

.

(Case1 - similar
:

similar generalisation for (2) . (3))
.



Example (Bessel's equ) W" + Ew + (1 - E) w =0
.

z= 0
RSP · Indicial equ

:

- (0 -1) + 5- 22 = -V = 0

Hence
,
We zoan

=> ztanintrin+-1) an Intr z -Manzanz) =0

8 = EU from n = 0

n = 1 : a , ku + 11 =
- vz) = 0

n= r
.

+22 an (Cr ++"-r2) = - Are

e. g. V = o /r = +2) an=-An
W

,
(z) = 1 - Ez + z" +... = JoE) Bessel th of 1st kind .

second solt is Wall-Jolz logz +Sobrz.
· U integer/half integer - two power series

· V = 19 - Need log term.

4.4 Fuchsian equations

An ODE of form

W"(z) + p(z) w(z) + q(z)will = 0 (t)

is called Fuchsian if it has at most 3 RSPs·

ORSP

Chaim #ODE It) with no RSP in I = KUS0)
,

If : For such an equ plzt , guz) analytic UzEK.,
but z = 0 is an



Op
, hence plzl = E + 02) as z+ 0

,

hence pizsto
as zi

=> p bounded , hence by houville thm
, pconst ,

hence plz) =0

(so can't go as 4z as z+ 0) # T

Desp

WLOG , Fir is RSP.

Then all other points including E=D are

ordinary points

=> zp(z) = P(z)
,

zu = q(z) = Q(z) .
Both P . Q analytic in K .

z= 0 Op = plz) = E + Erfliz) , glx = Es gillz) with fig

analytic at origin.

Hence
,
P(z) = 2 + Ef(z)

,
Q(z) = E glie) .

Hence P,Q bounded and hence cust.
=> PET = 2

, QIZ)= 0
.

Hence
,

the only possible form is

w" + EW = 0

With sol" wizl : a + Plz ,
<B cust. Exponents : 0

.
-1 .

Before moving to 2
. 3 RSPs , note that a Mobins transformation

M : ++ will Send H to another
equ of the same general form

(with different p.g) .

RSPs are moved and according to Zor Mzo ,
with exponents

unchanged.



Illustration : Apply to 1 RSP case with RSP at E :zo.

w"+zw = 0

Solve : W = < +P/(z-z0) .

Now apply
Mobius trans" U= Ezo . -Hi

-> ur(uzdw)-zu = 0

Sol : W = A + Bu = Ano + BUY
" = A + B/1z-zo)

.

Preservation of exponents follows from local behaviour near RSP
,
won't

be affected by presence of other RSP.

Exercise Simple example with single RSP works Fr. ,
22.

Also , note that Mobins trans" M : z-et ,
then (t) -> another 2nd

ODE of form It) With different p(z) , q(z).

2SP

WLOG assume RSP at 0 .
1 and all other points including O Ops-

Write p(z) = A ++ P(z) , with Plz) entire
,
AB caust.

z = 0 Op = p(z): + 0/Es)
.

Hence Plz) = 0
.

A + B = 0

Correspondingly , q:+ D2(z)
,
Q2(z) entire

-12 +Q2(z)
,

As poly , deg : 3 .

E = 0 Op -" glzl bounded as z+0 => Q2(z) = 0
.
Q1z) =& const

Thus DE has form

w + ( *+ )wi+
-2

= 0



Near z= 0
,

W"+ W
:

+ D = 0
,

hence indicial eg

r +Ac + Q = 0 (I)

Near z: 1
,

w" +E = 0
,
hence ind

- equ.

=> o -Ar + A = 0 (t)

Now illustrate effect of Mobius trans"
,

e .g .
+ = /2 : 0-30,

- > I RSP at + = 1 , too . Compare exponents .

sp

The Papperity egn (Riemann Pegn) ,
have 8 parameters.

(i) 3 pos of RSPs

(ii) 6 exponents (2 at each RSP)

(iii) I constraint on exponents - exponents must sum to 1.

Suppose that RSPs are at z = a.
b

.
c ED ,

distinct
,
and all other

points , including O
,

are
OPs.

entire

↓

plz) must have form plz): P

(C +2
,
etc , defined , and C

,

C not defined individually

Z= 0 is Op
, then piz)= + OE) = P(z) = 0 (Lionville)

.

zP(z) + 2
as E-> => 1 -2- C + 1 -p -

p) + 1 - V- V = 2

=> 2 + 21 + B +p + u + r1 = 1

entire

g(z) has form quzl +On

--b1212-a + Qalz)
.



with Q ,
(21 poly , deg 5

·

z = 0 is Op
. q(z) = En glIz) withg analytic as ++ o .

zPq(z) bounded as z+ D
.
hence Relzl = 0

,
and Q

,
1 is at most

quadratic .

Hence
, expressing using partial fractions,

g(z)=-blz-c)[c]
Now write (WWG a .

b . c distinct)·

& = Ad (a-b)la-2)
, qu = Pplb-a)(b-1) , q : UV'(c-al(a-b) .

Hence
,

w +(

-- ]w =0(t)

With C+d'+ +S + V + V1 = 1 . This is the Paperitz egu

Near z = a
,
() reduces to

w"+ = 0
.

Hence ind
. egu

:

ra - (+ 2')t + 2C' = 0

=> exponents T = x
, x' are exponents at z = a -

Similarly , P.S exponents at z = b
,

w , U exponents at z= C.

Form of It preserved by Mobius frans" as argued previously.

Erase +: ,
are "la

,
byb

,
21

,
XX

,Pl , U , U preserved .



Paperitz equ Its can be written using Papperity symbol.

wi :Pa)
for "WIEL is a sol" of (t)"

4
. 5 Hypergeometric egn
Mobius maps shifts RSPs of linear ODE who changing exponents.

If M : lab
,

c
, z) -(aib'c , z)

a ba

P I A I Ipuz = plac'1'v

Consider multiplying sol" of Pegn by (E)

Wil : (E) "w(

Certainly WIZ) is sol of ODE of Standard form It.

Recall that OPs and RSPy distinguished by local behaviour of sol" .

At
any OPz

= zo
,

2 LI sol" W . (z)
.

Wilz) With Wild) +O
,

Wald-0 but We'zs to
.

W ,, Wa analytic in ubd of Zo

S (e) " non-zero and analytic at 7 = z0 · Property unchanged

by multiplication -> OP- > UP .

Near RSP at Za: Wil = Alz-cUKzl + Blz-ald'Uzz) with

U .. He analytic in ubd of Ea and Uila) to
,

ueal to

Hence. Wil = Alz-a)
+*
U , (2) + Blevald't Un(z)

. with U .. Us

analytic inrbd of Ea
,
U , (a) +0 Uzlal = 0,



Hence equ for W1z) has RSP at z = a WI exponents L+ K and 2tk·

Similarly , equ for W1z) has RSP at z = b with exponents p-k,

R1-k., and has RSPatzia with exponents unchanged.

W=pI I
NoteSum of exponents remains 1.

Consider RSP at 0
, say b= 0

: and

w =plz) .

Consider W=zra)
"W
.

As z + 0
. w = Az-Pull) + BEP'Unllz)

,
Un .

Uz analytic

and non-zero as z-> 0 . Hence,

W = (z -ask w = Azk -Pu
, (((z) + Bzk-Buz (1z)

·

With U .
(IIz) and Uzllz) analytic as E-0

.

Hence
,

(-a) p =pI I
C

Z I2'+k B -k

Can apply following procedure to general Pegn

11) more RSPs to 10
, 1 , 6) by Mobins trans·

(2) Shift exponents so that G = p = 0
.

giving

Pl &



Now relabel U + a+B = A .
v + a +p = B

, BI-B = GA-B
.
Hence

po
1 A

I
↳i)

.

8 param- 3 param , representing sol" of

w" + (B)w = 0 (k)

the hypergeometric egu.

One of exponents at E = o is 0 , hence there is a sol" wil which

is analytic and non-zero at z0 .
WLOG W10)=1 .

This sol" is the hypergeometric f" F(A , BiC , z) .

Properties :

· FIA
.
B : C

. 0) = 1

· F(A. B ; <,z) = F(B ,Ai <
, z)

&aim : FLA
, Bi <

, z)=B
where (In := X(X+1) ... (X +-1) is the Pochhammer symbol .

Series

converges for 1211 . (note RSP at z = 1)

If : Let FIA , Bi ( , z)= anz Can show

Any-Ba
bycomparing coeff. A

Note Potential problem if C is negative integer.
-

First few terms : F(A . Bi(z) = 1++BB



Examples · (l-z)" = F(-n , 1 : 1 , z) ,
-

· log(ivz) = 2 F (1 .
2 : 2

, z)

· ez = lim F(1
,
Bi 1 , /B)

13- 0

Integral representation of HGF :

FLA . B : (z):ButBltA

for Relc)cRelB)> 0 and 121/1 (needed for egs of integral)

2nd sol" near z = 0 (c = 1-c) is will = z1-ght)
,
with

g(z) analytic and glo) = 1
.

Aim to express Watz in F.

Wa(z) is a sol to (A) · hence by exponential shifting . Welz) is

Soln

zxp(z) = 4(4)C- A -B1-C B

= Pla
↳

·
- p) %

↑ -

1Opi . A z 1
where C1 = 2-C ,

A : A-C + 1
.

B' = B. C + 1
.
Hence

z" Walzl : FIA' , B'i C' ,
z)

=> Walz) = zl-C FIA" . B'ic'
, z)

· z1-0 F(A-c-)
,

B - c +)i2 - c
, z)

(potential problem if <Eo ,
so avoid (EX)



Sold near z = 0

Aim to write the sol" in terms of HAF.

S.I of form Walz) = E-Kalzl
,
Wylzl = zUblz)

.

· with Hallz1
,

Up(11z) analytic as "lz-0.

Wa issol" of pogo OI & =) : then Kalt) = zaWal is sol of
1 - 2 c-a-b b

Dad I - ploo )I
1 - c+ a

-plta
·a= Plioc saib's I

where a l = a. b = 1 - c+ a
,

c = I + a -b.

Ka(z) analytic at t=z = 0
,

so if UalD) = 1
,

then

Wa(z) = z- Fla , 1- a + ai Ita -b
. z 1)

Similarly
,

Wy(z) = z-b F(b .
1 - c +b ; 1 + b- a

, z
- 1)

Note possibility of multivated fo - above statement apply to

principle branch.

Furthermore ,
since Walzs

, Wyz) Ll ,

we can write

F(a ,
bi c. z) = Az

- a F(a ,
1 - c +ai) + a -b

,
z+ )

- Bz-b F(b
.

1 -c +bi l + b - a
, z")

Where A .
B can be determined.e .

g . from integral representations.



Example /Legendre egn (

(l-z2)W" - 2zW' + [nInti-z] w = 0

Ce .g .

arises in sol of Laplace egu in sph . polars with variation

2 timp and
z = cos0 .)

In standard notation,

plz)
= -, gh=

z = El
,

E = 0 RSPs
,

all other points are ops .
Hence Papperate egu

and we can determine sol"as linear combination of HGFS.

Near z = 1 : w"+- w = 0
. Ende

r- = 0 = N . 2
= = m/2

Near F= -1 : as z= 1 by symmetry

z = 0 : ~
"

+ Ew' - Mw = 0 ·
End . egn

~ (0+ 1) - 25 - n(n+ ) = 0 => 5 = -Min+ 1
.

Hence P symbol for Legendra egu is pImri z)
Now S -1

↑mp
and mobins trans" + = t has - 1 +. 1

,

110
,
0 -- 5 . Hence

1 A

Ep
a=  uben+ 1 .

C = 1 -m



So lif mkI) . 2 Ll sol written as

Wi(z) : /*) F(-n , n + 1 ; 1-m. ),

WilE) = (1-z2
*/ F(m-n ,

nem-1 : Nem
, E)

·

ceof me L

Restriction above tom & C) because of need for log t term.

wrow take meo
,

then Wiz = (l-z)mhllzF1 ... ) remains

as sol" .

Walz) = (10z) /g + 2)
*

Fl ...
)
may

need to be replaced by a sol"

with log form.

If in addition
,
net

,
then the series for

F (m-n , nem-1 ; 1 + m
,
()

will terminate
, giving a poly . Ifnem>m or nemtin.

(ie . unless n = 0 or-1)
,

series terminates before need for logz

- no replacement of Walzl regid.

4. 6 Monodromy
Monodromy = "running around sing .

"

,
how mathematical objects

behave as they are followed around a sing.

Consider egn W" + Pw' + qu = 0 (*) in ubd of RSP at zo
,

with

no other SP in 1EKR .
Ind . equ

has ronts..



If 5. -5: I ,
then have sol

W
. lzl = zYn , 1) , Wall : zF Uc(z) ,

U .. U2 analytic in 121R.

If U -ThEI
,
sol

W . (z) = EYUE)
,
Welzl = logz · Wilzl + E

F
Uz)

,

U . U2 analytic in 12KR.

Define D = (2 : 0 CEKR)
,

the largest punctured dis about two,

that does not contain other sing . Let ZoeD bean op
,

hence 7

open disc Do centred atEo ,
in which (A1 has analytic sol

which forms arec. Space of dom 2.

LI sol : Will .
Wizl

.
We can analytically continue the fr

W
, We along the curve C vic a seg of discs back to Do.

Hence. W
, (z) = W

. le
*"z) and W2(z)= Waleiz) ,

where W , is

sold to (*) .
So 7 non-sing matrix M S-

t.

(= m
M is the monodromy matrix. Note if O were Op,

then M= 1.

M can be brought into JNF

(i) (eatin
,

·
entice) or (i)(entersir

For both cases W
.
(e

**
z)= e

***

Wiz) · Write gizl : -"W . (z)
,

then gletz) = letTiz) -Y w
, (etiz) = z W

. (z)
. Hence g(z) is



single valued and can be written as Taylor Series ,

W
.
lz) = zan

For (i)
·

same argument applies to W2z) = z02 but".

Consider (ii) :

Wale
**
z) = W

:
(z) + e22 W2z(

Let fiz) := z* We (z)-iz-Ulogz Wilz). Then

fleiz) = e-2ir -0 waletz)

-cit-zinz-r (logw

= e-zin z-T(w , (z) + eit, Wazi)
.

- ERTil-cit (logz +zi eTI

= EnWilzl-Et z-4logz W: (z) = f(z)
.

HencefSingle valued and hence

We (7) = w= logz + 25baz
i

. e.
the existenceneed for the log. term in the sol

is associated with non-ding. of M . More generally ,

M

encodes important info about the structure of ODE and its

soo .


