
Electrodynamics
1

.

Relativistic Formulation

Maxwell equations for felds

E(xit) , Blet) , XEIRS , ter
.

In presence of sources . Plit) : charge density,

I (* , t) : current density

7. E = (Es (M1) 7 B = 0 (M3)

7 x E = - (M2) -x B =Mo] +MOST (MR)
where c = /Mogo)"1. (1)

(M1)
.
(M4) => local charge conservation

+ T . 1 = 0 (2)

The total charge in region VCIRS is

Q(t) := (d * p(x , t) dS

⑳
=>= (udxp(x,t) Ifsav

- Jud

-Ind * 0 - I =
-Sgds- I ,

(3)

i

. e .
the rate of change of charge in V = total flux through IV.

convinent to express E and & in terms of potentials.

% (xit) : scaler potential , Alxit) : vector potential
as

E = ---p , B = 7 xA (4)
.



We see that E and B are invariant under
gange

transformations

- - d -A + A + 5X (5)

whereX = X(it)

Relativistic Electrodynamics
Work in Minkowski Spacetime RR"with metric tensor

Yor
: = diag) -1

, + 1
.

+ 1
,

+ ),

Spacetime coordinate xM = (ct
,

<).

Metric is invariant under Lorentz transformation (LT).

xx1+ xm = 1
-
x

11901p = yu
Potential form 4-vector field

A
M
(x) = A

*
( , t) = = (P( , t)/c , A(xit)

Am Am : = 14 Av

The gange transformation in (5) become

Am- Am + 24X
zemark 24 : = yMyr , Gu : = 2/2xv

Sources also form a 4-rector field

jM(x) = jM(x ,t) : = (cp(x,+)
,
[(x+)

jajm = = 14 - jr



Charge conservation : GuJM = 0 (2)

Electric and magnetic field live in Maxwell FieldStrength tensor

-

FM : = 2 MAU - 2AM
,

(11)

which is a second rank antisymmetric tensor (2. 0).

Antisymmetry : FMU = -FUM

tensa :FM F ((2)

For
(4

. 19 . (1)

MV 12 3

I o
O Ex/c Ey/C Ez/C&- Exc O Bz - By

2 ·EyK-Bz 0 Bx

3
-Eac By - Bx O

We have A
* -Am + X

, so

F
Mr=Ar-2AM -> Far+CM

sym of partial denvatives

Covent group has two invariant tensors :

· metric tensor : your
(M, r , p . 5) = w(l , 2, 3 . 4).

· alternating tensor : suror . 1 . WES4
, sgn(w) : 11

%w

We have E Fur FMr = IEK2-lEPICh
I

*

FM = surp F
or

Lorentz invariant

scalers

and

- Fur *FM = E .B



We can rewrite Maxwell equations :

(M1)
,
(M4) => zuFMV = =

Mo JV (M)

(M2) , (M3) E Cu
*FM = 0 (uz)

Check that /M2) satisfied if we have FMVCMA"-CAM,

2u
*

FM = 2uEMupo (GpAr-GrAp
=I Eurow (LGAr-Ap)

Relativistic Dynamics

Particle in 3D Minkowski Space IR3" follows wine

parameterised by proper time
T

. =

xm = x m() = (c + (t)
,

X(t)

In sine inertial frame, F
3-velocity : v = &

coordinate time + related to
proper

time

* = VI) =F v = (4)
.

Covariant description involves 4-velocity
.

um( = (v , vi)
.

Then UnU" = -c 2.

Conserved 4-momentum

PM = mUME
relativistic

energy momentum

where E = mUch , f : MUL.



Lorente force law

Relativistic particle of rest mass m
, Charge &.

FM== (14)

4-force
-

· spatial components :

E = g(E+XB)
.

(15)

· time component i

E = g Eov (16)

↑
rate ofCharge rate of work done
of energy due to E

Action Principle
Non-relativistic mechanics

Particle of massm moving in R X = X(t)ER3 in potential
field V(z)

.

m = = =+V
.

E. O .M
.

can be derived from principle of least action.

Ref (Lagrangian) ((t) = ((x(t)
,

x(t) =+mx - V(E)
.

(x)

Def" (Action) Stef ECtD := If L(x, , +) de

We vary the path = (t) i X(t) + Se(t)
.

With fixed

endpoints, Sx(ti) = Seltf) = 0. The path of the particle

is determined by requiring that

SStity = 0
.

This is the principle of least action (Hamilton) .



Calculus of variations => Enler-Lagrange eg

- () = 0

E m = = -7v

Action of Relativistic Particle

Particle
,

rest mass m
.
follows worldline in R3"

B

-
worldline parameter

M -XM = X (x)
.

increases with t,

. A

from event A to event B.

Natural candidate for action is length of path.

SA = NI Id ,

d = yarder
Then

Sai = N/(
special choice : 1 = T

,
then dso = -c'dt" ; and

T(B)

SAB = Nol de = N (t-t)

Introduce woods XMIT) = (ct(t) .
(e)

,
with

=-
and

SAIB = Nell de = Not wide
-~cd

= Itdt ,

whereL(t) =Nc/2



Taylor expanding.
((t) = Nc)1 - * + 0()

Compare to Loc = KE-PE-EMEP ,
choose N = - mc

,
then

LIt) = - mc + EMIER + O(1*14/(4)

Hence
,

in general,

Sa
. 1

: - mc / (yu (17)

Comply EM must be

· Lorentz invariant

· Gange Invariant

· Recover correct equ of motion

The total action is

& = Sai + SAB
,

where Si = g/ Au(x(x) d
Consider gauge transformation 151) Anke) it Anx + he X(x).

Vy(x) , y(XA) = y(XB)
= 0

, then SABJAB"SSAB,

55 = gb Guy
= q(X(xa) - Y(x)) = 0

.

So it is guage invariant.

For ↳ = - mc( -Yur +g(x()(9)
E-L :

&in-x) = 0



by varying St = /x, ]dX
Note also = (Ar(

+ gam(x)

and consider: we have

(-ye
using uput = -c . Then

-> = mynr + gAu(X(x)
,

which gives E-L :

myr) = g (GAr-JrAn)qu

Specialising to use X = T (proper time).

=> myar

=> = Eu W

which is the Lorentz force law.



Action of EM fields andSource

Action S[A ,
J]. Require Corentz invariant , gange

invariant and reproduces Maxwell egus.

We will write s in terms

ofLagrangedestna- JM(x)
((x) = ( (AW) ,

J(x)
,

. . .
)

-
Ank ⑮

S = (d *x((x).

We write

= -Fur Fu+ AnJM (20)
.

Covent invariant is automatic. For gange invariant,

consider An-An + Ex for any X(X)
-> 0 as 11-30 or

t- In

Varying L + S2 , where

& = -Gux · jM = EGm)X5M) -

An eM
= 0

.

Then

SS = Spdix Lux - jo

= Sid *
x 2u(x5M)

- Sar, dSu5M = 0

4 = 0 m &(IR3")

Principle of least action applied on L

=> In FMr =
-NO JU Mui

(See Sheet 1 #1 .
2) .



Coupled System

A relativistic particle rest mass m . charge g , moving along

worldline y
M (x) = (ct(x)

, y(x)) . This corresponds to a

soure JMIX) : (pixit) ,
[(xit) with

P(x , +) = g(((X - y(x(t)))

Defining 3-velocity == dy It , then

[ (xit) = qu(t) (((x - y(x(+))

The interaction term is

Sint = Jdix JuAM

Sent(ax Sk - y(xt) An(X) WM

where wh = (c , 1) :U .= so

Sint = g(d+ Aut , y(t))·
= g(d) An(y(x)).

The combined action is then

Statel = (Eur FM d*X-mc)(-yor M + Sit

variate SAn-Maxwell eu.

Syt -> Lorente force law.

Motion in Constant Feld

F
Interested in CF = 0

, ie . constant homogenous field.



Integrate to get

u(t) = exp/) 4/10).

where

FM =/Eye I- By
Bx

By -Bx0
X

-sign induced in time word.

by lowering indices

and

exp= (F4%
= Su+ +( FMpF% +O(FY)

Different cases depending on Covente invariant,

- Fur
*Fur = E . B

I Th FM = 1313 - EER ·

If E . B +0
,
then perform a IT to a frame where

E = (E
,

0
, 0) . 3 = (B

.
0

,
0).

Then

(
E/c IL O

(= In
2

Fr =

0
BIM,

where = (i 6) ,

M = (_i b)
.

2: Band
-

IM= - Es

exp(F) = (exp(st()ti)O

with

exp(a= 1)= i

=



= cosh(t) [2 + Sinh (4) 12.

Similarly , exp(BT/M) = cos(BT) In + sin(St) M.

Integrate ur : Ex writ. I
,

we get

XM(t) - c = (1(t) u20
&

where IR(t) = ·Sink) In + loshke) /L,

$(T) = Sint) I2 - ↑ cos(Bt) IM.

Energy and Momentum in EM (see IB)

EM field carries energy density

E = ElEl+M 1812

· EM field does w on point charge of at a rate

W = d (Emechanical) = q E . ~

Current-charge distribution is

z = I . E
X

work per unit volume

per unit time

Define Poynting Vector N = Ex B
,

then Maxwell egus give

+ T . N = -I . E (31)
.

If we interpret N . dS as energy flux through d ,
then

(31) express conservation of energy.



Integrate over any region VCR
S = 2V

I got
* SnEdV + SrI . Edv = -SnJ .Nav-W

=

- Sav E. da

=> EM energy in VI + (total work done in V.

= - (Energy flux through 2V) .

Momentum conservation

Point particle chargeg ,
in an EM field.

E= = g(E + = +3)

For a charge distribution.

-
f = jE + [xB (32)

face density
=

v . o . c . of mechanical momentum
per unit volume

Eliminate the sources using Maxwell equ.

P = Er 7 . E (MI)

I =XB-E (M4)

Then

f : E (b·E)E + =(+xz) + B - EXB (33)

Use identifies

(Jx() + B = (B - ])B - 171B)2 (34)

Then

x B = (EXB) - EXE

= (EXB) + Ex(]xE)

- /ExBl-lE · PE + -PIER (35)



Combining
,

1 = S
. El · E) + (B · 7)B - 1 5181]

· ELLEXB) + ELIER-(E . T)E]

Convenient to add GB/T . 3) = 0 So

F = s. [T· ElE + IE · JE-EDIER]

+ [11 . 7)B + B(4-B) - [TIE1) - SoCE(E x1)134

Terms in brackets are total derivatives

[El · E) + 1EbE - PER]= (EES-YIEPSij)
,

137)
↑

Define momentum density
g = 50 ExB (38)

and Maxwell Stress tensor

ris =
- E(EiEi -llERsis) -t (BiB" - [181"Sis) (39)

Rewrite (36) as conservation egn

-(E)

Integrating over some region VCIR3

# Sngidr + Sulp + IxBdV =-Sedd

=> momentum carried) +talmechanical) =- (fluxof momenta



Stress - Energy Tensor

In relativistic theory ,

the components

E
,
Ni

,

9i , Tij
These combine to form a 12 . 0) Lorentz tensor

O j

TM0 .

M & eg;(
i Nile Tij I

Matter dist . of particles ,

rest mass m
, number density no.

at rest in some inertial frame S.

E = mcno N
,

= g = 5 =

TMu =
- E + Vi = - E (4)

Perform a boost with speed v 11X-dim.

t = V() (t - Ex) y = y

x = V(r)(x - vt) z = z

in S
.

Particle more with 3-velocity 1 = /-V, 0
,
0

Energy per particle
: my(-)a"

momentum per particle : mrVI)

Number density ins' increased by lovent contraction

No" = VIv) No
.

Then in S:

Energy density : E' = VI) me no = v'mc"no : U(e)d

Energy flux : N = - E'v = - Vir)vE



Momentum density : gx = - VI) Mr no' = - Vers muno

--will E

Momentum flux : Tx = -gxv = VIE .
So

xm = Xm = 1x, 1 =(i)
and

waa rak
- V°cy vE/C O

Tir I v(v)VE/co SO ou

Can now check that Ter = 1
*1 To

Properties ofStress-energy tensor :

· Symmetric +Mr = TOM ,

so
energy flux < momentum density-

· Trace TMm = -E = -meno

EM Stress-energy tensor

We have

E= IEl2 + E 1112.

N = u EXB
8 = E EXB = N/c2

T:j
= - Eo (EiEj - t El Sij) - (BiBj - IEPSij)

Then

Th =
- E + Wi

= solEK) - t - 1 + z) +t(sk) -2 - 1 + z) = 0



· TMV is (2 , 0) symmetric, traceless
, gange-invariant , quadratic

in fields ,
so

Th = t (FRC FY - you Fop) (43)

Conservation Law becomes

GuTM = - Fu To (44)

Radiation

Maxwell's equ admit wave-like sol" (in vacuum

E : Eosin(kx-cut) B = Bosin)k - X-2t).

Maxwell gives

w = c(k) · cher
Waves propagate at speed che
7. E = J . B = 0.= · E = 1 . Bo

TxE = - E => ↳ Eo = 2020 => C 180) = Eol

We Introduce the wave 4-vector

k = (w( , b)
· w = <(k) => York" = 0

· b . X - wt = luxM.



Then for field-strength tensor , noting that

↓ = (k ,
0

. 0)
.
E : 10

,

<Bo
,
0)

,
B = 10 , 0

,
Bo)

,

we have

( O O :FM = Bosin(kuxm

0

"
- I - 100

0000

The energy-stress tensor is

+Mu =t (FMFic -Mr FOR Fap)
Noting

EEFMr = 1B12-EIEK = 0
.

So

-

TM = FMCF =S(kx))(
=sin(

Hence
,

E= sin" (kuXM)

And

T
xx

= W = cgx = E

So we can treat Ell fields as a gas of photons

Ev = Prc.

with Pr : /fr/



Radiation Pressure

Consider EM wave incident an perfect conductor

En
1- / -7
-

reflected =
>

--

- inside conductor

k = kX
. EXY , B2.

Gauss's law :

-
E-E : TSE/Er

7. E = PlEo = Eats (11 to conductor) .

=> E(X = 0
, t) = 0

=> Etc = Boc[sin(kx-cot) - sin) -kx-cut)]

Similarly ,
from Maxwell .

Etoe = Bo [sin(kx-nt) + sin)-kx-a+)]

(kxEo = Bo) So & discontinuous at X = 0 -> surface current.

(x =[ + 1B-
= 0

= (sin" (kx-cut) + Sin(-kx - et)

=> Ex(
= 0= Sinc -et)

This is the "force exerted on a conductor per unit area" or

"radiation pressure" .



2. Radiation

4.vector potential AnlX/ generated by an arbitrary source Julx)

(M1) => 2u FM=Mojr

where FM:INA"-20AM , then we have

DAM-yN(GrAr) =
-M - JV (1)

whereI : = yarcudr = j-

Perform gange-transformation AN AM = Al + 24X
, choosing

DX
= -Gh (2)

Then

GUEM = InAM + 2nd Y
= O

This is the Lorentz gauge.

And in Lorentz gange ,
(1) becomes

DAM =-MoJM (3)

drop*Filde

Taking Fourier Transform w . r. t
. time,

int
Ar(t)= (w . x)d

jM(t, )=
0

FMW, ) eint do

Then DAM =
-MoJM become

(j - c) AM = -Mjv

=> 152 + k2)EM - MOJM (4)

where K = = w/ is the wavenumber.



Solve by finding Green's foG(IiX) for 1" + k2) obeying

(11 +k2)G(xixi = SB(x - x) (5)

So that

M(w
, x) =o (dixG(zix') FN

/w
, x) (6)

standard analysis gives
[ck/ - * '

Ge(xix) = - e

(4 -x'

Taking"-"sol" , (6) gives

M(0 .)= (d3xe
- ck(x -

x jM(w
, X')

,

1x-I'l

and thus

An(t , x)= A"
(

. x) east do

= /dx enti JM(w , 1)
1 X - I'l

- (7)

where tree: t -

E isthe retardedtimea
Time component of 17) from X to X ·

9 (xit) =c)dxe
Remark G+ yields similar formula but tree+ tadr =+ E*

but violates casuality
.

Relativistic invariance

For any
event XM = (ct , 2)

,
define past light-come to be

w = (ye /: ymu(x
*

- y(((x"-y = 0
, y:x%



(7) can be written as

AM) :
w=
dy Jay

=Spdy Slymu(x-ym)(x* - yo) - @ (x :g =Mys (8)

This is manifestly invariant

If : Recall f fly) with isolated zeros yey:, i = 1, ...,

we have1
Apply this to

fly % = yur(X
* -yn)(X" - yY

= (x -y)2 - (x0- yo)
= ((X -y) - xo +y0)((x -y1 + Xo - yo)

vanishes at yo = Y = X E IX-y) ,
and

f(y)(yo = y
= = 2(X -y)

Then

S(f(y)=
=> Siflya) ⑪ (x0 -yo)=

Hence,

Ef d +

y S(yn(x - ym)(x*-yr)((x0 - yo) Jay)

= (d) Hy-x-yy
-(dy4Ctret. 7) = A(xt

D



Radiation in dipole approximation

Consider radiation due to a source JM supported in some region

VaCR of size a. and who contain origin

For XEVa
,
I'l /X 2 ⑮O↓ Va

(* - (1) = [( * -) - ( -x1)]"

= v - 2 - x' + O(a(r) (9)
= a ->

where r: /1 ,
I = X /r .,
fora.

(7) = Alt. ) =(ax
Using (9),

I(t- ,

x) = ](t - E
,

x) + #J(t-E ,
X) +..

I oscillates at characteristic frequency c (e .g. [ = Jo(*) Sin(wt)
For ra (d) and Wa (B) ,

then

Alt . x)= /Ilt-E , x) dix . (10)

Recall point charge of at position I ,
the electric dipole

moment is

# =

gx

Similarly , for charge distribution $(ts * )
,

f(t) =) p(t , x) = dX

Charge conservation : + T . I = 0



Then == dx

= - ((8 . 1) * d3x

div
.
thm

.

((E · 8) Xd3x

= (I(.)dX

(10) becomes

A(t , 1)= f(t -E) .

(11)

Now calculate fields.

B = > xA =x( +(t-E)

-- () + Ex (t - E))

Assume the dipole oscillates with freg .
2

.
Second term will

scale like # relative to the first ,
will dominate if

IV

In this regine ((C) . (B) , (H).

B(t . ) = - Ex (t - -) .

(12)

Find ECt , x) by Solving (M4)·

E = +B =- * x(x[(t-)
With identical arguments (V) . leading term comes from

action of J on +-.



( * x(xj(t-E)

Integrating w .
r. t

.

t,

Eltix) = Estatic (x)
.

+ (*x( * x (t - El) (1).

Solving (MI) ,

Estatic (*)0ra Q

where Q = Sva Pltiz) d3X.

So the sol" is

Elt. x) = Estatic ( * ) + Erad (t ,*)

B (t . x) = Brad (t, 1)

with Brad =-r * xj(t-)

Erad = -c * x Brad (t , x)

we assumed

u ak)
. w() .

~E IV

w is the characteristic angular free of source,

q(t) = fo sin (ut).

have

i = - w
<

p(t) ·

Set K := kE ,
with k := W/

., E = E
,

then

j (t- r) = - w
=

po Sin(ct -1+ )

Brad = Bo(r) sin(cot - ↳ . 1)
=>

Erad = Eocul sin (not - k -*)

with Bocrl = Mor Expo · Er= <x Bl



=> k . Bo(r) = 1 . E(r) = 0

and
↳ X Eo(r) = w Bolr

These are outgoing spherical waves
,

with wave rector

k = (E)

and wavelength 1 = 2/k= C

r
⑳
- a +

Assumptions (2) , (9) . (V) is equivalent to

raxa

"far-field region".

Power radiated

Flux of energy is

N =t Eras X Brad

=- ( E xBrad) x (Brad)

= Bradl (since E . Brad =0



Work at fixed time to introduce sph . polar with z-axis 11 to

Elt-c). For same field under R
, RDXa,

nf(t - Pc)

Bradk = (i)
*

( * + j(t - Ell" -

0
= (sin let-

and

p = j.dp/_ Close R
*

N · dstrom

= (t-R1Sode) ! Siredcross

= (i (t-Ras
2

Larmar formula

For a point particle following trajectory It .

V%9

We have dipole
- a ->

q(t)
=

qX(t)
X

w - Ya
not momentum

P(t)= (f(+ -Rk))2=(a(t -M

Dipole approximation requires Wa Ca
,
valid if v =El

Application : instability of classical It-atom
↳
e

e moves in Conlomb field of pt.
p

*(t)

mex =-
Dipole moment

f (t)
= e = (t)

.

=> f(t) = e(t) =- *



The emitted power is

4==
Simplication : assume orbit is circular.

E-melz-t =- = Er.

=>= -p = -merz)"

=> v =-home I
starting from U = ro at time-to

, e-reaches the origin=

at time

T = J. dt = 10 dr=Some
Setting To = 5x10"m (Bohr radius).

T = 10"s

Classical atoms are unstable (need QM).

Scattering
Consider incidence EM radiation on free electron

->
↳·
un

e
E = Eo Sin(k - x -wt)
-f

e-experiences a force ,
so

me = -eE

e undergoes oscillation of amplitude A Il



If A= then can evaluate Exit) at ang position

() = 8

=> -Eosin) - we)

=>X(t) = E in sin(-wt

Geck : A= I v =A

The oscillating e-has a dipole moment,

q = - eX(t)=In
Hence e- emits radiation with power

P(t)= / (t-R())
:

-F sin(wt-kR)
Averaged power is

<P: = + J. Pctide T=

=E

This is Thomson scattering of incident radiation by e=

The incident energy flux is

IW1 =ExBl= Sinat

and average
[IN1]=

The "amount of scattering" is characterised by cross-section

↓= Me



Rayleigh Scattering
Similar process .

EM radiation scatters of et in neutral atoms

↳
->

e-..
M

·- pt
pt

-

-

External electric field induces a dipole moment.

f(t) = < E(t)
.

I
2 polarisability ,

medium dependent

Incident wave E = E Sin(k . X-wt)

j = - cwE
.

Dipole approx

=> <P>= .E

=> r=
Enhanced scattering with small ! > blue sky and red sunset

red
,n

. &
-G fine-

O
Eblne

O -red " ·
* *

Radiation from point charge

Relativistic point charge .
Worldline ym = yet)

Am (x)= (d +zS(x -z + (-z)5M(t) (yo
| x - z)

5(x) = (p , ]) , p(x ,t) = g(((x - y(t)) .
[(x ,+) = g((((x - y(t)

=



So can wate

jM(x) = qc)g((x -y(+))y((t) di

=> Af(x)= (dt(dizS(4(z -y(t))yM(t)
- M jaty

Recall We can replace

-xyz = 2QRT SCquRMRT

with RM) = XM- yet). -

Soft has support at unique point wxt
- y((t)

.

· X-

T = -
*

on the worldline . -Then ind -

↓

Am (x) = M(dTy(t)@(R ° (t)) S(yuRY)RCt

Note that

- (pur R* RYt)) = 2yu RY(t)(x
- y r(t))

=

= 2urR
*
j(t).

S(T - TM)So

AMx) =1 (dT y(t IRCEH yrtl

iM(TX)
= Log ROCTA) YITA



3. Electromagnetism in Media

Dielectric materials
e cloud

Properties : · no mobile charges 2 --- .

-opt !
· consist of neutral atoms .....

↑ 99E
Polarisation

External E induces electric dipole moment

Revision : Simple dipole

-
.

p
: = qd

+q
- G

*
electric dipole moment.

Electrostatic potential

P=-

#Iso
The corresponding E is

#3E(X) 1x13
(1)

Simple model for atomic polarisation

Nucleus at r = / X1 = 0

-

-
- -- E

-

- -
-

a
-

-
-

- ⑰
-

-

-

--
-

-

- -
--



Electric field due to cloud at radius rea

Eclona = -(1) Es = -E

Apply external field E . Nucleus is displaced to position & where

E + Eclund = 0 = & = EE
Resulting dipole is

f
=qd = (4π593)E

.

To good approximation , many materials exhibit linear polarisation

xf
= E (2)

-

atomic dipole I
moment material

dependent const.

Focus on average electric dipole moment per unit volume.

P~site

Average lengthscale&age compared to atomic scale a

but small compared to sizeLof sample ,

i

. e.
La la.

Per unit volume, = &(x,t) varies in space and time.

↑
macroscopic polarisation

Bound charge
contribution to electrostatic potential at point I from atomic

dipole in volume content dx

spe**x
S =2



Integrate our sample ,

P(z)=]d3* P ( *) · ( * -*1)

1x - X13

-(dxq(t) - Tx)x)

ld
Compare 2nd term with potential due to charge distribution P(*),

9)()=s Sax
Identify bulk density of bound charge

Proud (*ct) = -J . I (3)

=>T : E = &Pound .

Similarly , 1st term corresponds to surface density of bound charge

on S

r = P(z) - E (4)

Interpretation : spacial variation of polarisation &(E) lead to

a build up
of net charge in same regions of sample

Contribution to total charge is

SQ = SedV Pound = -So 7· dV = fg B . dS

cancelled by surface charge

SQsurface = Sadly Found = Jg1 . dS = -SQ



Electric displacement

Introduce additional "free charges" which can more (anduction

bound electrons) with free

J. E = Ifoce + Pound)

= (Pfree-t . 1)

Absorb effect of bound charges by defining electric displacement

D = SE + P 15)

which diverges
J . I = Pfree (6)

For linear materials
↳ = ne = ndE

= D = CE ,
E = co + UX

Magnetic fields in matter

Reason Magnetic dipole : consider steady current I

flowing around a planar loop C = as with normal
11

rector i ,
area A.

↓
I S

Vector potential I

A(x) =M C= 2S

leading large distance behaviour 1X1> A

A()
where m = IAA is the magnetic dipole.

Field (E) 3 = 1 x A

--
(c . f · electric dipole (1)



Magnetic dipoles/current loops exist within materials
,

e . g.

electrons orbiting atom
, electron spin.

Define M(z ,+) as average dipole moment per unit volume

-atomic magnetic
M(xit) = n < m). dipole. (8)

A
density

Except in ferromagnets , dipoles point in random directions

=> A = 0
.

In ferromagnets ,
like to lautitalign with external B-field.

Magnetisation well approximated by linear response

M=
m

B
.

where Xm is the magnetic susceptability.
· Dimagnetisation : - 1Ym 30 .

· Paramagnetisation : XML O

Some materials are non-linear. In particular ,
can have

ferromagnetism 0 for B = 0·

Bound Currents

contribution to rector potential from volume element d3X .

dA(z) = M(x)x(X - * Y
d3X.

1 * - x'y3

Integrate over a region VCIR3 with S = a

A(z)= ((3x. M(x Y

)x( * -X)

(X - x113

· Sedi MIOla



# dxMdxM (9)
It -X

Comparing to the general expansion to rector potential due

to steady current ,
define bound current density

Ibound = - X M (10)

Have J . Ibound = 0 = steady current.

Similarly , 1st term in 191 corresponds to surface current

density on S

Ebound = MX1
(11)

· constant M => Ibound : JXM = 0

=> uniform distribution of current loop.

[

*
go a Abound 0

.

Ibound = 0 (the loops cancel out)
.

· varyingbound + O

Ibound #0

otokborns to

Ampere's Law /Steady current

Introduce "free" current density Ifree

7 x B = Mo (Ifree-lbound
= M . /Ifree + T xM)



Absorb dependence on the bound current by defining
magnetising field El by

H= B - M (12)

=> 7 x # : I free (13)

Linear magnetisation M = no m *
permeability
I

=> B =MI ·
with M = Mo(1 +Xm)

As in vacuum case
. Ampere's law needs modification for time

dependence field

7.Ibound Found o (X)

where

Pound =
- J . P

Need new definition

Ibound = JxM + Z
Turn (*) into

7+ E- =

No Efree + MoIbound

= M . Ifra +u .
] xME

Rewrite in terms of D and It
y

electric
↑
magnetising

displacement field

=> 7 x1- = Efree

For linear materials
,

I = &E
, B =ME .



Macroscopic Maxwell's equations

7. . I = Pface ful * 1-E-Efree (2)

1 - B = 0 (3) * x E = - E (4)
.

EM waves in matter (no "free" charges

J . D = 0 7 xE =
7 . B = 0 - + E =-

where D = cE
,

B =MH.

=)= (x()
= s +x

=-usTx(T xE)
= is E Cusing J · E = 0)

Here ↓ - JE = 0

Similarly - = 0
.

with va=<

E = to sin(k - X-cut)
=

B =ME = B Sin (6 : x-wt)
.

where w = v (b)

k . Eo = k - B = 0

k x E = w Bo

So have wave propagating with speed VSC .



Define index of refraction

n = c = 1
.

Non-trivial effects occur when a varies : two regions

n = U+, nin-separated by a surface S.

HT

Integrate(ul) inside P.

T . D = Pfree =>a sy
De

alm (Sp0 . rav) = allp Precedv) n-

=> 1 . (P+
- 4) =

Oc
surface charge

density

Similarly (us) = D . (B+
- B- ) = 0.

If no surface charge U = 0 => normal components of D and

I are continuous at S. So normal components of

E = D . = B

are discontinuous.

Tangential components : integrate (2) , (44) over a loop

L = 2A

Integrate (4)

( E.dr) =Caes
- (S-d) = 0

=> h x (E+
- E) = 0

Similarly on (2) .

AX(E + -1 -

) = 12 Surfaceent



In absence of surface currents , tangential components

of E and I are its ( => D
.
B discte)

Reflection and Refraction

z
-

x0, E
-

,M- - Er
xv . E+M + r

M

ER ET 17

M

7

↑ k c

Or( (Or >

Et of

k

E ( , +) = )E
ERx

X- 0

Incident wave Eine = Et sin (b * - w
=
t)

↳= = kecosOe * + kIsiO

Reflected wave Eref = Er Sin (Er :* -Wr+

Er =
- kpcosPr + kmsinPrE

Transmitted wave Etrans = E+
Sin(k+ ·

- c
+
+)

k
+

= k
+
cosP + k

+ SinPE .

* · (D+
- P) = [x(E+ - E = 0 P

where (= (y , z , t)=n (2(X= 3
, y , z ,+) -

These require the phase factors K.X- not to match at

X = 0 Fyizit .



WI = Wr = W
+ (k)

k = SinOI = KRSIOR = k
+ sin OT (2)

In each region , free and waverector are related by

WI = V
= kI . Wr = V= Kr

, 121

W
=

= V+
k

+ (42)

where Vi=E

(iv)
, (41) : We = We = ke = KR

P(2)
=> sin OI = Sin Or

=> OF = Or llaw of reflection) (I)

(1016 · (y2)
: + =Wi = V

-
RI

=> k
= = k = k

+, nt = CVE

(722)
=> n-SinDI = n + SinOt (Snell's law of refraction) (I)

More information from polarisation vector...

Special case : Parallel polarisation (EI .
ER

. Et lie in Incident plane

I = k
= COSE * + k: SINGE

=> El = -El sinBe + El cosPl

Magnetic field :

Bine = BI Sin (b * -With

Bi = (E
= *E)/v- = Big . Be = Eve

As Om = OF and Km = kI,

kr = -cospe + Isi

Er = Er Sind= + Er CosPtZ



Brof = Br SinIkr * -Not

Br = /ERYER)/v- = -Br ,
Br = Eav-1r

k+
= 1 coso+

1 + k
+ Sing

ET = - ESinOTI + ExcosP

Btrans = 1T Sin(k+· X -W+ +)

By = (E X ET) /v = B
+ g , Bi = E

+ /V 102

Boundary conditions :

* x (E+
- E-) = 0 = (EI + ER) COSOI = ETCOSPT 141)

* - (B+
- B -) = 0 = B

= - Br = BT
-

=>E (42)

Solve (41) . (42) to get Fuernel equ

n - cos- cost

n - cost + n + CoSOI

-P
whereHe = /Ve

-

combine w/ Shell's

law
We find , angle of incidence O =OBrewster's angle s .

t.

ER = 0 (no reflection )

E= = 0 = n-cosPT = n + cosOB (x1)

s 1x4



(x1)/(2) - Sin (207) = sin(20)

PT FOB ,
so must have PT: -OB

.

Sub into NI),

tan Op=

Total internal reflection
glass
,

air

If n -
> n +

, S

S

since = (i) Sind is
This has no real sol"as an egn for OT when

Di Per = sin" (*)

Etrans = E
+

Sin (2 · X-w++)

= Re (- i ET exp(i/EX - w+t

(1) => (T = WI

k = E(k
+

· z) + E(k
+

- * )

(122) - k+  = ko-sin Pe

11/2=
k

+
· z=+ - (k +

· z)2

=/vz-wisingl

=i) "Sinzo

-
CERR for Ot< Sint() = Par.



Then

Etrans = Re(-iE+ exp(i( · -wit) exp(= < x))
Pick

·-
sign for physical sol" which decays exponentially

for x01-evanescentwave

Dispersion

More realistic treatment : response of medium (e .g · polarisability
is frequency dependent.

c = E(c)

T . D = 0 - x E = 26/2t

7 . B = 0 Tx E =
- 2B/at

E = Es e
ik . X-cut
B = B ,

eik - -int

D = ECWE .
B =!

·

Polarisation rector

Eo = E (2)
,

Bo = Bo(c)

7.1 = J . B = 0 = 3(W)h .0 = 1 : Bo = 0

7 x I = 21(2t => kXEo = wBolc)

Note that K"= = ME(c) 22. Useful to invert sol.

W = colk) -dispersion relation

Waves propagate at speed

Uphase = co(k)/k



Form arepackets by linear superposition of different wave numbers.

Erp(x , +)= Eo(k)sin(kz -w(kit)

Suppose wave packets sharply peaked around K = Ko
.

W(k) = w(ko) + Alko (k-ko) + OG-ko)"

Phase factor

kz - W(k) + =kz-w(kolt- **kolk-kolt
== (w(bo- koko) + + k(z-

-k
+ )

The wave packet moves at speed

Vgroup (k) = Elk

The Drude Model

simple model of moving electrons , velocity [It) .
in conductor.

me = gE-m
T is scattering time fore:

solve in homogeneous time - dependent field.
-int

E = Ela) eint
.

v = V (w)e

=> ( - iw + E) [(w) =E

=> F(w)=int
E(w)

The resulting current density is

I = negu = [ (w)e int

=> I(w) = T(c) E(w) (X)

where
r(W)= direct current

,
ie. -

-
conductivity



T = neg25/me

This is a frequency-dependent form of Ohm's law

EM waves in conductors

7.I =

Pfree · Jx : [free +

J . B = 0 * E =-

with D = E(W) E
,

B =MI

Complex wave-form

E(X , t) = Eolw) eilk
- x - wth

i(k · X -wt)
B(x,t) = Bo(w) e

Then

Efree = +(c) E(x ,t)

i(k . X -wt)
= T(w) Eo(w) e

where (c) = Tbc/11-int) .
mem free

X speed .

Drude model is good is X= p = (v -

solve for charge density . Pfree(*t) :

-. Ita+ = 0

=> = - ib · Ifre = -ik . ( +(w) Elt) e

i (k . x -wt)

= Pre = Fl 1 : Ea e

i(k . * - wt)

Now impose Maxwell equ :

· J : D =

(free
- is(colk · Eo(w)=w)k . Eo(2)

=> id(al +i ) b . E(w) = 0
.

(x)



· J . B = 0 = 1 . Bo (w) = 0

· OXI = Efree+

=> t (ib * Bo(c)) = + (w) Eo(w)-iWSCW) E(w)

=> - inw(3(w) + i (w)) Elw) = i x Bo(w)
·

·IxE =
= 28t = ↳xEo(w) = B

.
(w)

.

Hence
, contribution of free charges/current is equivalent to

E(c) -> settcl = <(c) + i
The wave egn :

- JE = 0

solved with

V = Veef = (eff(c(m)12

High-frequency limit :

v(w)= F Une

get(c) = E(W)-Cr) E.

=> gett So(l-)
where Cop is the plasma frequency

Up = neq'/medr
Then (4) =

i seffic ↳ : E = 0

For w =

Wp , get new modes which are not transverse.

↳ . E #0
.

These are called plasma oscillations.


