
Cosmology
1. Expanding Universe

1 1 The FCRW metric

The CMB is isotropic /same in every direction) on

average. Large scale structure (CSS) homogeneous Jamel

at all point on average.

Cosmological principle : our universe is homogeneous and

isotropic on large scales (Mpc).

In GR
, invariant interval

ds2 = gprlf) dxMdxY

By isotropy . gio = 0
.
By homogeneity , goolt 1 by

redefining cosmic time

ds" = - dt2 + dl2

Withdl" the line elt maximally symmetric space ,
this

is FLRW metric .

MaximallySymmetric Space

In 3d
. only 3 possibilities - curvature K = + 1 . 0

.
-1 .

Flat (k=0) : dl" = dX" SijdX .

- Euclidean space .

Positive curvature (K =+ 1) : Embed 3-sphere into IRP = /X ,
u)

↓l = dx" + du

S .t
.

Xi+=
= a



Negative curvature (K = -1) : Embed hyperboloid into IR3"

↓" = dx"-du

3 .t
. X - u = - a "

To write them all in a unified form ,
rescale XI*I,

ut an
,
then

dl" = a
- (dx" + kduz)

with"IU2 = #1 for K = 0 ,
.

Differentiate the constraintIU" = #I

=> 2X :d zudu = o

=> u du = #X - d

=> du2=d
Hence

de = a [de +1

Using Sph .
coord

.
Jr . 0 , p)
↓ "

= dra + radi ,

With di = do2 + SinP d .
Then FLRW metric

I
some ed

ds" = - Eth + act)dX" Vijdx]
metric

= - dt + acti + de]
and act) is the scale factor.

· FLRW in Cartesian courd has Vije Sig.



· X are called comoving coordinate - related to physica
distance by

&Xph = /BXNgorSXV)
12

comoving
↓

some -

LareXSexi)" = a l1X1I

It's convenient to use conformal time [ s .

t.

a di = dt
.

Then

ds2 = ac [de2 + V dxidx]
Flat FLRW (k = 0) is conformally flat.

Covenant derivatives :

- A = App= = 2 A = Am .

- AM = GATA

% Am = -P An

where Tr = g
**
(gaxp " 9px ,-gapx)

For FLRW
.

↑ " = Ha <

Sig ↑ " = T = H Sig

Ti = [vil(2jV + 2Vje-GeVjk)

where H(t) = Alt)/alt) is the Hubble parameter.



1
. 2 Dynamical Relations

From the Einstein - Hilbert action

&

S = ) dixgr +State
We derive

Ryo-ERg :- Thr
With Mp the Planck mass Mp:Chi,
Rar is the Ricci Tensor

Rin = Romer
↑
Riemann Tensor ~"Lag" -

The is the energy-momentum tensor

Th=
By contracted Bianchi identities

,

Einstein eqn.
↓

-M/Rm-garR) = -PGyu = 0

Hence

OmTM = CpTM - Tam T
&

+ TcpTMC = 0

This is the continuity egu.

By homog. and isotropy ,

the most generic TMr is

↑Mu = diag (-p .

P
.
P ,
P)"Thu :gaT "v

where PCt . =) = P(t) is the energy density ,
and



P(t. x) = P(t) is the pressure .

Conservation JpTro = 0

= j + 3H(p + p) = 0

&
Hubble param

The type of substance is specified by an equ of state.

A simple choice is

P(t) = w p(t) .

Example : W = 0 : NR matter (VCC)
,

a . b . c . dust

w = : Relativistic matter
,

a .
K

. a .
radiation

.

We-5 : Dark
energy

W = - 1 : Cosmological coust.

Now solve the sty equ for p=pla)

↑ + 3 + wp) = 0

=> 10gp = - 3/1W)ga

=> p = p . (a)
with Pltol =

% is integration coust .

Defi /Perfect Fluid) A medium for which V , t,

=> frame in which TNr = day (-p , P . P , P) . Then

in any frame,

TM = (p + P)UMU- + PgM=
giv : Sin



with velocity UN a normalised time-like rector

uNUm =
- I

Frame in which UN = (-1 ,
0

.
0

,
0)

We'll often assume perfect fluids.

Fredmann equation

Direct calculation of the 00 cpt of Einstein's equ

Roo - 900R = Mp
2

Too

(H"+ ) =

&Pi (Friedmana

all substances

Find sol" for a single field and 17:0
.

3) 1+w)/2

H == = Ho()

with Ho = HCto) ·

Using ansate a = to
, we find sol"

act) = (= (1+ c) HotJer
Dusts/W = 01 => act) < +

*3

· Radiation (w = b) => alt) < +
1

· vacuum energy (w = -1) => act) < effot .



Have alt &
&Hw

=> Hst)=w E
The age of universe is

tage:towstage)
The acceleration equ is2 Fried) ,

and p from styegu,

=> Mp = - +(p + 3P)

Charge conservation

Charge conservation is

(n UM)
ip

= 0.

Homog .

and isotropy gives UP = (1 ,
0

, 0
. 0)

-> i +3 = 0

=> n(t) < a

2. Distance and Redshifts

2) I Geodesics and redshift

For a particle along a worldline XMIS)
,

the velocity is

um=
with

UMU = 16massiveess
For massive particles ,

PM = mUP
.



Geodesic egn
is

&
=> P2,

PM + Tapp
< pp = 0

Focus on M
= 0 ept (E = po)

Ed = - p
since E2-pr = m2 .

EdE = pdp

=> p=
=> PL -

Redshift

For m = 0
.

E = Pct
Since E = h/ => 12 a

=> to:
Define the redshift

z :=
=> + z=-

We'll adopt the convention that actol = 1
.

=> 1 z = at)



2.2 Distances

Comoving Distance

curved spacetime has many "distances". - comoving dist,

luminosity dist ., angular diameter dist...

In sph . words,

ds " a 2 [-d+ + dy +y (dp2 + sinpdpi)]
Photons followhull geodesis at di : dX.

comoving distance is

X(t=, +y) = (dy = (d+

=t
- I cal : (

If tf = to
,
altol = an = 1

,

x(z) =1
Particle horizon is the distance travelled by light since ti

las opposed to since =) until t

d
ph .

(2) = acti y (tit) =alt)
Let's compute this for single component universe we-1.

a(t) = ( +(tota

=> dpr . St) =+ [ ++ - + )



with 2:w)
For wc-1 . the Big Bang is when altip) = 0

, namely ti = 0.

· dpu . diverge for G21 = We
· dph . converges for xcl (wc-5.) to dph=01 t

.

For example ,
radiation wi = dpn= 3t .

NR matter w = o
=> dph.: 2t .

Luminosity Distance

Let L be the intrinsic luminosity [L] = Evers t
What

you measure is flux f, a .k
.
a . apparent brightness,

If]=errea

In a Euclidean universe,

f:di
where do is the luminosity distance.

In a flat expanding universe with emission at acz) =z
and observation nowao = 1

,

· Energy redshifts by a factor

=
· Rate of arrival of photon decreases by

= CI

So in an expanding universe,

f:es



So luminosity distance

duz) = 1 = ( 1 +z) X(z) ·

Astronomers use apparent magnitude m and absolute M

m = - 2 .
5 10g (f/fo) ,

M = - 2. 5 logio (2/ 20)·

where fo and to are reference flux and lumen.

For example , Msun : -27
, Mass

= 0 . 1.

Their difference is called distance modulus

M = m - M = 5. logo (d/l0ps) ·

In 1920's , Hubble observed nearby galaxies

Upn = HoXph
where Ho called Hubble caust

.,
Ho > 0

·

In our model
,

Vpn = Jax) = a Xcom + a Xer = XphH + X
peculiar

Modern GR version is M
vs . z. This was done by

Supernovae in 1998 and they discovered Altol > 0.

Age of universe

Use chain rule

tage = (dt : J :
-J . [Ep : /3M]"



We'll use fractional energy density

Rio=it
From sol" of cty egu ,

Pila = Piows = 3MHon
In our best model of the universe

,
we have

↓1 , 0
= 0 .7

, Rm = 0
.

3
,
fr = 9x10

: 5

So are finds

tage =to [Eno + Rmiod" + &roa-] " = 13 .7x10"yu

Only particles with tifes tage - Ho" are around
.

Stable known

particles : e=pt , V . 0.

Ne : Currently there are P17%) discrepancies in the

value of Ho.
So better usephysical fractional densities (dim-less) his .

Mo:tol v . s
. ho =Wetkuts

3. Constituents of Universe

Photons

Most photons are in CMB . Only 1 % fromStars .
CMB is

a gas of photos with a thermal distribution at

Tcmp(tol = 2.72548 10. 00057K
.

Hence
,

Pr= Ten

=> he2
v

, 0

= 2.
5 x 10

- 5
.



Baryony (Atoms) : protons + e- + neutrons
,

· 75 % Jenergy density of baryons) Hydroden , 25% Helium,

traces of heavier elements.

These probes :

· C ~ D
z = 7 Lyman &

,eye
AGN Quasar &

↑ V

lyman a forest.

=> h-2y. = 0 . 021 10
. 003 (Intergalactic medona

-

· Power spectrum ~ Power

u
Y

=> h-1b = 0 .

02225 + 0 . 00016

=> 2, - 0
. 04 14 % )

.

·

Big Bang Nucleosynthesis (BBN) : formation of deuterium

# ,
Helum Site ,

"He and Lithium "
Li .

=> 4-26
,

0
= 0

.
022 10.

006
.

Dark matter

· F. Zwicky observed Como cluster· Assume visualised
,

Virial theorem :

(T)= &M, = - t(V) :G



He deduced

Mura = 2 x 10 Mo Miam-2x10
*

MOMg-3x10 No

· V .

Rubin and K . Ford

⑫
expected Keplerian abit

= GmR

=> VIR)=
If only luminous matter

, M1> 10Kpa .

=> VIR) Fr
.

Instead , they measured flat galaxy not " curves
.

-V

crust-200km/s

Treasured-
I'R
expected

They estimated galaxies inside a puffin and big dark

matter. Analo

· CMB power spectrum : Emoh" = 0
. 1198 + 0

. 0015

=> Rom
, o

= 0 . 16
.

· Number of galaxy clusters give similar results.



Neutrinos

Charge e-states Ve
, Up , ve = mass estates V ..

U2.s.

With Umass : 1 Veharge
.

1 A me
,
I "- 8x10-5eV . 11Ms , R-2x10eV .

Two possibilities
n- -

-

mass

-

-
-

inverted normal

hierarchy

cosmology on probe
& mi s 0 . 15eV
i = 1

Neutrinos also have a thermal dist" at

To = Temis (i)

=> Pu = pr . 3. (f)
*

Neff deta 3 . 04 10
. 18 .

=> h220
. 0

= 0/10-5)
.

Dark Energy
In 1998

, observation of supernova In observed accelerated

expansion = (0) > 0.

Accel- egn
: 2 -(+

=> p + 3 c 0
.

So need W-5 · Anything with wart is called dark

energy.



A leading candidate is a cosmological coust . (w = -1)
.

=>
j = 0 = P = const

In GR,

S = /dix Eg [10 + MR + matter

Problems associated with a cosmo . const.

· Naturalness problem :

1 = glautoff ask o = Mutoff > (10 Tell

Measure : Pop-(10-ev)" , off by
1060

.

· Maybe dac = o bla symmetry ? No.

·

Today , RDEw01104mio . Why now ?

4. Inflation : Motivation

Decelerated cosmologies ,

i

. e .
altico Xt

,
has some problems.

The not Big Bang model is dominated by matter (woo) or

radiation (w = 5) until z = 0.
5. Both satisfy P + 3D = 0 .

hence by accel
· equ , ax-(p + 3P) < 0

4 . 1 Old background problems
Curvature Problem

Current bound on spatial curvature is

&= = 0 . 000 10
. 05

.

However , 11 grows in decelerated expanding cosmologies

ik= -(ptp
-

strong energy
condition



Pem : why was ligi)1 ? Equivalently · [Silail = 1
.

leading sol" is a dynamical expansion
: , aco at early

times
, before not big bang.

Horizon Problem
time

S M

*
-Sx + 5 1*

T

I i
"

space

......
-------z(

+ z=
.

za)
.

a(tis) = 0
-.-

particle horizon

Neglect dark energy:

ox = Xlaoa) : I
.
"

=H1-a
r

& = dinitial

accO
Particle horizon until ast)=

z

ypulas = y (a = 0
, a) = attal+) ical

Using Fried . HXJ < a
31Hw/k

,
we evaluate the ratio

&
Thus no causal explanation of isotropy of galaxies zo

or CMB Z = 103
.



Scale Invariance

correlations of matter, galaxies ,
or photons , all come from

initial conductions satisfying

(T(z1Tsyl) = (5(x) 3(yK FX
.

with deviation -3%, with J the curvature peturbation . Why ?

de Sitter Spacetime

This spacetime is maximally symmetric ,

i

. e. it has H
isometries , with D = d + 1 = 3 + 1

,
so 10 isometries.

Sol of Einstein eg . of a cosmological const.

Ryo-EgrR +

Spo 1
= 0

Eac R = 61

=> RM = 21gir ·

By uniqueness thm
,

we can finddS coord - by embedding dSs+

into Minkey ·
t

- (X%+SX *x: )
with 1=t2 .

L

We can slice the hyperboloid into noncompact and spatially

flat
.

-

x = (h(st) --



Xi = xieht

X" = Lasblit) -EXi -Ct

/

with i = 1 .
2 , 3 . t = X:

,
So that

dS
+ 1

= - d +
2

+
e+

dx"Sijdx:+dxSjdy
where dt = -di/HE

In particular ,
dilation isometry ,

(t
,
i) (xX , XT)

hence correlation in dS for t-indpt . fields are scale

invariance
.

5. Slow-Roll Inflation

Inflation is a phase of accelerated expansion before the

hot big bang , a ,
as o

M B &

I

inflation !
I &

I rad ! matter dark energy! &

azo ! ado, o
a

Define the first slow-roll
param E by

= + 12 = Ha(l-8)

where E = -H/H2· and EC1E > 0
.

Scale invar
·

can be explained by de Sitter spacetime where

H = const
· Edg = 0 => Agg = elt

.



So we'll require 51 . equivalently W = -1
.

End of inflation ~ reheating into standard model particles

3M Hen =g Tren
where Toeh is reheating temp . Junknown)

To talk about duration of inflation ,
we talk about e-foldings

of expansion dN = da = Hdt

=> NCtul-NCtll = log
Ne -N,

= Ac = a , e

To solve HBB problem Shunog + isotropy + curvature)
.

A Ning > 50 + log)er)
=> Grand of infl &50 Abeg = 10 Abeg ,

Require scal during inflation

E(N) : 3/Na) + Say (N -Nol +...

= Ex [1 + M (N - NA) + ... ]

where = 3/EH is the second slow-roll param.

To higher orders , 4:
old

,
their for mes

. En=
Slow-roll inflation is E, 9 .

5/1 .



Single Field Inflation

What drives inflation ? A cosmological const. 1 would

↓ forever .
We introduce a clock /xit) to stop inflation

,

then energy density > VI) .

For simplicity ,
we take a canonical single minimally-

coupled scaler theory ↓
S = - (d *

x Fg .&IMPR + G
,P2Mp + 2V(p)]

&
potential

Thv= = < + 2nd - Spot Cpp2 +VIq)]

For homog ,

and isot
. background , $1xit) = P(t) ., then

Thr = (p + P) uUr + g, P

with P: +V ,
P = Ep = V

, up = /1 ,
0

.
0

,
0)

=> TMv = dog -p ,
P

.
P

.
P)

Fried : 312Mp = 02 + V

E . 0 .
m

. of : -> < p + 3Hi + v = 0
.

-

Hubble friction

Useful2nd Fried : -AMp = Elp + p) = Ep

There is no general analytic sol". , but there are approximate

analytic sol"
- "Slow-roll sol"s" .



What VCPI gives inflation
,

i

. e
.
when are E

, y, ...
1 ?

Fred : V = (3 - 2)H2M? (t)

Then
, we want EPV to be "potential dominated. "

Also
,
for this to remain true, we want small accel.

3HV
then to leading order,

312Mp = V

& 348 = - V

These are valid as long as

~=(=

=> Ev : -(*) "Mp 1
.

where Ev is called potential slow-roll param
.

Define also

7 : = Mp , E := Mp

By taking self)
,

we find exact equ

En:I
7 = 7/1 + 25/3 + 1) - 2654 + 12)2 + 852

4 (E - 3)

To leading order in E
,
and 5

, we find the necessary
conditions

EEnt.... 7 = 4Er-24r +...



So the potential has to be "slow-roll flat"

Evi(t) 1
,

Mu
= Mp")

Example

&inM

-P

To find approximate sol" , use shorthand not"X =Ip .

Slow-roll condition means "potential domination"

5 =-
=> Xav

-> 3H2Mp = V
.

and "small accel"

7 = 2+
=> XxXH

= 24

=> 34p = V

Slow-roll approxi

↑ =Sta



Also
,
N Le-fold

N = /do : (Hdt :/
·I

- I d nit
There are infinitely many potentials for which ND50 of
slow-roll inflation-

Comment : large and small-field models
-

a
This is approximated bySP/Mp = DN. Every rough).

6. Thermal history
6 . ) Thermal history ->hot big bang

Tr O

·
↑

Ex10 GeV lersH0B GeV reh
< 10 GeV

It I A

Quantum inflation reheating
gravity

I

Ne : To
. Tw ZooMeV Trl-SMeV

quarks
↓

T- 100GeV
. no and p+

I I 7 I

-

barygenesis electro week OSD phase neutrinos

3 symmetry transition decoupling
breaking

Su(a)xU(1) -> US)
.



T-0 .
5 MeV Two · IMeL Tr 0

.
5 Kev

t-5 sea
- t - 3 mins to 2months

I I &

e- et Big Bong Blackbody
annihilation nucleosynthesis time

someare left
H

,
2 H

,
31

,

Nphotons - conserved
over

#= #T
*
He

,
"Li

Two-sev - = few Gyrs
T-leV z= /100

zw10 zn0.5
z = 3300 - 370 kyrs now

I I I ( 13

mat = rad recombination re-imisation acceleration
starts

e
-

+

p
+> 'H

I ionised

universe become by stars
mate dark-energy

transparent

6
.

2 Kinetic Theory
Probability ↓ Prob of finding a particle inside a physical

volume abdix at a comoving position = with physical
momentuma is

↓ Prob = f(x ,git) a dixdag .

where fix ,git) is the phase-space density and

pM : (E , 1) = logh · g(a)
.

Then
TM (x ,+) = g/g f(x . fit)

nexit) = g)d f(q , +)

where g is the no
· of degree of freedom ,

e .g . g = 2 for photon,

graviton ,
each neutrino.



We will assume Kinetic equilibrium ,
ie . Bose-Einstein or

Fermi-Dirac dist"

f(x , g . t) = fre
,

=p(*git) =eT
= /

where E= Mmq2 , M
= p(eit) is chemical potential,

T= TCE ,t) temp.

Energy mom .
tensor To =p and T"j : plet) Sig .

Then

p=dqq1
p= /dqq2

n= /dq= 1

Relativistic particles
For Tcm

, approximate Elq) = migh = g . Also ye small ,

then Bisen

p = 3p
=

g. / Farmas
,

Bison
n = g. Esp Fermian

Note that w = P/p : 13.

From 1st law of thermodynamics (M =0)

dE = TdS-pdV
We get "Euler's relation"

E = TS-pV .



Dividing by volume
, entropy density is

===g. on

Non-relativistic Particles

At low T
. M-pc T .

Both quarter dist"reduce to

Boltzmann dist". Using E = Mitq = m + 9 km ,
we find

n = g((-m)/+

P = g((u)/T(m + ET)
=

= u(m+-+)
.

p = g()42/T + = nT

s: =g(sm)

Note that Ponm and pinT = w =-1 =W = 0
.

In thermal egm and for p = O
,
NR particles are negligible

formt
6. 3 Number of relativistic particles
It's useful to define effective no of rel . particles go by

P =g+
with

ga = goos + 9 Fer

where

go = gther + ge gILT) : Egbos ** [Ster



For example , at TD 100 MeV . g : gather = 106 .
75.

,
while

at T-10Me · gx = 1 +E+2=
OS

y ↑

ve
, in . En

As universe expands, Tht) vatts decreases . Away from

T mi ,

g (T)
= const

Around Trmi
,

the i-particle becomes NR .
This is called

&Ihreshold .

Species out-of-equ at different temp TFT:

get) = g :( +Es : (E)
6 .4 Conservation of entropy
In

egm , for peo ·
can be shown

=
1st law with E = pV

=> TdS = d(pV) + PdV

=> dS = + (d[p + P(v) - Vap)
= + d((p + Pir) - #P + PIdT

.

= d[v]
Then

* = F(p + 34(p + P) + y)p- + ) = 0

SoS conserved in egu.



Recall entropy density s : -=P. For multiple

species
S = Se

P : gaT

where

gxs(T) = gathermal (T) + g(T) .

In eqm , giST) = gith(T) ·
For decoupled particles

git) = gi()"+ 9: (E) + g(T)
.

Entropy conservation implies

a SX gx(T) Ital = coust -

=>Ta

6.5 Neutrinos

Three periods :

* Neutrinos in thermal egm .

W/e
,
W, .

② Neutrinos decouple before "electron threshold" a . k . a
-

electron-position annihilation. After this

Tula) a = Tudec Adea -

③ Neutrinos become NR .

JE 1 500) andcluster .

Aftera decouple ,
below electron threshold To me

,

2
+

+ e
-

> V + y

heats photons but not neutrinos - TrC To
.



Before et-e-annihilation ,

5= Tig :T 1960s + #92]
Y *

2
2x(1 + 1 +3)

et, e ; u

After annihilation ,

5= [2T + =(2x3) Tr]

Conservation of entropy : aiS= acSc and acT= actu.

=> To = Tr()3

Trad -(f) (2 .7k) = 1 -96k = 1 .7x15
* ev

.

~ dec.

↓↑

iet-er
annihilation

I

! &

& Tu
I

" > a

Neglect unknown neutrino masses

pr =

Pr . 3 . E . (f)" = 4 2 = 1.7x10-

To test this and probe beyond standard model., people

define Neff :

Pr = Pr (1 + Next· (4) "3)
A

radiction

where : SM
. Neff

= 3
. 04 · CMB best fit is Neff = 3

. 04 1 0 . 18.



7. Theoral History : Out of Equilibrium

7.. I Boltzmann Equation

General idea :

↓ f(x(t) , q(t) .
H

= collisions
dt

For 2-body process 1 + 2+ 3 + 4
.,

the -integrated

Bolte equ reads
QFT : scattering
amplitude (

a dan=(1) SE) IMP.

[fsfp(fi = 1) (fz = 1) - fizlfstfail]
·

X - j ↑

Bose enhancement
.

Pauli blocking
2+) C- 2

.

We'll assume uneticegu (not chemical egml

fi
.
2

, 3 . 4 -> fBEFDT
-

We'll also assume T E- .

so FREED ~e-El/Tand

f + 1 = = 1
.

Define 41 = n (p=o) = n
eM/T.

Then

[fsfp (fi = 1) (fz = 1) - fifzlfs + /fail]

= eSEtEn/T] -So I (E.
+Es = Es +Ex

Define the thermally average cross-section.

LOV) :=undPj(IMPLETE)/T



Obtain

a dan = crun)-os]

Two time scales : ↑ and H

· P := < +v > 429 (time) is the interaction rate
.

Two regimes :

· chemical
equ

: T H. Solution is

= up to OSH4)

Equivalently,
M3 + My

=

m ,
+

M

· Freeze out : TKH
.,

then sol is

ng"-cost
er

n(t) = n(ax)) - )3

7. 2 Big Bang Nucleosynthesis

Today ,
atams are 759 H and 25 % "He , others traces.

Since binding energy
is 2-8 MeV ,

at To &MeV
, only have

protons and neutrons. How do atams form asT decreases ?

Two steps :

& Neutron abundance
,
around T-o . I MeV (out of egm)

② Instantaneous formation a+ p
-> Deuterium-s "He



& Neutron abundance is controlled by weak interactions

n + re =

p
+ + e

-

,

n + e+ =- p
+

+ v
neglect this

n px + e + v
We'll also use that perm so .

Then in chemical equ,

emp-m
Where C = Mn-Mp = 1 . 3 MeV.

Boltzmann egn with N = Un
,

12
, 3

* Me
, My =

Up. For leptons

ne = ne

=>a)=-)
Xap

Change variables to Inp : COVL Ne and Cupthala : cust
.

So that

↓ = Xnp[(l-X) e-X

where Xu =-Un + Up .

Uneutrona

->

/Mer

Particle physics scattering amplitude
surfonneutron-to-1 Xtap=5 (12 +6x + xi)

.

conversion rate

with tife = 15 mins-900sea. and X = PIT
.



Using PfreeCT+ <cit

=> T= = =
-x = x .

Finally,

*= [ex-Xelie)
More intuctive to use XnIT) instead of Xn(t)

.

= =
-HT

For HCT)
,

use the Fried .

H-:gTmi:
From numerical sol XnSo . /Mel) = 0 . 11 .

Small correction : neutron decay n -

p + e + Ye .,
so

no -> ne't/ise

# m + pi D + V
,

then D + Das *He + V .

Since Mr = 0 , M = Up and assuming egm. ,

#p
Using n = g(m-mIT and binding energy of Deuteriu,a

BD = Mp + Mn-mp = 2 . 2MeV

Then

=M)(mmp-m/
Rough approx : drop all 011) factors : Un-up-nb.

-Assumed
egm

#TDhotm rotio .



Have

1= 5x

Egm .
is broken around Tuma

.

With Up/r -O(k.

+ log4 + log(0

=> T=01
: Emer = 0 . ImeV

All free neutrons have formed Deuterium by T = 0 .
IMeV.

Now D + D 22 "He + W . Thus happens very quickly
at 0 . l MeV .

Hellum mass fraction today is

X4=e) = 2 = 2XMev=

This is
very

closed to measured value of 25
%

C "He and

75% H = 0 .
22 .

Traces of Deuterium are left over. This is a good

"baryonmeter" giving

BBN : &>h2 = 0
.

0205 + 0
. 0018.

8. Cosmological Perturbation Theory
8. I Linearsed equations of motion

Now
, we move on to describe the inhung .

universe. On large

scales
, inhomogeneties are small and we can treat them

perturbatively.



Define perturbation by

Sur(xit)= (t) + hyr (pot) .

Tir/ t) = Fir (t) + STpr( * it) .

Recall the background

justs : ("aracaz)
SFir(t) = )- f(t)sts

jsts
pres

where Ihpl(gar) and ISTMol1Tprl .

Our dynamical egn are

Rar-EgprR = -i Thur ·

=> JN Tpu = 0
.

Now we perturb

SRaw-SgprR-Egr SM = -th STA
Sometimes useful to note

-R =- T
and

Rin = -M/Tpo"EgMVT)
·

(tracereversed)
For example ,

the 00 2pt

·as hoo + Hho- Ziho[hi-2Hhi + 22 -
+ 3(H2+no = - (SToo + &ST+ x)

.



A but too hard to solve on this .

Three simplifications

& Fourier transform : different 3-momenta I decouple from

each other

② Scaler-Vector-Tensor (SVT) decomposition

② Coordinate invariance : choose words to eliminate some

peturbations

8 .

2 Fourier transform

Let Party = (hpr(Xit) , STyrkit) - e. o
.
m

.
is

& On Perla (it) = 0

*
On = Palo , gar . Fyr)

.

E OA(de ,
2- iki , gar , Tpu) Pert(kit) = 0

PDE in 2t ,
2x -> ODE in be (infinitely-many decoupled) .

8. 3 SUT decomposition

Theory and FLRW are not"invar , so e. 0 . m . are not covariant.

At linear order
, fields can decouple only if they have

same transf .
X

:
+ RijX" .

Say S , VI and hyu are 4-diff scaler ,
reator and

tensor .

· 4-diff scaler is also as rotation-scaler :

SLect) -> S(Xit) = S(eit)
.

where X" = RijX5 .



For example , pressure P
, energy density P etc.

Also
, time opt of 4-diff tensor , e .g.

Vo
, now.

Vo(x) -> Vo(X) = JoM Vp(x) ,

where JrP = ('ris)
· Diff-rectors with spatial indices

.

e
. g. ViX) ,

can be

decomposed as in EandMJ Helmholtz decomp . )

Vi = W =
+ 2: 0

,

where 2 ; 210
: Givi and Wi = Vi - &P, D , Wi = 0.

Here O is a not"-scaler and wi a "transverse vector"

Wi(X) = R : 5 Wj(x)
·

· Diff-tensors : generalized Helmholtz decomposition

hoo = -E
, hoi : a [SiF + Gi],

hij = a [SijA + 22j B + 26j) + Dij]

where 2: 6: = >: Ci = 0 are Stransverse) rector
,
and

Dij = Dji , DiDj = 0
., DijSij : Dis = o

.

Dij is a symmetric transverse tensor
, a .

k
. a. TT-tenso/

tensor-

Upr has so apt : 4 Scaler (A .
B

,
E

.
F) ,

2x2 rectors

) Ci
,

Gil and 1x2 tensor [Dij).

For Thr , we start with a perfect fluid

U YM = - 1

future painting normalized rector



Tperfect = /p + p) Ur + Pg = Car and anpe
uM= ( - 1

,
0

,
0

, 0)

= puUr + P)gUU)
uM(gmc +Upro) = No + WuUu = 0

.

The SUT decomposition follows. from that of p . P , up , namely,

P(xit) = pst) + SPLart)

plat) = p(t) + Split)
~

vector
L

Un = (8uo
,
Gisu + Sui)

where 2: U :

"

= 0
.

Note UNU = - = Su= Su
= hoo/ .

So only 3 scalers

Sp , Sp ,
Se

,
I transverse rector Sui.

For a more generic Tpu + Tperfect ,
we need 5 more opt .

These are

Stij = phij +a Sp Sij .

+ a [0 : ); + 2: + Tij]
where 2:T:

"
= 0 Stransverse) , T = 0 = Gittj

The TI's are called astropicinertia ,
or Viscosity and

describe dissipative fluids.

8.↑ Gauge transformations

We consider only diff-invar. theories -> e . o. m .
are covariant.

=> choose coards to simplify egns .

We knowgpu
and Tpr transforms as tensors. How do Stpr and

kno transform ?



It's convenient to choose : Thu : For + Stir .

↑ ↑
fixed soaks

upallThrtransfu

Consider a change of coods : XM -> XM = X* + ECX)M

x
M

= XM - EM
.

we'll assume IEMI1
,
and 1841-1hpr)-1STrl ,

and

we'll drop OJE2 , Sh
,

EST) .

Instead of a change of words ,
we define manage

↓ansformation of the fields .

D Transform covariant tensors
, e . g . P . p . up , goo , Thu

② Attribute all the change A to perturbations Sp , Sp,

Su
,

Apor , Sipu

For example , any pert . to a scaler Sixit) = J + SS/Xt)
·

S'(x) = S(X)
,

equivalently, S'(x) = S(X- E) VxE IRP

=> 1 SS = 5'(x) - S(x) = S(X - 2) - S(x)
.

= - EM2uS(x) + 0(57 .

lowest

order
- >M25 (t)

=- so (t)
.

Similarly , for 4-rec : UP = VN + SVM

A SVM = SVM-SUMIX)

= vM , x) - VMN)

-x VY(x- 2) - VM(x)
.



= vY (x- s) + VY2x( - VM(x) + 0(2)

-- ExyvM(x) + V/2
,
EM + 0124

·

=- 2
*
TX VM(x) + VP TEM

Also for the metric ,

& hy(x) = hi(x) - Gyrwx = giur(x) - gynx)

Using
giur(x)= gap(X) =..

=> 1 hpu(x) = - TMEv-5-Sp (f)
.

Note the general rule , for tensor
T

.

1 ST :
- CsTF-1sT

.

Recall the SVT decomposition of hyr ,

and use JF) ,

the

cpts transform as

SA = 2450
,

JB : -&S ,
AF - - /- So - E + 2 HaS)

S = 25
· Shi=- +HE) Ac = -taci,

A Dij = 0
.

when we SUT-decompose the param Em =
/60

,
2

,
35 + G: )

with GE = 0 .

Other transf" of SVT apte of STpr Jin = (-1 ,
0
. 0

.

0)
,

Sup = /Sno
,

- , Su + Sui) .

ASp = <
. % . ASp=. 1Su = -So

ATS = 0
, ST = 0

,
INT = 0

,
1SY = 0



8 .

5 Equations

Vector Equations

To solve for SU" ,
C

, Gi ,

we
may set scalers and

tensors to 0 · Can work with

Goo + the Thr = 0 and UpTMs = 0

where TN =

<p + pluMur + pSpr

0 = UpTMu = 2TNu + TTS : -T : Tha

---

=> we[(0 +p)sui] + 3H(p+ ) Sui=- : 0

Hence,

1 p + p) Su:
3 decaying. Moreover

,
the only gauge invariant comb" of

G ; and Ci is (Gi- (i) so that

A (Gi - a(i) = 0

The Oi-cpt of EES gives

# (p + P) Sua= 27; (Gi-a[) ta .

Vector perturbations decay and don't play much of a

role in cosmology.

Tensor Equations

Dig are gravitational waves and are gange inver lat

linear order)
.

15 + cosmo expt . looking for Dig. The Pulson

Timing Away JPTA) detected a stochastic background of

Dij , presumably from supermassive BH. No primordial Dij

detected.



Take transverse trace part of ij - EES gives

jjij + 3 HDij-Di (x)

In Fourier space . 2b + -12. Introduce polarisation tensors

gls (12) .

DjJt . 1) = [ Y()DgSt , 1)

where 3 = 12 for circular polarisations ,
or S = +, X polarisation.

with
E(k) = kj(k)= 0

S

Eyj
*

= gij() , Eg : Eji = DiKEM .

5.)
*

=2 Sgs

We can solves ( *) numerically or approximate :

· SuperHubble kaH :

D + 3HD ,
= 0 = D = G +Gat3(lw)/2

-

decaying

ou
· Subltubble Kalt : use WKB with ansatz

Ds(t) = X(t) eik)
de/act'

and solve for XI) to leading order in at/ to find :

Ds(kit)=Ski)+2Suk

with I conformal time.



Scaler equation of motion

We need the scaler equ insider EEMU = 0 -
EEor

, is and

longitudinal part of EEi. EEig -

Havef unknowns A .B .
E . F , Sp .

Su
, Sp .

MTS
.

We'll remove 2 by specifying the fluid ,
e. g. iS

= 0 and P= Plp),

Remove 2 more unknowns using gauge parameters So and ES.

Two options :

① Use only gauge invariant variables

② Fix the
gange by specify so

,

ES

Newtonian Gauge

Recall that

1B = - AF = * ( - 2 - Es + 245)

For
any solution B(x) and F(x)

.
choose

as = a 2 B/2 B' = B + AB =
B - B = 0

I So = aF-
=>

F = F+ AF = 0
.

Traditionally ,

E = 2E
,

A =-2
·

Perturbed metric in Ngange

↓s =
- JH+2)dt + andxiSijdx (1-25) ·

with E
,
I the Newtonian potentials ,

e .g . in non-velNewton
,

"i
= -ai

.X

In this gange ,

8Too = 25 + Sp
SToi = - (p + 5) 2: Su

STij = a 2: 2;T + Sia"(SP-YE)
.



Then EE become

~ z [sp + Sp -j+] = He + (4H2 +2-+ +H

- Wi2;T = 2: 2; (E - E)
.

=m2 Sp + F)2iSu = -HaiE-2:

= [Sp + 3 sp + jT)= + 3H + 3 + GHE +6

The conservation egn JMTY = 0 :

Sp .
+ 72π + 20) (p + P)(u) + 3 H(j + p)Su + (p +P) = 0

.

Sp + 3H(Sp + Sp) + 2 Su + HπS) - 3(p + F)E = 0
.

All Cpts of 1CDM : T = 0 => E = E
.

Many other gauges
: · synchronous gange : E = o = F

·Comoving gauge : Su = o = F

· coust-density gange : Sp = 0 = F .

8. 6 Adiabatic Modes

Defa Gange invariant variables lat linear order

R= + HSu
,
3 : -H

=>1(2 = 15 = 0

R/J are curvature perturbation on comoving/couet-density
I ↑

hyperslices . Su= o Sp= 0

gij = @ 2Sij (1+ 212) Sij = a "Sij) 1 +25)
·

They are the same as KaH /superflubble) .

3. R=p)KASE .
+ (twent - gause)

.



Thm Whatever the constituent of the Universe
, at Kas all

,

there are two conserved scaler adiabatic modes , ie . R = 0
,

one

of which has R +0
,
and one tensor mode Dij = 0

.

PF : Fix the small gange : Newtonian gauge
A

EM(x+v) = 0
&(x) + 0

Perform a large gange transfeme x

EN-0) to on unperturbed

FLRW

En = (s(t)
,
axxi)

Use Shar : -JuEv-YuEm .

E = - S
,
E = Ha - X

=>

Sp = -Eg
, Sp = je ,

Su=e
,
is= o

Still a sol"
,

in fact FLRW
.

Large diff

E(k) = ( E(t) e
+1 *

& ELt) S16)

only supported at 1 = 0. We want to extend this to

finite 10 .

look at the ij-ept of EE

2: 2; (I -E) < T = 0
.

F k = kj (E - E) = 0

For k0
,

need to further acquire :I. Thus gives

us an ODE

2 + He = x = Elt) = **actide



This solves all EE to OU(k/aHI%

& = E : 1(k))-1+ ( +
actid+]

=> -Su = -altd

=> (2 =A + HSu = - E + HSu = X(b)
·

#

Our universe obeys this sol on SuperHubble scales to OKI%)
·

9. Correlators and Initial Condition

9. 1 Intro to Observables

Deviations from homog .

and isotropy in dist" of matter

Sm(t, x)=-jut. Eases

Similarly for other substances.

Su is measured from the dist" of galaxies. The galaxy number

density

Sg
=g(t#-It

On
very large scales Sgtraces Sm ,

ie .

Sg(t . x) = b(t) Sultix) + O/Sai) + 010Sm)
·

where bit) is called linear local bias
.

The Cri (Proxy for Spul
This is a black body radiation in all direction. This

has small astrophies



TcMi(n) = To [1+ /ul]
a ↑

,052
. 71

We'll see ((i) & SprStiz) .

9. 2 Statistical Initial Conditions

We can't predict Smixit) or Spriit) ,
but we can predict

correlations

<S(t ,, X . ) S(tz , <2) ...
Sitn

, (n))
.

Here < ... > means an average. Originally ,

this is a quantum

expectation value. In the state 122 EI) , where 197 is the

state of universe. After inflation, (...> is well approximated by

a classical average .

We'll mostly work in F-space and at equal time.

St , Yal) = /da Ca- (St,b)

FLBW background and laws of nature are inv . under roth

R : * -> RX and trans"X-> X + & for &EIR? We expect

[S[ta ,
Bee + a)) = JT Sitb

,

*Sl

This is called statistical homog .
and isotropy .

Infinitestimally ,

(S(x) ... Six)) = 0
.

& (xi-Xa) < SIX) ... SSX = 0
.



In F-space ,

& ka (S(k) ...
S(kn) 7 = 0

---

solved by

(i Salka) = (2) SD)[ta) Balt ,.... thi kb : ks' , kb *· kb")
·

↑
Dirac delta

9 . 3 Gaussian Random Fields

Let's warm up with a Gaussian v .
r .

X. The PDF is lassuming

(x7 = 0
,
X+ X - (x))

P(X): exp))

It is fully specified by 2-point of

<x2n
+
7 = 0

, (X
*

) = 52 (2n-1) !!

A Gaussian random feld S(X) for any set of points (I c . .... (N)

has a PDF

P) S(X ..... SN=-SigSj)

Fully specified by 2-point correlation fr

(S/X , ) S(x2)] = 3(x
, (2) =5(x)

In F-space ,

< S(ki(S(k)) = (2 S+ )
.
PII)

where P/K) is the power spectrum-

3 (r) = Sc(k Sp(k() P(k)eill x + 12 . (x +1)

So : Ji -



= ( * dcod d PSK) eirkcos

-Sep
Note that <S(k)S(k') = 0 for +K '

9.4 InitialConditions of the universe

Remarkably, put are adiabatic
,

ie . all propo to (2(1).

Salt . k) = Falk ,
+L C2(k)

.
+ 05

.

-

↑ deterministic f",
↑

randum
randum

not r . r .

field.
field

for some transfer for FSkt) ·

- determines all statistics to

linear order

CSSta . (a)) = [Flts . k)] < R(d) + 0(RY
.

We observe R to be a Gaussian random field with power

spectrum
PSK) = E

where

As(k) = As(kx)(
- 1

-

where at kx = 0 .
005 Mpa" is an arbitrary pivot scale

· AsSky) = 2
.2x10-9) is amplitude of primordial currature pert .

· Us = 0
. 965 + 0

.
005 is spectral tilt

a As-13P

2
.
2x10 9 "red filt"- ------

Ens-1 w 0 .0351
.------ >

k
5



People looked for <R(k) R(A2) RSEs1) ·
This is not seem

.

↑ non-Gaussianity
R is Gaussian to 1 part in 104 .

10 . Newtonian Perturbation Theory
We'll study structure formation neglecting relativity in the

linear regime

Sm = /grav : attraction -

pressure
- expansion) Sm

.

~tability/wavescollapse
10 .

.1 Continuity and Euler equation

The non-rel cty egu and Euler egn in physical crowds I are

j + Ju(pz) = 0
.

i + u . Tru = -*Tep- JrE
The Poisson equ

- = 4+ GNp = im 9 -

For 121 /H , we can use these equ by accounting for

expansion of universe

comoving
[(t) = alt) X(t)

physical
and hence Jr=**x and write Yx : J.

Derivatives transform as

(2) = () +) 0 = ()x - Hx - x

hence It : Jal
·



We focus on pert.

P(x , +) = j(t)(1 + S(t))
,

pixit) = p(t) + Sp(Eit) .

u = Hax + v

E = + p .

with1 the peculiar velocity ·

The linearized egu become

(2 - HX · +) (j)+ 81) + * 0(5(1+ 8) (Hay + v)) = 0

=> (e-Hx · ]) (ps) + ** /5 SaHu + j() = 0
.

=> js + j(2 - Hx - j)S + 2 398aH + 50V = 0

Using j + 3Hp = 0 and J . % = 3
.

= j = - 7. (# )
.

Thenearsed Euler

(22-Hax o 7) /Hal +) + (Hax + 1)· (Hax + 1) :--
=> v + Hu =- Sp- (7)

.

Finally,
we have

-> = 4GJSa2
,

2 : V: = 0 .

We SVT-decompose (f) :

-(t) = 0 + Ho =-p
↑

Comment : the equs are the Newtonian limit of EE .

For example ,

- [sp -Sp - >
-
+3) = H8 + (4H2 +2) + I +J



For subltubble scales Kal
.
(* 1).

=> Cit = &a)

and OpTM" = 0

=>

Sp + y+ + 20[(p + p)Su] + 34(j + j)Su + (p +p = 0

Ca2"Su = ativi = 0) => j
Su + JE = 0

=> Si + E = 0
.

Using Poisson to remove o and O = -as into Euler we get

5 + 245- JSp-PGS = 0

For barotropic fluid P = P(P)

=> Sp= Sp = 25jS .

with as speed of sound. In F-space

j + 2HS +( -44p)3 = 0
.

Let ky be the Jeans wavenumber

=
For k > k5

, damped oscillations (shat distances)

For kaky , gravitational collapse , unstable growth.

Mer
Do

dark matter or baryons. For 1100 /recombination

e- + pt -> H)
.

Here S-Sm : Sam + Sb and po <5 =
0

.



Also 3H2Mp = Am : @ = H=, a= Itltol3

So
·

sim-Sm = 0

Ansatz Sm== => C = 43 or c = -1
.

The growing sol is Sma ++3
< a

This is good approx for DM 33007 z> 0
.
3.

datimDoM
,

C = 0
.

(773300)
.

We focus in Som.

· Expansion rate is faster a = /titol' by 3H2Mp = Prac
4

.

~ Poisson equ

=> p = PG92) Pam Sam +>+ Ex5.5
So

Jan + 2H Sam-PHG Pam Sam = 0

Approx . Sol" : expect 2 t-H ,

so

Sam-H2Sam-H5dmF Sam

=>Sin + E Sam = 0 (H ==t

Two sol" : Sam = 0- San : coust and a slowly growing

sold Sams but< a

Dark energy

zco
.

3. We neglect rad
.

H2=n = coust -

=> "Sm + 2HSm = 0

=> Sm = const .

+ taz
So structure stop growing .



11
. Large Scale Structures

lengths a
I I I

x= !.
"He

-

mu

-Mo I

" I

Inflation ( Rad I mat >
time valt)

.

1 Dark
energy

-H
.

SubHubble nu kxat

=
superitubb kaH

We'll work in Newtonian gange and conformal adt =dt

↓ s 2 = az (- di =
+ dxz)

.

also H = a/a
,

x = a l = aH = a

For single fluid , Sp = wsp . (for p = wp) , T = o.

ij -

equ
=> E : E

Oi-egn
-> Su in terms of 8

.

=> Solve EEor for Sp , and EEii to find

&" + 3 (Hw) + kwE = 0 (*)
.

11 . ) Superttubble limit andInitial Conditions

Recall the adlabatic mode karl .

E = E = r[ - 1 + ( +
ac+ (d+ ]

== - Su--Stactd



This is always true· In particular , for Sepa for a =t ,
r

, b,

dark matter....

&==
=> f a ,

b

For example,
Sm = Er .

For a single-opt universe with e .
0 . s

. param w
,

we can solve

for act).
12 =-

In rad
,
R = -ZEry .

In
mate

, R = -Emp

Since R = cust.. we know

R = -ZErd = -Emp
.

Also

H= =E

The dominating substance has wa= W => Scon : -2E
.

E-
g.
In rad ,

So = - 2Erd= Su

In mat-
,

Su = - 2EMD = Sr.

11 . 2 Potential Evolution

We solve (k) for E
,

the find sol"

#ed-dom : H = 'It
, a= Itltol" : /To

.

(* ) = E" + EE+ = 0



soll are Sph . Bessel and Newmann fats

&(k) =ASIBL
where

J

, (x)=- E + 0(x2)
.

n
, (x)

= - c- *
-* + 01)

.

So matching I
.
C
, require B = 0

·

A = - 3E(k) = - 212(1)
.

S we found the sol"

E
. () = - 2R/CTE)-Ecoskt

For KI 1 J Same as Kalt = it=/t)
·

E(T . 1) = GR(k)
const- as superstubble scales ,

then oscillating with a decaying

envelop.

·k = kee
>

T

rad
. dom

,

mat. dem
.

Madam: I = &H = <Ya = 4 t
, a= (titops-/tIto)

·

Using w = o,

(*) EE" + EE = 0
.

The non-decaying sol is E-covet . Call scales)
.



Let kee : Jaltleg = 10 Mpc be worenumber entering Hubble at

mat-rad
. equality

*

En = Pr .

11 .
3 Radiation Evolution

From EEvo or EEii
,

we can find dominating &as f" of E.

&dom : Eco S =-
=>Sr= ElkRE- 2TE-2E ·

(H= )
·

Super-Hubble :
Sr = - ze

Sub- Hubble (kIx1)

=> S = - 5 (k)* = - 4(2/k) cos (k[/5)
.

So So Oscillates around fr = 0
.

#dow
.

: We must return toMTM = 0 ,
ie. City and Euler

.

SSir
- H Sur +E Sr + E = 0

.

Jused p-sp)
In-Su-

Using E
= 0 to solve Su= Sr

.

=>Si-52s= = const

Equivalently·
(S+"+ +) = 0

.

So fr oscillates around fr--4Emp(k)
·

These acoustic oscillations are inprinted in CMB and

Baryon Acoustic Oscillation IBAO)
.

in large scale structures
.



11 .4 Matter Evolution

We ignore Baryan.

SubHubble in mate and rad
.

dom: Cty and Euler equ JNTM=

( In+
Su-3 0

(p = 0)
.

Sir + E = 0

Solve for Su :

sum=- (37-52)

=> s" + <Ls = y
:

E + 3/E" + HE')
.

On Subtubble scale
,
E"E'FL-FE·* E

. Using the

neglectPoisson
equ, Sit su=

We find the Meszaros equ

Si + 7 Sin-PTG Jna" Sn = 0

From Fried
,

I" = Emo (t + y
where y : aldeg , Reg : who/fmo , and

=
=>↓-e

Two sol : Snac + by · Suasaayen) - city ,

Rad
.
dum

. Y1 .
So = buy & In a

Mat dom
. y1 ,

Saxa .



11 .
5 Matter Power Spectrum.

Recall (Sm/kit) Sm/k :+3) = (2tt) Sp
&
>k +k') PSk , +)

.

The initial condition are fixed by the Gaussian random

field (2(k) with

Ppk)=tha
scale invariant

with Us - 1 = - 0 .
03 1 .

Two regimes :

① Lkeg : large scales
,

enter during mat . dan

& = const . in mat ,
dow

.

=- > R(k)
.

When EJLL is subltubble , use Poisson equ

-k"Emp(k) = 4nG atm Su
.

=> Sm/) = -zpn Emp1)
·

Using In =E = 3HM

=>Sue Sk .

- Pl

Comment :

-

· Valid to linear order for any Prlk). For Pub,ross,

we get Park's - K

B(k
ide >

k(Mpc) .

keg



· Note Pslkit) waits· K '

②K < kep : shot scales , entering during rad .

dow
. When I

decays as Ex
,

so by time of met . dow
. When I becomes

cust -,
these modes has decayed by (using Hdp .&)

k= aH(k)
Y

↑2 x)" = (t)
Extra enhancement log (eg/acki) = log (k/keg) .

So the power

spectrum is

Ps = Bulk) /key/1)) "log" (K keg) .las
Generally
- ~

Ps(kit) =Dict TJkkea) B)
where D is growth fr ·

T is transfer f".

Approximately,

out
To

i
z=0

>
acti >

Mat,

Evl Dark I k/keg
.

dun
. energy

Comments : higher orders
,

e . g.
-

2. S(k) S(k) S1ks]) &< (23) + asa-linear structure formation
M

primordial
non-Gaussianity

· Non-linear evolution from 12/Mpc .



12 . Primordial Perturbations

P
comoving ↓

A

distances superincealli,
cust.

k
subbubble Y Sincea<2) quantum

" " 2
t

fluctuation re-entry

inflation mat-
,

Dark

rad energy

Now we promote pert" to operators on Hilbert space .

go ( ,t) = poSt) + Epr[Ent) .

↑ (x ,+) = (t)+-classical
For now

, neglect Yoro and keep if.

12. 2 Quartun Fluctuations

Start with action

S = Sax Fg + Jaxx Eg ( + g* 24P2ry - V(p)
.

-
pute Tpr and takes form
of a perfect fluid

Expand in gpr = gpr and p = 0 + Y . generate
nmygaussianity.

= S = - (d"xFg = (g+ 2 pp200-vir + OCyl)
.

= (d+dixa/2.yo
Since v"yn-y-Howallparaear , so y is a massless scale

field in de Sitter.



En F-space ,

yl) = (Y() ete , 1:
then

S = Stal(Y(k)Y(-k)- Y(k)y5-1)).
Each 1 is an indpt . RHO

. We quantise as usual

Y(it) = f
, (t) an + filt) and

Note Y(ER = Y(k)T = Y1-E) .. with

Lap , at] = (2+) Spsk-k')
.

and fast) are called mode functions.

Thet's are determined by classical e . o . m .:

Frowf =o = fi + 3Hfc+ = 0
.

Introduce conformal time
"

: 22
,

and

(a · f()" + (k2- * )Jafa) = o

=d * = E
. (a = - i)

.

So GHO with t-dependent freg .

Two indet sol" :

fie = < (1 + iki) evik+ + P(l - ikt)eik

To determine a
, p ,

# [Y.] - is andAdd = 0 . C
. P .



# Notice at + -1
, K , we get Klein-Gordon for

af. The modestill are effectively in Mink
., So we

can quote OFT -

Y(xt) =Jeika + eikp+
a+xp)

- Se-hp
=

y(kp ,+)

Match this with af at some early time (kIK .

(afile/
ex

and

2+ (afx))
+=x

= v+( )(e
+

Solving for a and B,

x = igky)-Ht))1+
x

+
. )

B =
ie-ikt+ (1 -

Htt)

Matching at(k[+ /> 1
,

Im 11=op = 0.

1T+)- +y

up to small phase. This fixes

falt): (1 + ikt) jikt (masslerefu)
For 1kI/D1

,
resembles Mink (subhubble)

For 1kt))
,
it stops oscillating and freezes out .



The Fock vacuum ap10) = 0 is called Bunch-Davies States
.

We are interested in expectation values

Im <olY(k ,) ...
Y/kn

,
IL 107

E- 0

clearly this vanishes for nodd
.
For never

, they are all

fixed by n = 2.

< Y (E . T ) Y(k' il]

- (far + fra) (fran + fra27

= fifiYJ2M Sp1k + I'l

= IfiK (3) Sp (1 + k1)
.

= Py
.

= /fasts 1

=> Py(k , i)= [1 + STRYI

Comments :
-

· Divas delta preserves momentum ohomos.

· P(E
,
T) = PIKIT)- isotropy ,

· P(Xk , / . ) : XP(k
.
t) . In particular ,

I to
,

then

PSAK) = X-3 PSK)
e dilation invar . of

ds for mio .

Indeed
, Syn y10 : S C

**
<yseryik'7

=

~



Compare with Mink
-

equal I
< Y (k) Y(l7 : (2TTSp/ + k') Et (Mink)

,

time
<y yes = Sep,Y YIK ~2 (Mink)

.

12 . 5 Gauge Invariant Variable

What about R ? Recall

Thu:S
=

2pP2rp + gar) -ECp + 20-Vip))
.

This is actually a perfect fluid

Tpo = (p + p) up Us + garp -

with

p
= - -2pp20 +V

p
= - tlpp 20p - V

up:200
Hence

,

SUT decomposition .

Ui = 2: Su+-0.

Expand around p = g + 4 to find

Su =-
Then we know

12 = E + 4Su=-Y



Our calculation of y was performed using A = 0 /flat

gange).

=> 12 =-
12 . 6 Primordial Power Spectrum

On superlubble scale,
13 = const Since evolves

,

then y evolves
·

So we convert from 4-R at K = aH·

- drop Sp

SRCK) (Sk7 = PR(K) = -) Py:
Note 2nd Fried : 2Mpl) = i

=>

=> <R(k) RSk7:
To match observations ,

we define possible deviation
L

1(k)= Ask

For CMB
,
the pivot scale is kx = 0 . 05Mpc" . Then CMB

measures

As = (2- 10 + 0
. 03) . 10-9

· As I
.,

so pert" they in R is good.

· This fixes " but t tor a separately
Each is uncertain by ~1080



12 . 7 The Spectral Tilt

When do we evaluate ? At horizon crossing Kall.

132Sk):)
artic

.

Since

ns-1 = d)
red filt

Nomenclature: n scall inv

↑
-> I blue filt.

spectralfilt .

Aisa

---------
> k

To predict us
,

use chain rule.

ns-1=It
Denum : k = aH => Ink = Ina+1 H

Num:On a
combining
,

ns - 1 = -28 -

y

Comments : · Us-11 is prediction-
-

· Measured : n = 0 . 9649 = 0
. 0042 (68% C

.



In slow-roll ,
we can convect to

Ev=(
, yu

=M
=>ds - 1= - JEn + Yv

Flatter potential=> closer to scale invariant
.


