
Dynamical Systems
0

· Dynamical Systems
A dynamical system is a set of egus which describes the

evolution of a set of variables with respect to a time-like

variable. The possible states of the system define the

state space/phase space.

Example Logistic map Xn+ 1
=

MXn)/-Xn) with OXME4.

Discrete in time
,
state phase To ,

17.

Example Lotka-Volterra i = r/a-br- cs)
,

a
, . .

.. f >0 .

j = S(d-er -fs)

continuous in time
,
state phase [o

.
0) x to

.
x).

For this course ,
we focus on ODEs ,

and maps in a
small

number of dimensions. It is not usually possible to write

down a closed form solution . Instead
, we aim to say

something about long term behaviour using a mixture of

geometric and analytic arguments. This is the

"

cynamical systems approach ".

ID Example

ple X = x(1 -xY

Formal sol : X = Et X10) = Xo=
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We can quickly see X100

,

X (t) + 1 as ++ 1

X10) 0
,

X(t) ->- 1 as toi

X(0) = 0
.

x(t) = 0 Xt
.

21) Example

Example v = r(3-r-s)
,

5 = Scz-u = s) ,
r

,
370 .

S

~

·
&

W

Fixed points : (r, s) = 10 . 0) , (0 , 2) .
(3

.
0).

As r. s -> u
,

i = - (r + s) < 0
.

5 = - s(r+ s) 10 .

At r = 0
.

5 = S(2-s)
. At S = 0 . v = r(z-r)

So the long term behaviour :

570
.

+30
.

(r. s) +> 13 , 0) as ten

30
,

v = 0 (r. s) + 10 , 2)

V = S = 0 (r
.
s) + 10 , 0)



Example x = -y + &X(u - xz - yz)

y = x + cy(u - x* - y =

Change to polars : v = Ky2 ,
0 : fan" (*) .

↓-x ,
p=

=> i = er(u - r)
,
0 = 1.

Different cases depending on E and
M .

(parameters of the

problem).

&

=0 : EX0
,u = 0

S

* 8-
umto:

o :G
0,us

: I

S
= Tu

I
= Tu

For M30 ,
there is a periodic orbit at r= Th.

If 30 and M is increased
, a periodic orbit is created

atM= 0
,

this is Bifurcation.

At 30
,
the system is sensitive to small changes in E.

This is structurally unstable
.



looking ahead into 3 or more dimensions . ODEs can have

much more complicated behaviour including chaos. For

maps , chaos is possible even in a -D map , e . g. Logistic

map.

1. Basic Definitions

1 .
1 Notation

Only consider ODEs for X in phase/state space ECIR"

of the form
* = G - f(4) .

The n 1st order egn gives a dynamical system of order n.

Since I does not depend on t, the system is autonomous.

Note : · A non-autonomous system X = g(xit) can be made
-

autonomous by extending the def" of X
.

Let y : (xit)El*

and T = +,

= (ft)
=

E
· Any nth order ODE can be written as a series of

first order ODEs.

1 .
2 InitialValue Problems

Typically ,
seek sol's to X =fixit) .

as an initial value

problem (IVP).

"Given an initial condition xCto) = Yo ( XoE , tell 12)
,

find a diff . f" XCt) for tel which remains In E and satisfies

the initial condition and the diff. egn".



For an autonomous system ,
we can alternatively define the

solution in terms of a "flow' Pe.

Def (Flow) Ge(Xo)
·

the sol at time t of X = f(x)

starting at20 at too
, is called a flow through X at + = 0.

· %(10) = X-

· Ps(It(Xol) =stt(X0) >"I
-

key question : does a sol exist ? is it unique ?

Im /Canchy - Peano) If fit) Its in the domain

D : = (lt-tol
,

1 * -Xolaph with IfI < M over D
,

then

the IVP has a soll for I t-tol > min ha .
PM) .

Remark : uniqueness is guaranteed only for stronger conditions-

on F.

Example lunige som) x = (x
, xHo

t-to

x(+ ) =

Xoe x > j

O pI
Xo eto-t Xp

here f is its but not diff . at X = 0. -f(x)

Example Cam-unique sol x = /
* x20 -O X0

3
x

nX(t)

+ T
solv :

x = ( ert.
for any

T

.

-
>

t

Here f ets ,
not diff at X = 0.



What's the difference ?EIN) is not bounded at X-0 .

To guarantee uniqueness ,
we need the stronger property that

I is Lipschitz.

Left A for f defined on a subset ofV satisfies a lipschitz

condition at pointDo with the Cpschitz constant Lif

- (( , a) St . with 11-X01ca , ly-101& ,
then

(f() - f(y)) - ((x-y) .

Ne : differentiability -> Lipschitz -> continuity

Thm (Picard-Lindel"of) Consider an IVP X =f(x , t) with

X(to) = X0. If I satisfies a lipschitz condition at Xo
,
then

the sol" #toto (10) exists and is unique and ets in a

neighbourhood of(0 . +) .

Note : Uniqueness and Cty do not mean sold exist for all time.

Example (finite time blow up) x = X2
,
X(0 = 1.

sol" is X(t) :# has finite blow up as -1·

From now on
, we only consider diff I for rest of course.

1. 3 Orbits
,
Interval Sets and limitJets

Use the idea of a flow to make the following defc.

Def" The aut/trajectory of It throughXo is the set

0(x0) = (ft(x) : - 0 c + +/

The forward abit is PT(x) = (Pt(X0) : +201 .



The backward orbit is O*) : 4ft(X) : tool
.

Def A set of points ICE is an invariant set under

# if yel = O(x)-1

clearly any orbit is invariant as is a union of orbits.

special Invariant sets :

· Xo is a fixed point (FP) legm/statimary point) if

f(x) = 0
, so O(xo) = &x01 .

Xo is a periodic point with period T if &) = X

for some T but #t(X0) #X for Oct
T

. The set

(9t(X) : OctaT) is called the periodic abit (PO)

throughX.

Def" A limit cycle is an isolated periodic whit (no other

DOs in its neighbourhood

Example (i)= (i) ,
sol : xP +yP = const.

continuum of POS (no limit cycles).

Now contrast with

(j) = (*)
~ isolated PO = limit cycle.

G



Ref If Xo FP and JyEXo St . Gly) -> X asEID.

homoclinic abit
then Oly) is a homoclinic orbit.

I [

r +48 Y&S%-
Edu

Defi If Xo # XI are noth FPs and Jy St.

&tiy) + Xo as ++r

# (y) -> X , as + - - 0

then Oly) is called a heteroclinic orbit.

<
.
7

&-① ⑧

>
-

Example (Pendulum) j = -Sing
&

=> to 2
= c + cost (c const .) !l

Heteroclinic orbit has C = l so D = 0 at 0:T
0:

0
. g

=>02 = 2 cos

=> j = 12 cost

=> In (sect + tan) = t. j

When t+-r

,
0= 3

t = 0
,
0 = 0

t+ +x0+ π .
mmConsider -singOpen [



If we are interested in thelong-term behaviour of the

trajectories ,
it is not enough to just think of Eir-Q(x)

since this may not exist le .g · periodic orbit).

Instead
, we use these defi :

The co-limit set of X is

CO(E) = <7 : 7 infinite sequence to ta ... + with It* 1 + 71

2- limit set similarly defined with t+ -R.

The w-limit set has some nice properties
when OCX) bounded, in particular ,

cock) is

(a) Non-empty (every sequence in a closed bounded

domain has at least one accumulation point
(b) Invariant under f

(c) Closed (think about sequence of limit points in 201)

(d) Bounded

B(e) Connected
.

Example : = r (l-r)
,

0 = 1 for Oc*14

So w(x) = (r = 11 ,

< (x) = 104 ( ,

-only consider
autonomous maps

For maps An+ - F(xn
,) · Anth : F(xn+, [h) · Fixed points

have F(x) : 0
.

Other def's are similar but we swap & #)

with E"(I)
.

Periodic orbits now have discrete integer points



where X
= F

*

(z) and FFC) with naN-called an

Necycle .

Note : Can make maps from ODEs in 2 simple way

(1) Take snapshots after a fixed time interval s .

t.

Ant = (((n) =st( * )

(2) Poincare return map-successive intersections of the

trajectory with a surface [.

E

-
ODE dynamics 3D

map dynamics 2D

1 .
4 Topological Equivalence and Structural Stability of Flows

What do we mean by saying that z dynamical systems
have "essentially" the same (topological/geometria) structures?

Or that the structure of a system changes at a

bifurcation ?

Left Two flows &) and OTC) are topologically equivalent

if 7 homeomorphism his : Ef + ES lie
. a ot bij of

ets inverse) and time - increasing f = Twitt Lie a

cto monotonic increasing fr of and t) with

Pf(x) =0() oh
-

↳Ef = 0

~ h
S

E h. P



In other words ,
7 a "nice" map h from one phase space

to the other phase space and a map + from time in one to

the other.

clearlyh maps FPs to FPs and POS to POS
. If Iit,

we say that the two systems (or flows) are topologically

conjugate

Example j = - r and p = - 2p
&

j = 1 Y = 0

⑳ -
-nr

are topologically equivalent withh181 = 1 and

h (r ,a) = ( r=, 0 + logr)

Check + (r , 0) = /F , 0-logi)
(r , Po) : (roet

, 0 +t

19 (po , 40) : (poet , 40)

RHS =ECro . Po) = h
+ (@(h(ro . Pol)

= hi)@Cr" · Po + logr))
- ht (r.* eit

,
00 + logra

= (roe't ,
Po + logro - t log 100 eity)

LHS = Croe't
,
0 +t)



i = 0
.

0 = / and i = 0
,
0 =

p
+ sin P

Example
phase diagram for bota

C

So are topologically equivalent with
C

h(k) = = and the Stretch in time [
↑

= (r + sin
+0)j

Def" The rector field f (if = f(x) is structurally stable

if 7830 s. t . E +& is topologically equivalent to f

for all Es with 161 + <d.

Note : The systems in first example are structurally stable,

whereas those in second one are not. The periodic orbits

are destroyed by small perturbations in i.

2. Fixed Points

What happens in their neighbourhood ?

2. I Linearisation

If E is sufficiently smooth near a fixed pointXo ,
Set

y = X - X and Taylor expand = = f(x),

E(Xo +y) = f(y +y)

Yo = 0

, y = y(X) + A -

y
+ 0((y() .

f(X) = 0

where Aij = Jacobian.



The hope is that the dynamics nearXo in the full system

is captured by the (reduced) knear system

y = A - 7

Consider 21 matrix A : (2)
D = det A = ad-bc

T = tr A = a+d

Evals of A Satisfy X" -TX + D = 0
.

=> X:-D
By suitable changes in basis

,
we can always put A

into a standard form.

Possibilities :

~
d .
XcER

, opposite signs

① Saddle point (Dc0).

A = (2) .
Won dico , x2so .

Y
M

Sit
- > X

-
② Stable Node (D30 ,

TCo , T&DJ
Xi ER

,
1 , % :

00 .

A (9) .
who disco

Y
M

X = Yoelit = Y/x = 2 -x
y = y -

ext I
=> y

=

ux
+x ,
Di



③ Unstable mode (Doo
,
To ,
TED]

Xi dzEM ,
X, 30 .

Y

A :(i) wron ocxic

(i) ..
same as E ,

reversed arrow

① Stable Focus (D > 0 ,
TC0

,

T= 4D)

-kin , pro ,

00
, (uronwii =

pr
A =( ) = p = w

⑤ Unstable focus (DC0
.

TC0
.
T

=
<4D)

x =

p = in
, 10.

same as ⑥ but spiral outward.

The rest are degenerate in some way
· D30

,
TF = 4D- boundary between a focus and a node

A =(i) Fellermode , e .g. so

Y

-- L

3 · [ > X

7
- -

A = (1) Impropernode

T& X =xy- y = yoelt ·=>x = xx +

y -
elt

=> X = Xe
++

+ y o
text

<
=> F=t



· D > 0
,
T=o- boundary between stable and unstable foci.

-
S

A = (20 - ( centre [

- (

& 3

· D= 0
,

Too - between a saddle and a node

X = 0
.

e .g. x o
-

A = ( : i) y = xy W

U
~ vv

-
line of

· 3 FPs

11 --

· D = 0
,
To -1 = 0

.
0

.

A = 100%) - plane of fixed points
Y
-

A = 18 %) -line of Fourth ?
drift in X · 3 x

C

[

Summary Dr
④ centres

⑤ Th = 4D

②
SF UF ③

S NodeW U Node

&

Vine of
FP

① Saddles

These canonical forms are in a special basis

· (oi) use evers



· 11) use generalised eves

· (2) use Re and Im parts of evesa

what happens in general ? Do not need to change the

basis to classify FP - just find T and D.

Diagrams above can be distorted.
Y -

E

[ L

L

-

2

& S
- C 7 > X

7
Sometimes it is useful to know evecs for saddles and

nodes. For a focus or a centre not worth doing.

Often it is far easier to plug values in and plot/sketch

locally.

Final comment : centres are rare but generic in

certain type of systems ,
e .g. Hamiltonian systems.

Hamiltonian systems :

* = (2) f-
where H = H(x( y) , X = (X

,y)TEIR2 .

Jacobian = If = (2x23H254 (- 224 - 2x2yH
So tr (7f) = 0 => always have centres X = in a

saddles 1).



2 .

2 Effect of non-linear terms

when does the linearisation if : Ay of the system : fix) about

the fixed pointXo tell we the behaviour of the non-linear system
about Xo ?

If (1) Xo is hyperbolic and (2) the nonlinear corrections are

OCIX-X0k)
,
then the nonlinear system are topologically congruent.

Def A fixed pointXo of X = F(z) isubolic if ne of

the evals of the Jacobian atXo have zero real part,

% ,
it ishyperbolic

classify hyperbolic points as follows :

·Sources if all Rell) > 0 /unstable nodes + unstable focus

· Ss if all Re() <o I stable nodes + stable focus)
·Sales %/W.

We discuss hyperbolic and non-hyperbolic FPs separately.

· Hyperbolic points
For the linearized system , we can separate the phase

space into different domains
, Corresponding to different

behaviours in time.

Lef" The Stable, unstable and centre subspaces of the

linearisation off at the fixed point to are the 3 linear

subspaces ES . EU . EC spanned by the subsets of (possibly

generalised) evess whose evale have Re(x) so
, 30

,

= 0 resp.



Note A hyperbolic point has an empty EC.

U

Example A = (i) Whoe

Ewi

re
&

Thm (Stable Manifold thm) Suppose O is a hyperbolic fixed

point of X =f(x) ,

and that EU
, ES are unstable and

stable subspaces of the linearisation at Xo. Then I

local stable and unstable manifold Wo(0) and
W.

"

,
(2) which have the same dimensions as ES and EU

and are tangent to ES and EU at St · for 1 # 0

but in a sufficiently small ubd . of 8 .
then

W, (8) = (x : f(x) + 0 as ++ 1)
W(0) = (x : (+ (x) + 0as + +01

.

If : is rather involved and outside course
,

but depends on

convergence issues and can't be local.

The point is that We can be extended to a

global invariant manifold WS by following the flow

backwards In time from points in Wis (Ditto Wh from

Wise, to +h)



This thu guarantees the existence of 2 trajectories

that approach and leave a saddle in IRF . Often easy in

practice to find local approximations of stable and

unstable manifolds to FPS.

Example For a saddle in IR2 : whos (can change basis) ,
assume

ES is xro
,
Ell is

you,

Write Wise as x=Sly) · Can immediately wire
write O= S(0) FP

.
S'(0) = 0 tangent [ & 7

x- U
condition. toE Wire

Similarly ,
write Wi as

y
: U(x)

,

then UCO = 0 FP.

U'() =0 tangent condition.

Manifolds are invariant
,

so X= y must solve =F(*) .

ditto
, y: x must be consistent with = : f(x).

So have ODEs of S and U usually can make progress

by series expansion and comparing like terms.

Ede(j) = (!)

A = (=
=

Y) = (0' - i) (2000
.

For We set y : U(x) = azX" + a3X3 + &xX* +... (Since U(o) = 0.

vid = 0) .

Substitute this into j =
-

y + X
= = x = d X (1-y)



= -((x) + x
= = x( - u(x)

=> ll-aziX
*

- asx3 - @4X+... = (292x+ 393x" + ... ) x(1-acX" - a3x3- ..)

Comparing like terms of X,

x: 1-as : 29 -
=> A2 :

X
3

: - an = 393 = 93 = 0

x4 : - 94=-2a. + 494 = A4 : 02 : Es

So ((x) = 5X *

+ X* +..

To find Wire
, let x = Styl ,

X= y = x (1 -y)= -y +x

let Sly) = aotay + any +... 190 = a, 0 by b.
c .)

Plug this expansion and anto En .

We can understand this

as there is a symmetry in this system.

X = - x
,
X = X(( -y) , y = y + X

which is the same system. So symmetry of phase potrait

about X= 0
-> WS(L) is X = 0.

Comments : · If ES and E" not conveniently on axes
,

Could
-

transform axes to make them so
,

or work directly on

relavant evec
,

e .g. (i) ,
then set y :kx + a2x2 +asxit-

· Higher dimensions .

e .g. E = Syl ,
then z =X +y



Non-linear terms in m hyperbolic Case

lots of possibilities . focus on IR=

(a) X = Fic : linear system has a centre· Nonlinear system ?

Example (i) \
stable focus.

=>I x3)/z + 1as+ 0.

(ii)

(x-y => unstable focus of
(iii)

(x
= -y - 2xby

Hamiltonian !

y = X + 2xyz

X = Z =
-

y - 2xxy = H = tyz - xyz + A(x)
-

j = - z = 2xyz - d

= - = x = A =EX *

=> H(x-y) = - E(x* +yz) - Xzy"

Notice that=
= + (- M 2 y = 0.

Recall H(x-y) =

- Ex + y2) - x
&

y2 · Contours of constant 4

are closed contours - > centre dynamics preserved.

(b) xi = 0
, be + 0

· (WrGbeco)
.

a Y

2 L --- -P
-1 - --

Exple(i) x=1 Y >
X

---



Ya
(ii)

/X=
X vi

[ S x

X -x

() /
,
= 2

= 0 (almost anything is possible) .

Work in polars. Consider signs of r and as veo .

j = 0

Example (i)
-

Forf---o,
j = j

(ii) j = 0 (iii) =0

[
Lpico -S

[- i = 0 -*
W ⑮ risoN

>
is

j = 0 j = 0

2 . 3 Sketching Phase Portrait

Go back to example (X
= X (1 - y)

y
=- y + x*

· First note X-> -X symmetry , so only need to work out

what is happening for x:0

~ FPs X (1 ry) = 0 =

y + x
=

=> (x.y) = 10 , 0) , (E1 .
1)

.

For 1
,
1)

, just look at 11 . 1

Jacobian A : (Y) = (2 : 1) at 1-1 ,
11

T = -1
,
D = 2

,
TF- 4Ds0 - Stable focus .



· Find nulkelines

W, (8) = 5x* + Es X* +..

&Hence,

·
Wit

, (8).

General Strategy for plotting out trajectories in phase space

1
.
Find FPs and check for symmetries.

2. Calculate Jacobian and classify FPs.

3. For saddles
,
find evec of Jacobian.

4
. If useful , find nullclines

5.Construct global picture by joining up all these symmetries .

6. Remember trajectories cannot cross !

7. Are there anyPeriodic orbits ? (See $4).

3. Stability
We want to know what happens given small perturbations

away from an invariant set /FPs
,
POS

.
etc. )

.

We are also

interested in which invariant sets are approached at large

times. Need the concept of stability and there are

various def's.



3 .

1 Stability Definitions

Refe A fixed pointDo is Lyapunov Stable (LS) if

VEso
, JSc0 St.

1x-x0ks = 14- Xo1 Vtzo

"Start near
. Stay close"

Def"A fixed pointXo is quasi-asymptotically stable (RAS) if

JS3S. t · 1 x - *1 8 => Pt(X) -> Xo as->

"

gets close eventually" .

Defi A fixed point to is asymptotically Stable (AS) if

it isLS and QAS
,

ic. (S + QAS : AS
.

g&L

S

stays in here : IS AS
-

So AS - "stays near
,
and converges to X"

Examples

LS ? Yes
1 . Stable flows

·RAS ? Yes



Ne : 19t(*) - Xol doesn't have to to monotonically with ++ 0.

* All hyperbolic sinks are AS
.

A

2. Centres [

LS ? Yes
.

Choose S = E.

j = 0
E

QAS ? No.

0 = · O

+ (x)+ O only for 1 =

1
.

FP at

=> Not AS
.

Y
3. Large excursion -

i = v(l - rz)

= sin to ⑳FPat O and W= 1
.
0 : O

.

LS ? No. points just above x-axis takes a big excursion.

If given EC2 , can't find S.

QAS ? Yes
. G+ (* ) -> FP V* + 0.

comments : 11 , 0) is a Saddle-node FP (S2 . 1)
-

= 1
,

0 to is a homoclinic abit (S1 . 3).

For more general invariant sets , say 1 , e .g .

a periodic orbit,

let

Ns(1) = 1 : Fye1 st - y 1c5h .
and say Pt() + 1 if infl*(X)-E1 + 0 as to r

,
M

yel
then



· 1 is LS if VEso ,

78co S .t . XENs(N)

=>f(x) Na(1)V + 20

· 1 is QAS if 7 So St . XeNg(1) = @t(* ) + 1.

· 1 is As if both LS and QAS hold

If an invariant set is not LS or DAS
, we say

it is unstable.
-

= AS => Stability

Thm (Stability of hyperbolic FP) If Xo is a hyperbolic stable

focus/stable mode , then it is AS. IfI is a hyperbolic

FP with at least one eval with Rellco
, then it is unstable.

-

3 .

2 Lyaponor Functions

We can prove much about stability of a fixed point to if we

can find a suitable non-negative fr VIX) that is only zero

at10 and does not increase under the flow &(E).

Defi A continuously diffble (ie . (1) f" VIE) : RP+R is a

Lyaponov f for X = f(x) if
(i) VIE) = 0 and VC130 for 10 in D

(ii) V = f . TV <O in D "non-increasing"

Notes (ii) is equivalent to V(@t()) : VIft()) for20 .

#ct Lyaponov f"has VCO except at X = 0
.



Ihm (Lypanor's 1St the (2) If a Lyaponorf"exists . 1 is

Lyaponov Stable (LS).

If : WLOG ,
assume & is small enough

that /IxcE) < D.

set memn/VI : 1 +9 ) .
Nemo. view

Let Cmia = 1x : VEKm
. 113) . (x) = E

Now choose St . (ES) < Cm
. g ,

then have s nested sets

(148) CCmsCllxkEl
If Xe(IEKS) ,

then ECms + 20
· nence(IE/I * IE) .

I

"Start in S, stay in Cia
,

so within &"

Thm (Lyaponor's 2nd thm (12) If a Set Lyaponor fr exists,

O is asymptotically Stable (AS).

If (sketch) : ForEs. t. LIKEYCD ,
can find suitable as above

so OT(X0) CD for all 1018 ,
so VIft(x)) decreasing ,

bounded

below by 0 . 50 -> U
. 20 .

Imagine Vo > O => V(Itl)) is bounded away from O

=> Pt(xo)
- S O

=> V(f(Xol) -I O

Then we can always find a large enough time -> St.

V(:) + 1
.

+

v(Ptixol) at 10
. #

If Vo = 0
, then Gelxo) -> 0 VXE/ISY , So AS. 1



Even with non-strict Cyaponor fis ,
one can sometimes say

something about the long-time limit of trajectories

La Salle'sInvariance Principle

If V is a hyaponor f" on a domain D which is compact
(closed + bounded) and forward invariant /*ED at t = 0

=> Pt(*)ED + zo)
,
then

Wel < /y : V(ft(y) : Vo Eth

tonment · May be more than one value of Vo.

E .g. Virid
= r2 , i = 0

.
0 = 1.

More usefully : De(1) tends to an Invariant subset of

(y : V(y) = 0) -D
.

If Continel : · VIItl) is non-increasing ,
and bounded below,

so tends to Vo.

· know C(k) is non-empty forward abit in bounded D
.
)

Cty of V gives V(yl = Vo EyeW() as < -

> EW(*).

· know as Wel is invariant
, Itly) WH) Xt .

So

V(ft(y)) = Vo Ot
,

so V(y) = 0

· 'tends to bit : can show that for XE compact forward-

invariant D. it is always true that &t() -> W(*)
.

A

Note In practice ,
don't always need D closed so long as XED

=> W(X) ED ,
which is often the case

,

e .g. D: /X : VIVI

and VO on D.



Example If X = A : 1 + o (11) and A has distinct eval bi ,
with

Relii) 10 and possibly complex evecs Vi ,
then can write

& = Edilt)i .
where a complex coeff.

i

Then for
any positive v,

V == V: la satisfies Vo .

except at = 0
. Noting : : xidi.

-d vi (a)

= [v: (a+a)

= [v : (a + :dai

= [vi (xi +=) lack.
-

zRelxi)
.

= 2[v: Relxi) lail > 0

as long as laik 0 Vi .

=> & is AS.

We can use Lyaponur fis to learn something about the Domain

ofStability (DOS)
,

or "basin of attraction".

Def: The domain of Stability (DOS) of an As invariant

set is 4 : &( * ) + 1) · In 2D
, if DOS = 12 , we say

is globally stable.

Example FP * = 0 of X =

y -xy , y =
- X3

121/2y
= y

- 24(2x = - x3
= H = Ey + Ex Y

Notice that without-Xy2 term ,
the system is Hamiltonian

with H(x,y) = by + Ex * With it,



it = x* + yz
= (y -xyz)x3 + 1 -x3)y = - XY y 2

So H so
, so It is a yaponnuf" over IR2.

Check : H20 and 400 only at X = 0 , fixed point of interest

Note that 14 = 01 = /X = 0 m ye
oh but only invariant subset

is the origin. E.g . y = u ,
X0

.
then yo ,

So leave lit = 01 .

a
3

-coust . 1

-trajectoet-
not invariant
·

x

2
Now involve La salle : for any Xo

,

set

D =( X : H(z) & H(xO)

clearly bounded for our H ,
forward invarianttl-O

·

So

E is globally stable

Example X =

y +M(5X* - x)
. j = - X

., M30 ,
FP at 2.

sink for uso .

Guess Vixy) = X
&

ty2 /because X = y , y = -X)
, then

v = 2xx + 2yi

= 2u(5X *
- x2)

Y
-

Hence V0 for X
*

[3 .

Choose D : /X : VIX)[31
· Compact and forward

-
& 7

x

invariant . La Salle => &tl * ) -> Some invariant-
"De

subset of lD



But S = &15
,
0)

,
line x = 0 for-Eyc5) .

Invariant set ? Exclude (15 .
0)

, as to ,
so leaves S.

Exclude 10
, y) for X*0

,
as X to

,

so leaves S.

only candidate left is O
, which is clearly invariant.

So #x) + O XXED
. By La Salle

,
DeDoS(8) .

General method to establish stability
1

.
Find V and domain D s .

t

.

(i) V = 0 on D and V = 0 at X = 0

(ii) VC0 on D (sometimes this will limit size of D)

2 Find K St G : /: VikkhED.

3. Adjust K /or VI so only invariant subset of

Ev = 011 G is lot = La Salle gives GE DoS18) .

I 4 . Take different V to maximise C to get best estimate of S
DoS(Q) .

Example X
=
-X + xy- , y = y + xy

Try V = X* + azys ,
where a a general real number.

V = 2x(-X + xyz) + 2a3y( -

y + x
&

y)
= -2(x + aby z) + 2(1 + a4)xzyz

So Uso near 1
,
but how close ?

Parameterise the curve of const .
V with X= Ecosp , y: sing.

On this contour,

V =2V +2psna



=> v -2+ -2-
Sov so if V
So for a given "a" , we have

V = xz +azyan

is in DoS(G).

IHave a strict Lyaponur &"So AS by (2) .

Now take the union of those "a-sets over a!

Y

a= 1 = Xi+y = 2

a + 0 => Xi+a
-

y == 49

a+ y = X
+

+ aly" = 4
.

Can check
,
this family of ellipse.

fall in the Set (1x1 +y
< 2) .

3
.
3 Bounding Functions

There exists another use off's which decrease along the

trajectories . If V is a f" with banded contours and we

have VIIc-SCO for VIX) =M ,
then all trajectories

leventually) enter and remain in the set &VIM/ .

Such V is called a bounding function.

M

x*virves



Example r = r-r3(1+ kind) - r5
.

Ock >/

I
8 = /

Consider VCr
.O) = Er2. Then

V = ri = v(r - u3(1+ ksmp) - 25)

= -2 (1 - u -(1+ ksmd) - -4)

Notice 1 + /Sing = 1-1.

↓ = va (1 - u
-

(1-k) - r4)

Now for re>

vs (1-1-)T0
So all trajectories enter disc rat

Y

-

But what happen next ? limit set might be
V= r=.

FP or PO-see 34. xX
· >

X

-
4. Periodic Orbit Existence and Stability in IR

We first discuss techniques for detecting or discussing the

possibility of periodic orbits.

4.I The Poincare Index

Consider (i) = (f) . Except at FPs
, the trajectory at I

makes an angle 4 = tan"(f2/fi) with the X-direction.

Let ↑ be a simple closed curve
,
not necessarily a trajectory,

that does not pass through any FDs (where fifc = 0 and

↑ undefined) .



Move once around ↑ in an +
3r

[

anticlockwise sense and consider*↑ = tan" (fa/fi) , 4 changes otsly
and returns to its initial

valuefo an integral multiple of 25t.

This multiple is called the Poincave index of T,
or ICT)

31

iE
·

FP
S

X

Properties of ICT) :

1 .
In integral form ,

IIT) = 2 9
,
aY

=I Spd(tan" (fz/fil)
=.fulfififit

=> It)=fd ,an

2. I/T) is unaffected by ats deformation ofT provided

this does not cross a FP (FP is a sing ,

as fi +fi = 0).

3. If ICT) encloses no FP
,
then IIT) = 0

I justShrink contour T -> zero



4. Index is additive

ICT) = I(T, ) + ICT2) ·
*

5. Index of a closed trajectory is +1

#G T
----

6. If time is reversed IIT) is unaffected If, -fi
,
faitfor

felf , unaffected

7. The Poincare index of an isolated FPXo is the Poincare'

index of any simple curve containingXo.

8
.
I/4) is the sum of indices of all the FPs enclosed by

↑ (by point 4 above)

9. The Poincare index of hyperbolic sinks/sources is +1,

and hyperbolic saddle is -1.

1

M

# stan :⑮i -
F

(non-hyperbolic-go case by case



& Any PO must contain one or more FDs and the

sum of their indices has to be+.

This can be used to exclude the possibility of a DO

- Poincare Index Test .

Example (
= r(3-r - 2s)

&
S = s(z -r-S)

Nodes at (r .
S) = 10 . 0)

,

10 . 2) . (3
.

0).

saddle at (1 .
1).

I(T) = 1 but crosses

1
~ trajectories ly-axis),

-#
so not abit

& a

-

-only possibility of not
·① crossing axis

, but IIP) = -

~- -

=> PO
.

⑪
7. S

⑪

44. 2 Dulac's criterion

Ihm (Dulac's criterion) If there is a ctyly diff fr Pixiy) Set

-. (PE) < 0 everywhere /or so everywhere) on a simply
connected domain DCR2

,

then there are no periodic

orbits that are entirely in D.

If : Wow 7 · (PE) = 0 · Suppose have POT entirely in D

enclosing an area A with outward normal1 Then

0 = GPf -Idl = (q0 . 14f)d)o # ↳with X = f(x)
S

>

T = CA I



In practice ,
often use p : 1

.

then if J. 30 over D
,
then

no PO
.

This is called the divergence test.

E If J : 191)0 everywhere on some doubly-connected
domain DCR

,
then there is at most one PO entirely

in D (and it must enclose the hole).

If : By assumption . Ja 0 : 14f)dS > 0
,
but J-PfdA = 0 X

E ⑪ x
Example ↓ = r(a -br - cs) = fr

b
,
f > 0

5 = sld-er-fs) : fo

Choose % : -//s
,

then

7 : (Pf)= (Pfr)+ (Pfs)

=( )+
= - E -E

one signed over 320
,

030
.

So by Dulac
,

no PO possible.

Example Damped pendulum + torque [0 .2)

I
j = p a

p : F-Kp-sind , ko Pl---
----

Then 1 : F= CF-kp-snd i -

=
- k < 0

.

So at most one PO and must encircle the entire cylinder,

ow excluded by Dulac.



Another useful negative test is the Gradient criterio.

If we have a tre for(xy) St
. If = 54 for some single-

valued Y on some simply connected domain D
,

there there

are no POS enclosed by D.

If : IfIf = 54 on a POT
,

then

↑ 11 - d = gx4 . de = (
+
dy = 0

as I closed and ↑ single valued .

But flldI ,
so Fodeco

,
so Jef : deco *

So no PO. I

Example x = 2x + x*y - y
&I
y =

-

zy - xy + x

Note that e
*

F = J(e* (x2-ys) in IRE
,

So no PO in IR2
A

over IR
10

4. 3 Poincare - Bendixson Theorem

#h (PB) If the forward orbit Ot(X) of some point < remains

in a compact set (closed and bounded) TCCR2 that

containsPs ·
then wit is a periodic orbit.

Note : We know I cannot be simply connected as there must

be at least one FP contained within the PO by $4. 1
,

So

there must be abole.



ExpleXX-X,aI
linear terms give that there is unstable focus at 0 and

Cubic terms 'push' inwards.

Try to see ifK is an annulus in polars
i = x xj = +(x2 - xy - 2x2(x2 + yz)) + f(y +xy - y' (x+y -)

= r - X
=

- - r3
-

= r(1 - ra- r cos-0)
x/

-v

=> v(l-zuz)<culi-r I'
O =0

A -O = π/2 if
So forso ,

need Ocrai for Eco need >1 .

Define annulus K = / E crc11 .
Once inside C

,
can't leave.

Now examine if there is FP in 7).

8 = + (xj - x y) = 1 + 21sin2010 in K

So no FPs in K
. Apply PB = /C contains a PO.

Bonus : 7:= 2-5rd-2x in

So Dulac corollary
-

> exactly 1 Po.

4. 4 Near-Hamiltonian Flows

Consider systems of the form

x = f,(x - y) + Eg , (x, y)

j = fz(X , y) + 2gz(X ,y)

with f.

= Culay , fu = - 24/2x
·



If E = 0
,
the system is Hamiltonian.

Trajectories he on contours of H.

Lots of POs· Con closed contours of H)

# Eto
·

H = X +y
= (fi +Egi) 1-fz) + /fa +Egal (f)

= E(figz-fagi)
If there is a PO

,
then

Sridt = Sup &4 = 0 .

i . e .

↓ (figa-fugi) d = 0

Hence , immediately ,
PO cannot entirely be in a region where

figz-fagi is singled value -

If OCE1
,

"near Hamiltonian" .
I-0(E)

,

so trajectories

are similar to the contours of 4 .

But we expect most if not

all POs to be destroyed.

FingE②8↳8



Use the energy balance method to see if any POS survive.

Estimate the change in H in the full system (E+0) over a

trajectory by considering the change in H over 2= 0 contours of H.

SHITal = S it de
- Elfiga-fagil de·key points : Th = To + O(E) .

"To = To + O(d)"

So

SHITal = <fign-fugil d+ + 0(92)
.

So search for POS comes down to finding Host

I
.

"

(figz-fagil de = 0

To CH =Hol

neglecting O(57) as E.

IH
-

Robust Zero
Remember criterion for SH =

indicates a po

is only O(E). ·
↑

> U~
not robust

may not be a zero when

0197) terms reinstated.

YExpe (j) = ( -x + x
=

- ey(a
-x) ( Y

M

For E = 0
,

H= (Xi+y - ** &



For EFO
,

1) H = Eyla-X) ,
so any PO can't be entirely in X or Xa.

2) FPs remain 10 . %)
.
(1 . 0). By Poincare index criterion,

PO must enclose FP at 10 .
0)

·
but no the saddle at 11 . 0).

3) min/max of X on PO = X= 0 or y = 0

x 30
, yso and xco . yco

=> Xminca
,

a < Xmax /
don't enclose a

(need sign change for yola-x). saddle.

For OCE,
=O

1H(40) = ESuofige-Figdt + 01aY

= Sto 92d dy

- 2)Xma y(a -x)dx.

= 22/Ymax (2Ho-X + Ex)"laxy

Note Xmin
.

Xmax given by 240-X2 + EX = 0.

Can compute numerically
. Varying a by a PO first appears

at ato via a Hopf bifurcation and is destroyed when

a = 1 by a humoclinic bifurcation . (see (5).

1H- I (fixed a)
I

=tIt① 3 Ho
&

the
origin



4 .
5 Stability of Periodic Orbite in IRU : Floquet Analy is

Suppose - : f(z) has a PO with period T and : X(t) being
-

the Do X(+ + T) = X(t)
.

Consider a small perturbation of X(t)

X = X(t) + q(t)
* = y + y = f(x +y) = f(x) + 1 : 5f(x) + 0(A)

So linear picture for how y evolves is just

Y = Alt)
where (Actij = Effects Linear ODE for A ,

where 110) is

arbitrary I.C.

Introduce a mapping (t) :

q(0) -> Alt).

Milt) = Fight) 4 ;
(0)

then

: 1; (0) = Aijhtsit) <110).

Notice :j(0) = Sig.

Eijit) = Aij It) Ep; It) .

=> Fig(T) = Aik (0) = Ai
=> Fij (2T)

= Aik Ej(T)

as A is T-periodic ,
so

EInT) = A
So

q(nT) = [ECTIT 10)
Thus whether or not an arbitrary perturbation f10) grows or shrinks

depends on the evals of ECT).



Specifically ,
if an eral has Nk1 ,

then PO is unstable

In IR2
,

Note that part of the perturbation

↳ is along the DO . This does not

grow or shrink
,

ie . J always one

eval = 1.
.

Bef Floquet multipliers of a PO are the evals X of the matrix

#IT) . Floquet exponents are Mi = F10gX:):
= eMiT.

We
say a DO is hyperbolic ifI : /F1 (ignoring the trivial I

along the trajectory. If all
Ixi/2) , PO is asymptotically

stable · If any 16:K1 ,
PO is unstable·

POS are structurally stable # they are hyperbolic.

In12
,
there is onlyI non-trivial eval XEIR.

det E(t) = x + 1 = x
↑
trivial eval.

Recall (t) = Alt ECt

=>It) = eSttdt #(d)
-> det Elt) = det(edod)det

Recall det e
*= etr=, since

dete
F

= det eQUQ
· 1 = kay(x , . .

., (k)

= detCont (Q1Q-1)
<



= det det de

=det

= det ) diag /et, .... et)

-ei
= etr

=> det ECt) = etr So Altdt

= eSottr/Alt') dt'

Set t=T ,
then LHS = 1

.
RUS = eSoDfEtudt

,

where X = f (2) .

Since trA = tr (Pfi/2x ; /po) = 5. f ((t) 10.

So if S. J : Edt co = Xc1 STABLE

> 0 => X-/ UNSTABLE

= 0 => PO not hyperbolic

Note in higher dimensions (IRU),

C
So0 · f It i

Then S
.

"

Difdt so is just a necessary but not sufficient

condition for stability.

Example I
i = r(1 -rz) PO at r = 1 with 0 = 1 ,

j = t So T = 2

Look at stability.



LetE.
--

--

*(t) q(t)

i = (l + S) = (1+ S))1 - (1 + S()
.

=> j = (1+ 5)( - 23 + S4 = S

=> S(t) = S(o) est

: = (tie) =st
= 1 - S(t) + 0(SY

= i = - S(t) = - S10) eit

=>Elt)= Stole
*

+ Elo) -[ S10)
·

e-zt
=>( = face) (ii)
-

#(t)
=

So Elt) = (i) . Test

Then evals are et and 15
evec (i)

,
so a shift along orbit

So the non-trivial Floquet number is X =e
**

21
,

So PO is

Fable

Alternatively
, -f

= t (v) - r=) + tu .+ )

= 2 - 4r2

On PO
. r = 1 ,

so Jof = -2.

Recall X =
eSotEdtSd

= e
-4π

.



4 .
6 The van der Pol Oscillator

Defined by

X = y
-MX(tX =

- 1) = = y - F(x)
, us.

y = - x

Ne Symmetry xit-X
, yet-y /le . invariant under rotation

of IT)

This looks like
nF(x)

-5 - I

*

- I
↑

· X

- . . . - -

Define Hp(x ,y) : = + (x" + 1y - k)2).

contours of constant Hi are circles centred at 10 , K.

Notice # = x +y = (y - F(x)x + (-x)(y- k)

= kx - xF(x)
.

Hence
,

Ho = -X F(x) [0for aa abound
↓

(i) Ix15 E HoCo

AnHence trajectories starting

in X
=

+y* < 3 eventually enter
! ·Yo ·

the region Xity > 3. - "Acxo .soNow ,
we showI a region /containing i

xty2 < 3) that trajectories can't
43 1730 it0&

leave)
.



(ii) Let A be the point (-xo
.gol .

As -Xo--5
,
Ho 10 .

So B = /- 5
, %3) ,

which is closer to the origin but yoYo as

yo

(iii) B - C = 15
, yc) .

Hoxo so y > > Ye .

In particular,

Ato = /XET-Mxh(x - 1)dt

- (x(x-1)
↳ = y -F(x -

y
- Eu ., soyer

Also
yogo over B + C as 1o so . So

Ho
Hence

,
C lies within a circle of radius r

,
where

Ho(C) <Ho(A)+u)
=>r = (x +y)+u) = Ho(C*)

(iv) Continue circle of radius + (centre &) from C
* to D

*
at X = Xo.

Let D
*

= (X0
. Y .)

Now draw a circle centred on the y-axis from D
*

to A .

centre of circle is at 10
.
k)

,
where k= ly .

-yo)

On this circle Fk =ux< (5X2-1) + kx
.

For this to be 20
,

need

ux/5Xo - 1) <kx

as X Xo on circle

Tk=y , -yo) , Ye-ye=)
3.Jotay 19.



So need

ux(X5-1) t(2) Xo > kx

=> x(X-1)ur
Hence

,
as long asXo is large enough for a given yo,

Fo
..

So trajectory stays within segment D
*A

.

Hence
,
we

deduce that there is a cts curve ABCD + DD
*

+ D
*A that

trajectories cannot cross from the "inside.

Now complete this curve by reflecting about the origin

lov rotate through It) to generate a forward-invariant region.

Then Poincare - Bendixsm gives us that there is at least one

PO in the closed region.

(Note X-ty*3 excludes only FP at 2)

Two interesting limits

1 . ForU1 - Near-Hamiltonian situation

H = 2 (x* +y2) X =Ecost

I X =

y , y = - x

y = 24o Sint period 25

IH =

1 Photo dt

= = x F(x)dt

=-

M . 2Hocost) 5 . 2Hocos't - 1) It

=

MiT Ho (2-Ho)
+ Ofe

So limit cycle is close to Ho-2
,

with period = 24 + OM).
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.M B
·

&

x = y -ux(5x - 1)i-y = - X N >
X

Time to go from A to B :

> < [

· ·-y = 0(1) , Sy = UM) ,

A rapid D

So time = Ofu) large .

From B to C : X = 0(M) ,
Ax = 0(1)

,

time = Oll small

so period will be dominated by the time taken on slow

sections AB andB . Hence,

T = 2)dt
=2
- y - F(x)

.

=-(1yF'(x)dx
~ zu% Exdx =M(3-2loga)

5. Bifurcations

5 . ) Introduction

Consider a system * = fIxiM) that depends continuously on a

parameter u.

A bifurcation is a change in the topological structure of

the flow asM passes through some critical value M.

(typically take as 0) - called a bifurcation point.



Examples 1
. /Mr M 0 no POS

no have PO at With

2. MEO FP at 0

M30 FP at &
. (FM) .

NL

In both examples ,
the bifurcation is atM = 0 where the FP

at 2 is non-hyperbolic . (EMIL ,
d =

M .

- 1 resp.

Bifurcations can also occur when there are non-hyperbolic POS

or homoclinic or heteroclinic connections/orbits between saddles.

- these are features of the flow which are structurally

unstable (see $1 . 4) and nonlinear terms influence the

hynamics.

Consider example 2 again and consider X . y near the origin.

In particular ,

let x- y
= Ofu) ,

·
Expect y to rapidly relax to the curve y : x2 and then

x varies slowly.

-

If yex2 ,
x =MX +x

v = X(X
=(u)

~ ~ vv
~

This captures the essence

-----
3 of the bifurcation.FP



X- unstable X = Fr-

--

-

M ......v

unstable
stable

,

u

-------- ~

6 furcation unstable X =

=Tu
point

Happens to be called a "pitchfork" bifurcation.

The key idea here is we have reduced the dynamics down to

ID (by working close to y : X2) Then it is easier to explore

the dynamics.

Y Y
-

K F
us

0
Mo

↑ =TrX=
-Tu

5.2 The centre manifold and extended centre manifold

Thm (Centre Manifold thu
,

(MT) If 0 is a non-hyperbolic FP of

* = f(z) with linear stable , unstable and centre subspaces ES ,
EU

and EC (spanned by all > with Re(x) = 0)
.

then I stable ,
unstable

and centre manifolds WS , W"and We that have the same

dimensions as ES , EU ,
EC and are tangent to them

and are invariant.



Example Consider in IR

(j) = (0-2)() + (ii)
100 , fig = 0((*p) = 0(2) , flo ,

0 =g(0 , 0 = 0.

Linearity : For the full system , the centre manifold W" is

described by y = h() S. t . h(d : h'ld=
ju ↑

goes through EC along X-axis
FP

EstY

- ~ -

-v
y=h(X)

-
·

FP
2

X

- -

11
-

Seek a local approximation to h(x).

h(x) = a2X" + A3X* +.

Recall WC invariant
,

so y-h(x) holds Ut.

=> y= x

Choose x = 1 => ( - h + x z) = xh(x)

Recall x = xy = f , y = y +x

(- azx" - a3x3 -

... + xz) = (2a2x +3anx" +... ((a2x
=

+ a3x3 + ...)

=> (1-a2)x"- asx" -anX" +... = 292X" +..

X=: 1 - az = 0

X3 :
- az = o I => Az = 1

. As = 0. 94 : -2

X: - an = zar

=> y = h(x) = y
=

- 2X* +...

(Recall we notice that y
= X" . Now see the leading correction is -2x4)



5

.3 Extended Centre Manifold

As it stands
,
CMT does not allow we to deal with parameters.

To include the effect of parameters and hence treat

bifurcations (I . e . see what happens as a parameter pass

through its BP value) , we extend the centre manifold by

augmenting the equations by the trivial equ n = 0. This

adds one more dimension to the centre manifold and

allows us to work in the neighbourhood of 0 and

M
= 0 in parameter space.

Assuming system is in normal form IE" is y
= 0

,

ES/ is X = o),

then the extended centre manifold can be parameterised by

y = h(xm) with the conditions

(t) 410 ,
0 = 0

i
.

e
. goes through FP.

(**) Dh10 ,
01 = &

,
where Dh=)

,
i

.

e
. manifold tangent to E?

Example X =
=

ux
+ xy , y = y + x2

, i = 0
,

or

*)()( +)SX2

G

↑ 2 evals of 0 > 21) centre manifold

look for hixml=0
+

↑T,a
+ 920x

*
+ Ar ., XM

+ 90
. 2uh

+ 93 ,
0 X3 +..

ECM is invariant
,

so

j-x+



=> - h +x
=

= (ux +xh)

= (l-aco) X
*

- AnMX-A0zM
2

- A30X = (2920X + aqu + 3930X
*

+.. )

( -MX + x(azox*+anyu
+ 902M

=

1)

= 0(3)

So X2 : I-azo = 0

ax : a = 0
=>920 = 1

.
Al = doz = 0

M2 . & or
= 0

I
=> y = h(xmu) = X

+
+ 0(x3)

So extended centre manifold is ↓ pitchforkliferatis
before.

X =

-x + xh(xm) =

yux
+ x3 + 0(4)

Example x =M + X
+

+

xy +yI
y

=

2- y + X* +
xy

No-hyperbolic FD at 8 wherr .
&

ExtendedSystem is

&)(v) + non-linear termis

EC is the plane y
:

-u .

(deduce this by either(a) find EC

directly ,
or (b) find ES and generate dual to it

* A = (0 ) is defective·

do has
evec (i) and generalised evec (2)

So ECM y-hIxm) with 410 . % - 0
·
Dh10 .0=Y

So let h(xu= zn + awx" + a ,, xM + a0u2 + 0(XS)

h must satisfy i =X +u = 0



=> (yu-h + x2+ xh) =

12 x+
A +

O)It is-

i

Work to 0(2) :

zM-zu-aroX
*

- 9 , &M
- A02M2 + X2+ x + 0(3) = (2X + a,u)u + 0(3)

X2 : = a + 1 = 0

XM : - a. + 2 = 2020 I => A20 = 1
, a = doz = 0

.

M2 :
- 902 = 9 , 1

So y =(u + x
= + 0(3)

.

So dynamics of ECM. =x =

u + x
+

+ x)yu +xz) + yuz + 0(3)

= M + x
=

+u + 4 + 0(3) &
-

interesting balance I u+ux) = drop. y M

has X* = Ofu) Opu31) =>drop -na
Stable

1

Taking leading terms ,
X=Tu

-

x =M + x = + HOT

This is a "saddle node bifurcation" .

Example (Higher D Lorente equations)

x = r(y -x)

I (
-- r 0

(y =
rx - y

- xz FP at 0 . At
: = - bz +

xy

= a bifurcation at U = 1.

EC is the line X =

y , zo
,

ES is the plane X + ry = 0.



Change variables M = r -1
, V = y -X.

O 8 5

S · O S(i) - I ~ O ·)()Sz O S

For We set v: VIXm) and z = z(x.m)

At XM = 0 .
V

.
Vx

. V .

Z
, Ex

. En all zer as EC is Vez=0 .

So w" invariant

V = xV rVVx = - (Ha)V + y(m -z)()
=> =>

z = x zx + Vzx = - bz + x(V+ x) (2)

So = and V = (x2 , xM + 0(3)

(1)
,

(2) to 0(2) is just

0 = = (1 + 5)Vz +yu
= Vz=

0 =- bzz + x2 = zz=

11) to 0(3) :

r(i) (r) = - 11 ++V - xz

=> v3--

Hence, V = Fr * - bit) X - T + 0(4)

Dynamics on ECM : 1 = NV X

--
Stable

=> x = r(i XM+)X3) + HoT --unstable
= Fr x (n - 1) + HoT

- ↳
>M

-

supercritical pitchfork
bifurcation

X = ux -X
*



5. 3 Stationary Bifurcations

Consider x = f(xm) ,
XER · Suppose non-hyperbolic FD at X=

forM= 0
,

ie . F = fx = 0 atM= X = 0. We can classify the

main types of bifurcations and give normal forms/ = simple

generic form)

1
.
Saddle node bifurcation (SN) X =M-X

*

M30 : FPs at X = In (stable
X

M stable
W

X = fu (unstable)
- -M

3

M
= 0 : FP at X = 0 = e

-

M20
: No FPs

. unstable

This is the most generic bifurcation

·

structurally stable.

2. Transcritical bifurcation (TC) X-x-x

FPs at X = 0
.u . They cross each Y

V

other and exchange stability V
-

- M
· N structurally stable

~

W

3. Pitchfork bifurcation (PF) X =MX - ax3
,
a = =1

X-

a..- a = - 1

-- 7 M

-

~

Supercritical pitchfork
Subeutical pitchfork

FP at X= 0
,

X = If ,Mo
· Not structurally stable

.

· NED structurally stable



More generally ,

consider Taylor series in X

X = f(xm) = ao(n) + a ,(u)x + azu)x
*
+...

with flo . ol = 0 (X-0 is a FP andu
=0)

fx(0 . 0) = o (BP at
M

=0

=> ao(o) = a, (0) = 0

=> Go
.
an = O(M) and expect 92(0) #0·

So most generic case has as 10)
,
ailos and aclo) all to .

=> X = An + Bux + (x) + HoT
,

A
.

B
,
C + 0

= An + ((X+ +Ho

So now setting X = x + BMC
, rescaling M and t get So

normal form
X =n = X

=

So saddle mode is most generic bifurcation . Continuing through

degenerate cases· find transcritical and pitchfork bifurcations

are next common.

If system has some symmetry , then TC and PF may become

"generic" within that context.

Both TC and PF are structurally unstable

Example TC + const · X = Exux- x2

578 E = 0 Elo

X- Xa

· V

~ *
- M

> >
S

~ M M M
-

- X
=-

~ M
S

Saddle mode atM=FFa



Example PF + const. X = E +

ux - x3

E-0 E = 0 E > 0

X x1 X
M

~ --

-

~- - -·
Su
-

3

M u -
3

M
M o SN v- - -1

- -

Example PF + const .. X2 X = ux + Ex- x

Eco E > 0
-Y ~ X

~

~ - ·
↑ TC M

su - M
- - --

-
-

5
.4 Oscillatory / Hopf bifurcations

The case that a pair of complex evals pass through Re(x)
= 0

at M = 0 with x = Fin (2-0)

CM is 2D
. Synamics has normal form

i = Yu-ark) ↑ a=

0 = w

Origin is a focus (Stable for co
,
unstable for20).

DO at reta when Maso.



a= 1

Mc:

statute -D
focus

Supercritical Hopf

a = - 1 13

...D·
Subcritical Hopf

* 5
. 6 Bifurcations of POS *

(1) Saddle mode bifurcation on a po

fr u increasing !
-

eg. v = r(1-r4 .
8 = -Smo .

+
BPs at M = 1 1·



(2) Saddle mode of POS

Two POS walesce and annihilate (or vice versal

e.g .
v =

ur
+ r3 - r5

,
8 = a +bra

Mc-
i -

--krt
jm jm

z·%
.Oce :Fil

,

Stable

no

G tof tit
birth of POS

>

C

Annihilation of POS

13) Homoclinic bifurcations

eg. x =

y ,

y =y + x - xz + xy , Mc
= = 0

.
8643.

u
-

uc M
= Mc McMc

Y
M Y Y

- -

*Yip
stable PO limit cycle swells

No PO
,

no

and bangs into the
numoclinic connection

saddle creating
homoclinic connection



6
. Maps

6
.

1 key examples of maps

Maps emerge naturally by strobing ODE systems. Important in their

own right (discrete time evolution) and provide simplest framework

to consider clos
.

Common examples :

(1)LogisticMap Xn+= F(x) =MXn(l-Xu) .

usually OSM4 ,

X0 , 17

Xn+ n -obweb

·
-

do >
XI Xy Xn

(2) Emap MXn O2Xn5 I
xn+

- (M(l -x) *xee1 ..
OM =2

, x50 , 1

Xu+ 1

F
>

-

Xn

(3) RotationMap Xmx = Xn + w (mod 1)

If WEQ , periodic "motion" XiWeQ
. aperiodicmotion"



(4) Sawtooth/Bernoullsnift map Xn+ 1
= 2 Xn (mod1(

Equivalent to a "shift"
map. Express Xn as a binary number

Xn = 0
.

9, Ands
..... Ai = 0,

2Xn = 0 . Azaz ...

shift to left and drop leading weff.

sol" can not cer eventually if Xo = p2" ,

n .pEI.

· be periodic (eventually) if XOYEQ , q 20 for any

new

· be aperiodic if XoQ

This map will be our prototype of chaos in Ch7.

15) Baker's map (2D square
0 -Ynt

Anth = 2xn (mod12
, Yat = See zfyn1

Fittit
-> X

6
.
2 Fixed points , cycles stability
Consider Ant

= FIXu
-

· FP X0 St . E(Xo) : Xe

· PO with period n is Xo if Ex() = X0
,

With Ex0) + Xo

for kn.

· Xo is period N
.

then &
, Ex = X

, Exel : X
...... Inth is

called an N-cycle.



· Invariant Sets 1 = X * 1 = Ele1

If we write E11) = /X : Jye1st . Ely) = 1)
,
then invariant

means E(1) = 1

· Forward Orbit OT(z) = (x
. E(x)

, E4X) ... ). Similarly backward.

· Stability
: Lyapunov , RAS ,

AS of invariant sets all follow

in similar way

.

· Attractor : An invariant set 1 which is AS
,
and has no

non-trivial subset with the same properties.

Stability of FP X0 : F(x) is determined by the Jacobian

A :

j=
e

Linearisation after setting In
: -Xo and assume Lynk *01

In+ = F(Xy)

=> x0 + yn+ 1
= F(x0 + yn)

=> X + yn+ 1
= F(x) + As yn + 0((yn(4)

Hence
,

a FP of a map is

· As if all evals of A have 16k/

· Unstable if any eval has Ix13/

· Non-hyperbolic if any eval is on the unit circle ,
ie. (=1.

Can use this for Nales : If Xo is a period N point,

EN(X) = Xe ,
so just consider G := EN.



Work in ID :

* - & FN(x) = (F(F ... (F(x))

= F' (Fr"(x) F'CFM
-(X) ... F'(F(x)) F'(x).

=> = F'(Xn-1) F'(Xn-2) ... F(x , ) F'(x)

So necessarily , get the same answer no matter which point

on N-cycle we consider.

6. 3 Bifurcations of 11 maps

Consider Xn+ 1
= Fixnim) ,

X= (*. Bifurcation occurs when

X =1
.

WLOG say FP is at X*= 0 and the bifurcation is at
M

: O.

& S
Flo , 0) = 0

Fx (0 , 0) = #1
.

tocommonbifurcations :

(1) Saddle mode (x = 1) Xu+= Fixnic)

Xn+ 1
.
Xn

,M all close to 0 (BP) · Then

Xn+ 1
= F(0 ,

0) + =x (0 . 0) Xn + Enco , ou

+ Ex 10 . 0 Xi+For aXM + E10 , duz+ 0(3)

HOT

= Xe + Enlo . du+xx 10 . 0) XI + HOT.

Rescale and redefine variables to get the normal form

Xn+ 1
= Xn +M

- Xu

/compare ODE x =u
- Xz)



Xn+ 11 Xn+ 11 - X
X= In stable.

· -:... cu

No FP
2 FPS

X= In unstable

(2) Transcritical (1= 1)

keep all sol" to X = o VM

=> F(0 ,M) = 0 XM = Ful0 . % = 0 => Ew10 . 0 = 0

So Unti = Xn + EXi Exx +MXnFxn + 0(us)

= Xn + Xn) Exx Xn +uFm) truncating
Example Exx < 0

. Fyn > 0.

Xn+* Xn-Xn(Xn-M) a so (normal form)

FPs at X = 0
, an

Fl(0) = 1 - 2x + aM(x = 0 = 1 + qu
suco

I u 30

-

F'(gu) = 1 - 2x + alx=
a

= 1 - qu un
- 0

Sun
Xn+

- Xn+1
--

nXn+ 1

-

-

,I
uco M= - u

- 0

X

S
I

U M



(3) Pitchfork (x= 1)

Have Flo , 0 = 0 = Fxx 10 .
0)

.
Assume xwe

Then we have

Xn+ 1
= Xn +

Xyu Fxx + +x Fxxx + 0())

FPs at X = 0
,

X = 1)-buEu/Exxx)" When 1420 .

Normal form is

Ynts = Xn + XnCu-axu) ,
a = 1 1.

a = 1
-

n+ 1 n+ 1 *

N

- -x -
-------u

S
I

&
- ⑨

-S

supercriticalM us bifurcation.

a =

= 1

n+ 1

M

-
-

As Su
subcritical

M us
bifurcation.

14) Period doubling bifurcation (d=+)

Xn+ 1 &

-

·
-

⑫
-

-- "Xn
↑

-

3

-

Stable FP 2 cycle (P2)



FP changes stability and sheds a zo cycle.

Suppose bifurcation is at X =M = 0
.

Also keep FP at o FM .
So

Flo
,M) = 0

. Ex (0 ,
0) = -1

. Then assuming Xnvul.

Xn+ 1
= ) - 1 + AM)Xn + BXn" + CXi + 0(uz)
S & I * FxxxFy (0
, 0) = - 1 Fan t Exx

= Xn+ 1 = - Xn + BXn + (Auxn + cxz) +0
- -

Ofu") Of )
Now consider Xn + z (because of "" Xn)

Xn+ z
= - Xn+ = + Bxz

+ 1
+ (AMXz+ 1

+ CX2+
1) + 0(2)

=

- ) - Xn + BXn + Aux + CXi+)

+ B) - xn + BXn2 + ... )

+ Au) - Xn+ - .. ) + C(- Xn +... )3 +O

Xntz = Xn-Bxn-Auxn-Cxn

+ BXi - 2B
*

X* - Auxe-(x2 + OM2)

= Xn - 2 Auxn-2 (B2 + c) X: +O(z) (*)

Look for FPs of F2 Xn+ z
= Xu ( = x) .

=> x(Au + (B2 + c)x)) = 0

So X= o is a FP
,

and

X=2 (x-M') which forms a z-cycle

A period doubling bifurcation of F is a pitchfork

bifurcation of F2.

Check the stability of the 2-cycle :

& F = 1 - 2Au - 6(B2 +c)x+ O(uz()



At PC
,

= 1-2AM-1(-AM) = 1 + 4AM

At X = 0. : l = - 1 + 2Bx + An + 3Cx(x
= 0

= - 1 + AU .

Hence have opposite stability

If A30
,

P2 Stable M20 ·
unstable uso

FP(X = o) unstable so
,
Stable M20 .

We don't usually need the normal form to discuss a

period-doubling bifurcation - the fact that X = -1 is

enough.

7 . Chaos

7 . 1 Introduction

Two key idea for chaos :

·

arbitrarily close orbite separate from each other

·Some mixing of even the smallest set

This means any tiny error in the initial conditions will

magnify , making long term prediction impossible.

Many defi of chaos-consider 2.

Consider a map F and an invariant set 1 (F : 11)

(i) F has sensitive dependence on initial conditions (SDIC) on 1 if

750 s . t · for any
xel

,
Eco

. Eyel and no st.

ly-X1<9 and IF"(y) - Fix)/ > 8.

"However close I start
,

I can iterate out a finite separation".



(ii) F is topologically transitive (TT) and if for any non-empty

open set U,VC1
, Incost .

FYU) & V + ↑

"There are abot dense in 1 , it
. they come arbitrarily close to

every point in 1"

Example (TT but not SDIC) Rotation
map on to

,
1)

Xn+ 1
= Xn + W modI , WKQ , forward orbit is dense but

not SDIC.

Example (SDIC but not TT) 1
E

21 · 1 - Xn) X= - I

&Xn+ 1
= & 2Xn - [2Xn = E

I + S

&

2(1 -Xn] xE
& -

-

Not TT as can split into X=0 and X*0 ,

but SDIC as If ll = 2 everywhere

Defi (Devaney ,
D-Chaos) F : 1+> 1 is chaotic if

(i) F has SDIC on 1

(ii) F has TT an 1

(iii) Periodic points are dense in 1.

We not proved but (ii) . (iii) E (i)
,
but we check (i) nonetheless.

Def"(Glending , G-chaos) Use the concept of horseshoe. Say

F : It I has a horseshoe if I an open interval JCI
and

joint open
subset Ko and K

,
<J St.

F(kol = [ (k . 1 = J

F ischtic if F"has a horseshoe for some n21 .



-
WG-chaos => D-chaos.

7.

2 Sawtooth map 156
. 1)

Now show that it is G-chaotic and D-chaotic.

Recall
map is Xn+ 1

: 2 Xu mod1
,

XI0 , 1]

Recall can view as a binary shift --
I

0
.

9 , andz ...

-> 0
. andz...

· G-choos : J = co
,
1)

,

Ko = (0
, t) ·

k= (t ,

1)
.
Horseshoe v·

-

· Rehaos : 3 things to check

(i) SEE : Choose
any

Sat
. Given X . E

, pick n large

enough s. t .

2h+ 1) < 3
.
Construct y to be the same

as X but with the (n+ 1)th binary place changed. Then

(x-y) = 2

- in+ ice
,

and IF"(x) - Encycl = * S

(ii) IT : Given u = 0 . a
, az ...

EU
,

v = 0
.
bibe ... EV .

Set Uw = 0 .
9 , 9 ... Anbib .... then FMUN) : ve

ChooseN large enough that UNEU /U , V open sets) .
(iii) PensePOS : Given w = 0

. 9 , 92.

Set Ww = 0
.
9 , 92 ... And.....And .... This is periodic
--

Now chooseN large to get arbitrarily close to w.

=> D-chaos
.



7. 3 Horseshoes and Symbolic Dynamic
Aim to show that a horseshoe gives equivalent dynamics to the

shift/sawtooth map.

Supposef has a horseshoe on JCR . land accompanying open

subsets K
, K2)

Define closed interval I = J
,

I
,

= T
· E2 =c . Assume f is

monotonic over In
.

I
.
1 Iz = 0.

f(x)EI EXCI
, or In (simplest set-up , others possible)

F
E
- I-

Define 1 = <x : f"(x)EI Un = 0) · Clearly

xe1 = f(x) (1 => f(1) = 1

Also if XE1 , Fy S. t · fly) = X with yeI since

FNylel , y el - 1Cf(1)

So 1 = f(1) ,
and 1 invariant.

Now the "construction" : for each xe1 , fu(x) E I

=> fr +
(x)EI

,
or Ez.

Define an = 0 if f
"

WEI
,

an = 1 if flut(x) En

Then X corresponds to a sequence

X = 0
. 9 , 92 ... An

11 &

f(x) f(x) fN (x)



f(x) = 0 . a ... An (left shift)

Hence , map on 1= action of a "left" shift on a binary

expansion in to
,
1]

=> f is TT
,

SDIC
,
POsdense in 1 .

Thus

horseshoe/G-chaos -> shift map
+ D-chaos

What does I look like ? Cantor set

M

·
--

↓ n

Cantor Set

Fast : 1
=PfP(1) .

It is closed
,
but uncountably many

points , might have measure 0.

7
.
4 Period 3 implies chaos

Thm If a cts map on IERR has a 3-cycle ,
then f has

horseshoe and thereforef is chaotic.

# : Let X,
< X2 > X3 be elte of a 3-cycle .

WHOG suppose f(x1) = X2
. fixal = X>. f(xs) = X1 .



Now f(x) = X3 > X2
,

f(x) : X ,
< Xs

so fax-X changes Sign

over [X.. X] .
IVT = JZE (X2

,
Xs) S

. t
.
f(z) = z .

Also
, f(x) = Xa < Z fixal = Xy(z . So f(x)-z changes sign over

[X, Xc] . IVT = JyE(X ,
X2) S. t· fly) : z

.

fo(y) = f(z) =

zcy ,

f(x) : f(x) =

X y ,
so fi(x-y changes

Sign in Ey ,
X -]

.
ENT = J smallest rely , Xz) St . f(rl =y.

foz) = z3y , f(x) = X, cy , so f" changes sign over [X2
,
z]

IVT =
- largest Se[X ,

z] Sit
. f((s) =y

f(x - y v

-y
Notice filyl : z

, fls = y ,

f((r) =

y , f
"

(z) = z

So have a horseshoe for "with Ki = /y , r) , K2 = (Siz)
·

T = (y , z)

(k , 1k = 4 ,
K

., KzE5) .

So have chaos. 1

7
.
5 Existence of N-cycles

Have shown that F has a horseshoe if there is a 3-cycle.

which implies cycle for F2 of all periods.

In fact we can show that F has cycles of all periods.

Lem Recall if Fcts
,

VE F(U) , where U ,
V are closed intervals,

-

then Ja closed interval K[U S .

t. F(k) = V.



Thm If a cts map F on ICR has a 3-cycle ,
then there is

an N-cycle for all N21 .

Pf : Assume X. = F(xs) < Xz = F(x , 1 < Xi = F(Xz)
.

(a) N= #(x) - X changes sign over [Xz
.
X3] ,

So IVP -X
*

St .

F(x* ) - X
*

= 0
,

X
*

E(Xn , X3)
,

so] a FP.

F(x)
-

X3 -

·
-

(b) ( Let I = [X , X2] · IR = [Xz
,
X3] ,

have IpEFIEL
,

FUERE FlIa) .

Choose JN = Fr
.

Define Ja-1 s . t . F(Jw) = Jor and Ja Ec (exist

by lemma). Now work backwards FITi) = Jitl back to

Jo ? IR with J:C IR .
i < N-2.Naz,

R

So FN(Jo) = Tw = IR =JabE Jo s . t . FM(a) = X2
,
FM(b) = X 3.

IR
< >

C

Xia a
"

X3

& i -
Fa(a)

FN(b)

zs
. t . FM(z) = z

. by IUT FY) -X changes Sign
over [a . b].

FD of F ?

The only way all iterates could be the same is if

x < In Fr = (x2) .
but F(xz) = X3 # X2 X

Same argument holds to eliminate smaller period cycles , so

must exist N-cycle. 17.



The statements IR ? FIFL) and InVIREF(IR) can be

shown/displayed as a directed graph-

FIG) ? FR

In 2 Ir F(IR) ? Ir .

I(IR) ? FL

and cycles are implied when there are closed path in the

diagram-

e .g. expect FP my in FR.

no periodic orbit/N-cycle just involve EL.

Example Suppose there is a 4-cycle.

7 >

FB Ic
↳

X
Fa

in
E

is X4

2

=> Directed graph
>

It
·

In -
&

Expect only FDs to be in Is .

and 2 cycles between En and I
.

#m (Sharkovsk) If f : /R + RR ets
. f has a k-cycle and 'lDK' in

the following ordering , then f also has an l-cycle.

14242424
...

... D 2 . 9 Dz . 7 D24 . 5424 .3
---

- 22 . 9422 . 7424 . 5422 . 34
...

. 2 . 942 . 742 . 542 . 34 ... 49474543 .



Comments :

-

· If K = 3
,

then all other N-cycles exist /recover p3 - any period cycle

· k= 1 (FP) #N-cyclic ,
but 1 4N

, any N
.

So any cycle =) FP.

· For any ko a power of 2
,

I small 1st . 314K.

E> have a 3-cycle in El

=> horseshoe in F2 = chaos

* Any non-power-of-2 cycle= > chaos.

7 . 6 The Trent Map (recall 56 - 1)

More interesting than the Sawtooth map as it depends on a

parameter.

0 = X = 1/2

F(x = (Mx (2 * x = ·
For OCUX1 F : Co

. 1 + [0 .
1).

F(x) <Mx with MC1 ,
so Xn + O as NEW .

For M= 03X 12

F(x) = [ex (2(x1
Very degenerate· Line of FPs are xto

,
1)

For XE(E1] .
ht FP at 1-X after 1 iterate.

For M22 F has a horseshoe.
-

Let J = 10 . 1)
·
K = 10, ) ,

K = (1-Y , 1)

F() = F() = 5
, kn = p .. ].↓ O



ForIUC2 Fix points 0 and Xo = -En=r
1F'l at both FP =M11 , so unstable·

-

Consider interval J = [F'(E)
.
F(z)] 1 - -

- - -

= [r(1-in) . ju]
· points above J map to below I -----
· points below J grow geometrically (XM) F(z)
until they enter 5 - T-

· Once inJ can't leave.

=> So all interesting dynamics in J.

0xX2

F(x) = Jax (2X)

MX 0 = X = "(2n

F2(x) = I u((x) 12 = x 1 1/2

M(1 -ux-x) /2 = X=) - 1u

M2(1 -x)1- = x1)

M

- - -

xo = F
* (X0)( F -

(X-2) = xo
.

Eu

I

i F2(Xx) = Eu

F(x-) = X-

F(xx) = E

-- F(t) = EM.

↑·



know that M22 gives a horseshoe in F . We've just demonstrated

that M2E gives a horseshoe in F2

Can show

=> F" has a horseshoe for us 2l

·

FI has - 1

M22
%

So chaos for all
Mc1

In summary , <1 .

X-0 FX to , 1)

-

u
= 0 line of FPs [0 . []

·

u- chaos
.

The route of chaos is unusual. Normally get period-doubling
cascode (see next section and logistic map) .

7 . 7 Unimodal maps and Feigenbaum's constant

Lef
: A unimodal map on the interval [a . b] is a continuous map

F: [a . b] -> [ab] S.t .

(i) F(a) : F(b) = a

(ii) = < < (a . b) s. t .
F is strictly increasing on [a , e) and

strictly decreasing on (c
.

b).

F 1

b

·
8b



Most famous exampleIs the logistic map

Xn+= WXn(l-Xn)
.

X [0 , 15

· Parabolic with max ↑ at c=

· Usual to consider OCUC4 (r24 not interesting

· Behaviour F = rx(1 -x)

&l : Xn-0
, only FP.

20 = ro = 1 : FP at o is non-hyperbolic (F(0) :1)
-

lactually stable due to non-linear terms)
F(x)n

#3 : New FP + 0
.

· FP

>
x

=3 :

P2 bifurcation 2

-

slope - 1 period houbling
cas code

Y ~

r2 = 3 .449p41 =2) bifurcation

23 = 3 .
54409 pf( : 23) bifurcation

:

Un p2"
:

ro = 3 .

509946 p25

Note successive bifurcation come faster and faster

Felgerbaum (1978) noticed that

lim Un-Un-1
S =

n=0
- = 4

. 6697 ... Fergenbaum's const.
Un+ - Un

This number turns out to be universal for all one humped
lunimodal) map with quadratic maximum.

N . B. The frent map is not one of these.


