
Cosmology
1. The Expanding Universe

1
. 1 The Cosmological Principle (Copernicus)
Our position in the Universe - with respect to the

largest scales - is in no sence preferred ,

i

. e. our

universe is spatially homogeneous and isotropic .

Isotropy means the same in all dimensions about a point P.

Homogeneous means
space is the same about all points.

Homogeneity does not imply isotropy (e .g . crystals) .

But a

homogeneous universe that is isotropic about a point P

is also isotropic about all points.

Isotropy does not imply homogeneity le .g. Ptolemaic view). But

isotropy about theree non-collinear points does imply hom.

Take points P . Q
.
R

.
Consider line I through P but not Q.

Any inbor along I become an isotropy

viewed from Q
. # ·

Space is hom except for Upc , now

pQ
view from R.

Astronomical units

Time : 1 year = 3
.

16 x10's
-

Distance: 1 light year = 9 . 5 x 101km.

Eath-sun 1 a . u = 1 .

5 x 100km



earth

·

0 = 10 &
#

↓
Sun

C I pa >

1p > /1 parallax of 1 arcsecond) = 326 lightyear = 3 .

1x10km

1Mpc = 10 pc.

M : 1 solar mass = 1 Mo = 2 x 103 kg .

1 .
2 Kinematics of an expanding universe

Hubble-Lemaitre Law

The recessional velocity of a galaxy I is proportional to
its distance r = 11)

= How (1
. 1

where Ho = 70kms"Mpc" is the Hubble's const.

Ccanmical value). The units are inverse time

Ho'- 4
.4x10's = 14

.
1 billion years .

llinear approximation to the age of the universe (

Why Hubble's Law ?
B

Consider 3 galaxies O , A . B
.

with Vo

-

velocities from 0 of 1 = 0 . Volvo V' ·
B

&
I' - E

View from A ,
B has velocity O

VB = voB-A(k)
↳ A -> Vot



·

Homogeneity implies that relative velocities can only

depend on relative position. From(*,

V /EB- (A) = V (VB-50) - 1 (Ea-5),

or

V((' - b) = [(r) - -(1)

i
.
e. the Vector field ↓ (cods V:) is linearly related

to ↓ /words ri) :

Vi = Hij rj (t)
.

with const .

matrix Hij (F indpt) .

· Isotropy implies Hij : Lik Hee Les for any

rotation matrix [Lij]. The only rank 2 isotenser is

↓ Sij ,

so we must have Hij : Ho Sij

=> = Hou D

Comments : (1) Uniform expansion is consistent with the
-

cosmological principle.

(2) Ho is indpt of 1 ,
but it can be time dependent.

V = H(t) ( (1 .
3)

Ho is the value measured today at : to

The scale factor of the universe

Integrate (1 - 3) H(t) ~ (r = (1) ,

=> = Hdt

=> In v = JHdt = In a + const
;

where we define the "scale factor" alt) by



= exp)H(t)dt)
so we have

H= (1 . 4)

The hom and iso sol" when rit) = act) ato or

((t) = alt) I (1 . 5)

Overall scaling motion delocalized by scale factor act)

with cost. component I labelling galaxies in the

uniform Hubble flows (Lagrangian).

N :
· Often we take ao = alto) = 1 (1 . 6)

,

so IEI is

the physical distance to a galaxy today It : to).

· In many cases , alt) : (tltol ,

e .g. X = 5 for "dust" .

=> H(t) =
Then at 2 = 0

,

when t= o
. "big bang".

· Most galaxies have a peculiar velocity Upon relative

to the comoving frame ( ** 0) :

= = ax + ax = 42 + Vpx
I

Hubble "deviation
flow

.

Adde : A first approx to scale factor

act) = alto) + actol (t-tol+... 1 + Holt-tol +.

so there is an apparent singularity when to-t-Ho at which

a = 0
,

ie
. a finite age of the universe and a big bang

.



Cosmological Redshifts.

Recessional velocities v are inferred from the redshift

E of galaxy spectral lines.

1 + z = A (1 .8)

where he is the emitted wavelength andto is the

observed today /freg U : </x)(

In special relativity· Doppler shift seen by a moving

observer (velocity VI

↓
o=exe(l (1 . 9)

So Cz = v for VC . Consider photon emitted at to

at r=0 , reading a comoving galaxy at1r receding at

velocity

v = Har = Hest (t)

t

a
V = 40

.

&
O Av

~

From11 . 91 ,

with do # 6 +1)
.

#xx = 1 + z = 1 + t - - = E = Hot
-

Hence
, with H = 2/

,
we have



# hx = la + as

Integrating from emission to today to

= (1 . 10)

or for frequency

-

1 . 3 Newtonian Gravity Revisited

Universal Law of Gravitation states force on one object (mass

m
, pos" 2) due to another object (massM , posor) is

F = mi = -

GMm (E-r)
(1 . (2)

18-1113

with G = 6 .67X10" M3kgs2 ·
Acceleration due to a mass

dist" with mass density P(r)/c2(P(2) is energy

density) in a volume V.

= -GJd (1 . 13)

Equivalently ,
we introduce grav potential I satisfying

Poisson egn
&I: (1 . (4)

with general sol"

E =- d (1 . 15)

Exercise : Verify force law using
F = -mJE (1-16)
-



Gauss' law for gravity : Mass M in a volume

enclosed by surface
S.

M :Sided T

=G(s 55 . da (1 . 17)

by Gauss law.

Isotropic Configuration (Newton's thm)

The grav. force outside a sph . Sym . mass dist Cradius R)

is same as if all of the mass were concentrated at

its centrew= 0. (Principle #).

If : Consider a sph shell (mass M) at U = R with

d S : Er Rsinododg and JI--i--ver

So

Is -I . dS = -(si . d = -)R'siOdOdy = -AπR"n

But Is JE .d = 4TGM by Gauss' Law (1 .
17)

,
where

M :10 dr
,

ie - acceleration from shell at V=R

↑=- is the same as from a point mass at U = 0. D

Newton's 2nd thi states that sph .
shells at > & exect

no net grav force at R /Exercise : prove using previous

result) .



Why Newton's static universe was wrong ?

Newton claimed that uniform matter. ·

-

.
A

is in an infinite universe = &
↑ &

&

R
would be in static unstable 6

~ A
C

O
&

equilibrium.
- a ↑

↑ &

Consider force at point A
- - d

(mass Sm
,

distance R) in frame O

at rest. Hom and iso implies E at 0 vanishes

("control star") but not Eat A.

For uniform p ,
there is a net force at M.

Fr = SmR =-M (1 . 18)

with M = 4/
*

Gridr :R . by 11 . 171.

Is this cancelled for Frir ? Sph .

shells raR produce

no net force (Birkhoff's thm)
. Fre : 0. Net inward

pointing force at A.

E--me

So Newton's static universe will collapse.

1 . 4 The Friedmann Equation

Consider force (1 . 18) on a particle (galaxy mass Sm) in

a spherical shell at R(t).

Smi =-



with M= PR . Multiply by
R and integrate

KE-
Smi=M -Gravitational PE.

For a comloving shell Rt) ,
we have M = 0 by mass

conservation (no · of particles inside & is const . )
. Integrating,

IRF-GM : cust (t)

=>R-GR : cost

KE
X ↑Pe

& total energy

Now substitute with a scale factor R(t) = act) Xo (1 .5)
X

↑

and find comoving word

tax:-pa : cons.
labelling shell

=
- EXo

where I const .

has dimensions of inverse length

square (same as currature). This yields the

Friedmann equation

l (1 . 20)

Derived in 1924 from Einstein's full GR egn.

How do we interpret k ?

Projectile thrown from earth satisfies
VCVessv&

VVa Vess

the analogue (1 . 19) with v = R.



Take const .
--k = 0

,
then Ev" : A

=> v = Ves-
the escape velocity
Excise Find Vess for Mo = 6x10kg . Ro = 6000km

In Friedmann (1 . 20)
.

H = 12(a) is either above (Kc0),

equal to (k = 0) ,
or below (10) the escape velocity

of the Universe. Usually described by comparing to

the critical density for k =

0 in 11 . 20) defined as

Parit(t)= H (1 . 21)

The density parameter is

& (t)= (1 .27)

Today , 20: Stol · Hence. modified by 1

L

123 · ko turnaround recollapse
*

I 2 = 1
,

k = 0 continued expansion

2) ,
k0 continued expansion

1 . 5 Fluid Conservation Equation

A small fluid element in a comoving
volumeNo obey

V(t) = a (t) Vo

so rate of change of rol . is

= SaVo : 3 (1
.
23)



The energy of comoving fluid E = PV changes as

-jV +pr
es

j = E -3 ( * )

For NR matter (galaxies or "dust"
,
number conserved

dN = 0
· Vpec2) .

So we have EFO .

But if we have a uniform pressure PCt) then
any

adiabatic (slow) change in Vol
.

means work is done.

dE = - Pav (1 . 24)

This is the first law of thermodynamics. ($4
.
dN = dS = 0).

So (1 . 23) = ↓E - P = -3 (t)

Combining It) and ()
,

we obtain the continuity egn.

j = - 3(p + P) (1 . 25)

↑
F work against

expansion
dilution

If we now specify an equ of state

P = P(p) (1 . 26)

then a closed system with3egn and 3 unknowns

a . p .
P

. A linear EoS relation is sufficient in many

cases

P =

wa (1 .27)

where w is a const . Cordinary matter <11)·



· Dust (NR matter) w = 0

· Radiation W = 13 (P = /13-see $4)
.

ExerciseFor the linear EoS (1 . 27)
,
solve (1. 25) to show

1
=

10a
- 311 + w) (1 .28)

with Po
= p(to) , alto) = 1

.

1 . 6 Einstein - de Sitter Solution (P=

0 ,
k =0)

Pressure-free /w = 0) matter const . at critical density
2 = 1 (k=0) ·

Continuity egn (1 . 25) becomes

=-ps
it

.

p
= Po/as (1 . 29)

Friedmann (1 . 20) becomes

(a)

=>ada= de

=>a ++ const .

with ato,to - cost
.

= o
, so

as = bih Got
o

a = ( +(t)
+

(1 . 30)

with to = 162po/()
-12.



< 1(kc0)

...
2 = 1 (k=0)

I 2

tise t

Hot
So using measuredHo (1 . 2) ,

we have age of universe

to = 54o" = 9x109 yes .

Mass density from 11 . 29) is

1 H atom/m3
Plc=ht (1 . 31)

-

with Po 10-kgm-3 ~10"Mo/(1Mpc)
A arg . galaxy

separation .

1 . 7 Acceleration (or Raychaudhuri) Equation

Differentiate Friedmann (1 .
20) as a + kC"= pa

=> za-h(pa + za

=>-++

=> = (p + 3) (1 . 32)

which is a simplified form of Raychaudhuri egn in GR

Exercise Using H = A/a
,
show that (1 . 32) takes the form

->

it + H2 :
-E(p + 3P) 21 . 33)



* 1 . 8 General Isotropic Force Law *

What is the most general force satisfying Newton's

sph . thm ? ie
.

When does Isnel(E) = Epont(E) ?

See lecture notes to derive linear ODE I must

satisfy. Seek power sol's E = <r2
,

and we find 2 sop

n = - 1
,

n = 2.

E = Ar" + Br =
- A - 51c2 (1

. 34)

where I has units of inverse length squared.

The general force law is E = -mJF.

F = -Am (1 . 35)

↑ *
Hooke's law

Newton's
for elastic media

inverse square law

cosmological constant

For 130
· repulsive force opposing grav . attraction (anti-gravity).

Dominates if 1C > STGp/c*

For 10
,

we have attractive force with only elliptical orbits.

(no escape

Exercise Start with general potential (1 . 34)
,
and re-derive

Friedmann (1 . 201 to find

+= + 1 (1 . 36)



2. Relativistic Cosmology
2) Special Relativity generalised
Newtonian gravity in Euclidean space R is inadequate for

strong gravity or the global geometry on large scales.

In SR
, we measure spacetime distance with the Minkowski

metric (summation convention

ds2 = guvdxdx = 900ldx + gdxxyi
=- c'dt +&x+ dy" + dz2 (2 - 1)

In cosmology ,
seek a similar diagonal time and space

shift consistent with hum , and isotropy. In GR ,
Einstein

equs relate the curvature tensor (Riccl Pur ,
trace R)

to the energy tensor Fur

Rur - garR = n (2 . 2)

- ↑
matter-

curvature
content

"Geometry tells matter how to move
,
matter tells

geometry how to curve . " Geometry becomes empirical.

curvature R shifts into intrinsic part (spatial curvature

= ) plus an extrinsic part (expansion Y =-3H) .



2
.

2 Three spaces of constant curvature

2D analogues in R2 . St , H2

· Flat Euclidean Space R has metric

dl2 = dx*+ dy2 = dr =
+ r2d)"

where X = rcosp . Y = rsing .
r == x

=
+y , Eto , 2T]

Here
,
curvature = 0. but we can have a non-zerok

provided it is constant everywhere,ie . K = 0
,
130

.
k0 .

· Two-sphere S"Cradius R) has positive curvature

K =

*2 . We can embed S" into 3D Euclidean space.

X +y
=

+ z
=

= Rh (2 .4)

Take r= Xi +y
=

again in Euclidean 3-metric

dl"= dx
=

+dy + dz2 = dr + v
=

dp + dz

From (2 . 4)
. r2+ z

= = R
=

= rdr = -zdz

=> d = dra + 23dp+ dr

= dra + redo"+ da

: Try dr + rd

=> de2=Fyr do + 22 do (2 . 5)

where K = *, O < UER (compact

From 12 . 5)
,
circle has arcum (s) = ZT F

but radial path length

Radius (S) =Jim =R(x = Hr)

= Rsint() = r +&()x·
2r . parallel lines converse



Exercise : Define polar word

or (2 . 0)

to find the usual s" metric

dl" = R'(do + sintod) = Riddic (2
.7)

or directly from 12
.

5).

X = Rcospsino . y : Rsngsing , z = RCOSP .

·

Hyperbolic space H2 (K < 0)
·

found by embedding in

3D space with
X +y

=
- w = - R

with metric

dl2 = dx+ dy"-do"=2
+ rad"

with K = - * and 20 .

Circum(s) = zir

Radius (s)=R : Rsinh" (E) or

Radial word y= = sinh (*)

We find the metric

dl" = R + (dy*
+ sinhYdp4 (2 . 9)

Best represented with a saddle.

>#--
EDicT

parallel lines diverge.



Three-space SS metric

Embed SS in 1
Y

X&+y + z+w = R
*
with r2xty* + z2 and

metric becomes

dl" : dx' + dy" + dz + do

= dr + r (do + SinPd)+d
· + r(d + Sinod (2 . 10)

Area 1S = KTV2 ,
Radius (5%) = Rsint() with angular word

dy:r+ (2 . 11)

where X : sin-E)

Constant curvature 3- metrics

de- + +
= (d0 + Sindy) (2 . (2)

with
2 s (closed

k = I 8 R3 (flat) (2-13)
-s 43(open)

Using the defi dy"= , we find

de = R
=

(dx* + f((x) (do + sirodo))
with

= Y = T
f(x) = Isir 0 < e (2 . (4)

0 = X - 4

2. 3 Friedmann-Lemaitre - Robertson - Walker (FLRW) spacetimes

Now generalise Mink (2 . 11 to describe expanding spaces of

const curvature (2 . 12)



ds" = - c
=dt

=

+ a+t)) + 2(d0* + Sinody 2) (2 . 15)

with

13kos (2 - 16)
H3

where r is the comoving radial coord and h is the

comoving curvature with K = Ka
. and R(t) = alt) Ro

.

The proper radial distance deb between two points

separated by word. distance r (d0 =d :0

Rosin" (w/Ro) ko

dr = acts).ic = acts & y k = 0
(2 . 1)

Ro Sink" (v/Ro) k - 0

Note : · Metric (2 . 15) in invariant under rescaling anya,
r> r/X ..

Ro Ro/X.

· For K*0
, we can set k = #1 (common convention for FCRW

metrical but can't choose alto)-1 with a physical length

today.
· Metric (2 .

15) is not invariant under Covents booste
,

Unlike (2 . 1) because there is a preferred rest-frame.

Ive . we can measure motion relative to CMB).

Conformal Structure

Often convenient to use conformal time defined by

di = d+/a(t)



then

= (2 . 19)

Time derivatives a= a=

Together with rescaled- variable from 12 . 14)
, we have

elegant form

ds" = a
<(t)) - c d++ + dy" + f + (y) (do Sodp2) (2 . 20)

where

f(x)-
(Here Ro = 1 .

alto) + 1)

light propagates along full pathsds
"

= 0
,

ie. radial

cdt = + dy (do = dp = 0) with 450 trajectory

T = If + fi (2- 21)
* cust

Take S3 .
CT1

- Ct = Y .

① ·>
y = 0 -

⑧ T

North South
pole pole



Cosmological Horizons

Radial light rays in12 . 15) obey

edt = alt)
and so since the Big Bang , light has travelled comoving
distance

/
or physical distance

dy(t) = act)) (1 . 22)

Today to to ,

this finite distance dulto) is the max.

distance light can travel
, or cosmological horizon.

For EdS (1 . 30) alt) : It/tol"
, gives the radius

of the observable universe

dy(t) = c()4 . 3++
+3

= yet.

= 3 x (3x108) x (4
.
4x104

= 4x102m

t 1
= 13000 Mpc .

photored &
= first sight of

of i galaxy
w I 3

galaxy galaxy 2

r(comoving
Better in conformal metric (2 . 20)

dy(t) = calt) T

with CT is the comoving horizon.



rt

·firstsst
past light

-

mi /Fr--i coul at I= Tc

2

galaxy/ galaxy 2 Y

Horizon Problem There are 105 Casually disconnected regions

dH) teal which have same temp .
T to one part in 100, 000

. Why ?

2. 4 FLRN Spacetime Dynamics

Matter content : The energy + momentum tenser Fur of a

perfect fluid is TMr : diag(p ,
P

,

P , P)

Tur = (p+ P) YUr
+ Pour 12 .23

where the fluid 4-rel : yM = (1 , 0
.

0
,
0) in the comoving

Crest) frame. The conservation law

JM Tur = 0 (x)

and (1 .
29) j = - 3p + P.

We envisage several components p : Pi with different EOs.

(1 .
27) Pi = Wili with each P : satisfying (1 . 28) Pi =PioaC

+ Wi)

Excise Using the density parameter (1 .
22)

2 : = P: /Parit= Pi.
show

Epi =Ho (2. 24)

where Mio : Riltol today.



*Eistein Equation*: Non-zero curvature tensor components for

FLRW metric (2 . 15) are

Roo = -S Rij = gij( ++ (t) .

Exercise Evaluate (t) and (*). from 12 .
15) . Equating with

-

(2 . 23) in Estein egus (2 . 2)
, yields (1 . 32)

= (p + 3P

and (1 . 20)

(+
from (ij) - o

Singularity Theorem

In an expanding universe (H20) with matter satisfying

the strong energy condition

p + 320 (2 . 25)

there must have been a singularity (9to , 1-0) at

a finite time + in the past , with Ho-th < Ho"·

If : We can rewrite accel equ (1 . 321 as (1
. 33)

+ H: (p + 3p)0

by 12 .
25)

,
then

i

[ - 1 .
n - (i) -

Integrate from t to to

- Fo + #-2-to +t -> H+< Hol ++ to

Investing H==tto



Integrate again,
Go=
-L

log(90) - log(a) = In (Ho") - In (Ho" + + -to

Hence
act) < 1 + Holt-to (2 .26)

an

-
&

to-Hot t to t

I Ho" I

Since a is bounded above
, must have ato for

to -10"st -> to .
This is a physical singularity in both

space and time
,
where
-

> D and physical laws break

down-the singularity problems.

2. 5 Cosmological solutions

·NR matter model (P = 0
,

k =0

See EdS (1 . 29) Pm = Pmo/a3 ,
11 . 30) act) = (tlto)'

· Radiation model (P = P13 , k = 0)

Hot real gas E :ci+p = PC for pam

(or m = o E = Cronotons (

Continuity (1 . 25)

=> Pr = Pro/at (2 . 27)



Friedmann (1 . 20)

=>a
=> act) = (t/to)

"2
(2 . 28)

with H=t and

Pr=G+
2

(2. 29)

p(t)n -
Radiation PCa-

--- matter paas
-

radiation · - curvature ka2
eva

matter era

> a

deg
.

· Matter-radiation transition

Our universe has both NR matter Pro
and radiation Pro.

today with Prot /Ro (-3000x).

P= (2.
30

Equal density at Reg
= Pro/PMo = &Ro/Ano , where

&
Friedmann (1 . 20)

=> (a) : 10 (+ (2 . 31)

with conformal time = a
. ()=

=> a =a+ a

with 2 = Hormo



Integrate 10
.
01 + 1./

=>ta-Neg : <T

=> a (t) = Et + x aegt (2 . 32)

Integrating,
t(a)= + Edeg[

*

(2.. 33)

Exercise As++o
,
show rad solv 12 . 28)

,
and conversely

to teg matter sol" (1.

30).

Possible Worlds :

open ,
closed and flat universes

With NR matter (P-o) and curvature (k + 0)
,
11

. 20)

becomes

(2=-
There is an equal contribution from 1 when

al = a(tr) = Amo .
with eff- curvature parameter t = -KC/HE and curvature

dominates when to the

curvature

key ratio P : Tel = Hello radius

- Hubble radius

In conformal time (2 . 18) a= a ==

= (2) = U (2
. 34)

.

and accel egn (1. 52).

X =- (2. 35)



and Friedmann (1 . 20)
,

4 + k= (2 . 36)

=> 24 + 4
+

+k = 0
.

(2 . 37)

with S01

4-
k > 0

I k

Now find I' ,
then act) from 12.35)

(p+ 1)(1-cos(T/Mo)) 10

alt) : I t (p-1) (cosh(c+ /Ro) - 1) ko

(2 . 38)

Integrating dt = a dt,

t(t) = &
typ :

+ 1) (t- @sin(CT/Ro))k0
(2 . 39)

t(p21) ( sinh (CT/Ro) - -) ko

Excise Check as E+O
,
trt ,

a -4 +B
,

ic. EdS (1.
30).

Fate of Universe

Depends on k with

· S31k20) then big Crunch at T : 2tRo/. with

tic = TTRo(p2 + 1) = it Ro (20 +1)

If Ro 2 2Ho"
,

then to? 40 billion years.

· H (kc0)
, faster expansion in a cold empty universe

(axt)
.

· R3 (k = 0) EdS(critical) sol" lying in between.



M

X-T
> t

t=0 t =+Ba

Flatness problem .
(M = Mm)

Rewriting conformal Fried equ (2. 36).

x + k = S
and compare with

2= Perit a (f)

=> R=pait=
Diff to get

r =zx
-

Ex- 1 by(x)= l by(f)
and (2 . 35)

So
2 = ur(x- 1) (2 .40)

In expanding universe (Uco)
,

we are always driven away
from2 = 1 (k = 0

, flat universe

E.g. 123 =& 30 ,
so is increases

221 - 21 ,
So 2 decreases.



-
I ----

- 2= 1 repeller

-&--- 3

S

3

T

Exercise Solve (2 . 40) to find
-

I
2 - 1 = (20 - 1)

1 - Ro +Mo(l + z)

z as +o

Radiation (2-1)&

Project back to + = toos and thus represents huge

fine-tuningtheg-11-180-1/ + zego)
= 10

: 5

Radiation 12(100-11 (e) 109-11 110-1.
This is called the flatness problem.

Models with a Cosmological constant

Consider the isotropic force laws (1 .
35) with &also arises

naturally in GR)
,

which acts as a uniform field with EOS

P =

-P , or W = -1 from 11. 27) and the energy density

Pr
: &P const .

Friedmann egn becomes 11.3

(++I



and accel· egn

-(p + 3p) +512(2 .43)

where [1] = 12.

Vacuum sol" (de Sitter

Empty universe P
= 0

.

with 130 ,
then 12 .42) has sol

< cosh[Sc(t- to) +S] k > 0

alt) = exp(*<(+-tol) k = 0 (2 .43)I a sink [Eect-tol +P]k0
where " = E = 3( and = noth (1 -CH

↑ curvature radius

"I scale
I

Simplest case (k = 0) has acto) : 1 and

H = E = No ,
const.

As ter , for all k,

activ effot

These exhibit a comoving event horizon
,

i

. e .
how far a

photon can move in the future).

Recall (2 . 33),

delt) : lodtl-Hottodt = cHo(
T

comoving

i

. e - a finite comoving distance ,

so we can only have causal



contact with galaxies within Hubble radius CHo .

To the past ,
weavoid " a big bang evading (2 .26) by

violating SEC (2 . 25) .

Conformal time gives

- = It = Ho"ll-e-Holt- tol) (2 . 46)

so t= to => T = 0 and ++ O => T - Ho

Reveals casual structure with light ray T
= CT

To

To

///i
- cho"-

Exercise For K>0 in 12.44)
,

show that

- = 2Ho"tan" (tanh (Ect) (ignore a.pl

with te- => t = 0
, + -> + 0

. T = #

Hence show both cosmological and event horizon (in Penrose diag .)

T

..
Y



Einstein - Static Universe

Einstein introduced 130 Cantigravity) counteract the

collapse of NR matter fr due to gravity. Balancing forces in

(1 . 35) or the accel · egn (2 . 43)
,

to make static (H = 0) sold.

requires

= Pro 0.

Sub into Fried egn (2
. 42) implies at toto

,
do = 1,

=+ k = (k)

If 1 = k < 0
·
(closed universe

Lemaitre showed this only achieves unstable equilibrium.

3. The Accelerating Universe

3
. 1 The standard Concordance Model 11 CDM)

The effect of 1 in 12 .42)
.

(2 . 43) completes the present

picture of our universe. Using the def of density parameter,

Rio=
with Fro , Ro
Friedmann (2.42) becomes

() = H
=

= Ho(++)
Accel (2 .43) become

=4( (3. 2)



-

log p
radiation a-t

matter a

1 cust

h i Clogn
Geg al

Continuity (1 . 25) unchanged.

Energy budget of our universe

Simplest FLRW model consistent with observations

Ho = 674 (to .
5) kms+ Mpc

21 = 0 . 689 (70 . 006) coust.
(dark energy)

Eco = 0 . 264 (10 . 006) cold dark matter.

830 = 0 . 049(+0 . 001) Baryons Cordinary matter).

=> NR total : &Mo = 0
. 315 (10 . 007) (3 . 3)

Fro = 5 . 0 x 10
- 5

photons

& = 3 .4x10
: 5

neutrinos

=> Radiation total : fro = 8.4 x 10

- 5

(negligible today)·

2ko = 0 . 001 (E0 .
002) Curvature (spatially flat to 0 . 02%)

Matter-dark energy sol"

WithERO2o
,
Eno . Consider a flat k = 0 model filled with

1 and NR matter ,
it . Eno + Mmo : 1 ·

In EX2 #3
,
find the

sold to (3 . 1 . (3
. 2) (use bea3 un normalised /

acti = fol sinh* ( +/te) (3
.4)



As +to
,
EdS (130) ax +

13
. As ter

,
dS(2 .

44/acett,

H const

altin

achlot
So,-1

to : 14 t(Gyrs)

Age of universe

Ho=
tto itastoltrol

-> to = to tank"(d)
~ 0 .

955 Ho" = 1379(10 .02) billion years

So acceleration today solves time timescale problem .
Universe

transitions to accel a = 0 of + = 7
. 6 Gyre

3. 2 Evidence of Dark Energy

Luminosity distance d

Measured flux or apparent luminosity

F = i di 13 .5)

where L is the absolute luminosity
(e .g. Sun 3

.
8x1026w)

and dy is the lummosity distance. This is modified by

expansion at redshift 1 + z = /act) (a0 = 1)



F = (abs-(2) ·

(Stsp) )
=> F =H

Hence,
dc = (ii)

"

= (1 + z)r (3
. 6)

Deceleration parameter

Derivations from Hubble's law (1 . 1) can distinguish expansion

rates using measurable quantities z and dr.

Taylor expand act) today (t= to)

act) = alto) + acto) (t-to) + taltol /t-tol+..

Y "Ho
So

#z = 1+ Holt-tol - EgoHolt-tol 132)

where

q =-tatS (3 . 8)

with g.
= (to /HE is the deceleration parameter.

when matter obeys SEC (2 . 25) by 13. 2)
, go 20 .

EdS &Mo = I has go : 0
.

5.

Exercise Show 1CDM (3 . 3) with &Mo = 0
. 3

, 210 : 0
.7 by

(3 .
2)

, %05 - 0 . 54.



Distance - redshift relation

We can invert (3 .7) to find

1 + z = 1 - Holt-tol + (1 + 180) Holt-tol +... 13
.9)

(Refer to notes

In a time to to light travels a distance given by 16 . 22)

(k20)

r =c = c(dt (1 - Holt- to) + ... ]

- c (to -+)+ (t-tol +.. 13 . 10)

Now evert 13
.9) to find

to -t = (1 - (1+ =g0z) +...)
and substituting yield

r= (1 - ((l+ q0)z +
...)

Hence
, with lum dist

.
(3 . 6) we obtain the measurable

Hubblelaw

du = (1+z)r = (1 + (1- g0)z + ...) (3 . 10)

In 1998, astronomers using SNIa

measurements find go -0
. 60.

200

due toin the Hubble diagram ,

i

. e. The

universe is accelerating

Z



3.3 Evidence of dark matter

Estimating the matter densityfm is challenging since

not all matter are visible (in stars)

Two step process :

(i) Estimate the galaxy mass with velocities and relate

to luminosity of the galaxy (mass-to-light ratio M/L)

(ii) Integrate M/L over the observed galaxy luminosity
f P(L) to find mass density Pr C2

The Virial Theorem

A bound grav. system of massive particles in equilibrium obeys

the relation

2T) =
- (V) (3

. 11)

where (T) is the time-arg total KE and (V) of the

grav . PE.

Example Circular abital motion
. Taking McM . Fran =An

=> Emv :G ie . T = -EV
. Estimate mass from M= Vr/G

.

If : Consider Gi , Pi-m. (Large N. equal mass m)

m
= 2T+ Edi

where Ei=i (k) ,
then

=j



=j Iswapit
=-E (N3)

-E Fij (E-Ij)

N (grav energy

So - 25 + V
·

take time-arg.

=
asG bounded

. Hence , 2STX= - (V: D

For large particle no
., ergodic hypothesis allows time as <T /

+
to

be replaced by instantaneous spatial as <TYr :

↳... (3
.
13)

Coma cluster mass

Zwicky estimated Coma mass M = Nm using N = 1000 galaxies and

their radial velocities (VE) = 1000kms" from redshift.

il
.

[V = 3 <VF) (include transverse components) ,

also

[R) = 1 . 5Mpc = 5 x 102m
. From 13 . 11) ,

Mcoma:VIR 2x10M

But Coma Luminosity is L-8X10"Lo
,

so mass to light ratio

M/L = 250
· What is the unseen /"dunkel") matter ?

Hot gas in Cana (from X-ray) : Mgas = 2x10 "Mo , So Mcoma.

is 90 % DM.



Galaxy Rotation curves

With mass density profile /11/2 ,

we have

M(r) = S
.
"Scol Girl dr

Measure<VICr)) for a mass shell Ms at r .
From 13 . 11)

, implies

Ms<ri = GMMs
So M(r) = r < racrs >/G , or profile

acry=Mi (rare) (314)

E
.g . p(r)- Lv3)-eur/r

prs~ E) <V3) - const.

log pers n logveriz
M

109Mo/kpe0
-

luminous stars -llr kms - I

DM
100 -A~

Pred luminous

·-darter-
3

S
io io"Kpa i is o

pe

Typically, galaxies have MDM = 20 Mstars.

Accurate measures of &B +Rom =Ra come from modelling

the CMB /refer 34-5) .

3.4 Inflationary Universe

Cosmic inflation is a brief period of accelerated (exponential

expansion in the
very early universe alt) = e4t 1 const,

with de Sitter sol" (2 . 44)
·

Inflation alleviates the horizon and

flatness problems ,
while quantum fluctuations provide the seeds



for structure formationn.

Scaler field inflation

Inflation is usually driven by the (vacuum) potential energy VIP)

of a scaler fieldo ,
called the inflator. The Lagrangian

density is

L = %2 - 100 . -9 - VIP)

In an expanding FLRW(k = 0) universe
.

We have matter action

Sp = (d+ (da(t) [ + 2 = = t 0
x p . xxp - v(p1] (3 - 16)

using comoving words d32 : actid=

~ VIq
e . g .

V = Im p2

F

i · 3Preheat

For a uniform field plat) = P(t) , variationSo of the

action (3-16) yields EOM

j + 31p +c = 0 (3. 17)

Exercise Perform Sp-variation on 13. 16) . IBP and ignore boundary
terms to find (3 . 17).

The scaler field acts as a uniform fluid with energy density and

pressure given by

p= pr + v(p) (3 . 18)

Y ↑

field KE field PE



and

p =z - v(q) (3 . 19)

ExerciseSubstitute (3 . 181 into energy conservation equ (1 . 25) to
-

validate pressure in (3. 19)

From (2.42) Friedmann
eg

H
== ( + p + V(P1) (3 . 20)

and accel equ

= -VIP (3 .21)

Inflation occurs when vacuum energy dominates VIIC

So we have P = -p in 13 . 18) .
(3 . 19) (le .

W = -1 in (1 . 27)

approximately const) ,
it the condition for accel a <o

in (3 . 21) . The effective cosmological const · is

Neff = VLP

and from 13 . 20),

H=9
In most models

,
inflation occurstinf= 10-35s

, ending with

"reheating" at t= trenect when =VID). The vacuum

energy is converted into relativistic particles , restarting the

Hot Big Bang.

S



Canonical example : Slow-roll inflation

During inflation with VIP) D
2

, and we have overdamped

evolution

34 .

Then

3H = -c (3 . 22)

and

H2= V(9) (3.23)

Egns (3. 22)
,

(3.
23) are known as the slow-roll approximation.

Now consider a massive scalar field (massm) with potential

VIp) =t = M-p (3. 24)

Egn (3 . 22) becomes

40 =
- -M-ph (3 .25)

and (3 . 23) becomes

H2= M2p = cM (3 . 26)

where Mpe=d.

Note : Natural units more convenient c = G = t = ki : 1.

Here [p] = [E/v] = kgmis = [p2 = kgms2 -

Eliminate H ,
then

p =
- MMpr

=> P(t) = %:
- EMMpea(t-til (3.

27)
.

with initial Pti) = Pi



Now substitute into (3 .26)

-
to find

act) = exp(%: -pit)) (3. 28)

This is quasi-exponential expansion with Ne-folds of expansion

N = 10g( ) (3 . 29/

e .g. N260 · 6:
36 Mpe.

Reheating

Inflation ends when KE%1 EMP
-

PE
,

ie .

Pres Are

using from 13. 27)
.

Oscillation about pro begin . (damped

harmonic oscillator) and scalar field decays into thermal

particles

Classes of inflation

Large field inflation (or chaotic inflation) : see earlier.

· Small field inflation VCq)

flat potential ==> -VI9)
> q

· False vacuum . (old inflation)

vipsmetastae
tunnelling <&



f(t) - logen

&;

Im The(

I st
t

treh treh

Motivation for Inflation

· Flatness problem : Rewrite Conformal Fried (2 . 401 as

22-1=
Then during inflation , 1-1 t0 is an "attractor" because with

aco
,
a = @ increases with t.

During inflation,

Haren-11 (A) 1 :1 (3. 30)

where Aven/a: - eH(treh-til
· Require 60 e-fold

N = log ()H(tren-ti) < 60.

· Horizon problem : Consider the evolution of comoving scale

corresponding to the Hubble radius today (cHo") at to to,

i

. e . alt) (C4).

At time +- tren
,
this comoving scale had a physical

scale size

en (cHo > cHin

But
, during inflatide .

Hi = const = Altren)
,

so this



comoving length scale becomes comparable to the Hubble

radius CHE = CHeh when

co = c

i

. e
. at = to defined by

alt) Hi = altoIHo (3. 31)

a *
Hot big bang

inflation

So the observable universe could have begun inside are

Hubble radius (ie. in casual contact).

Exercise Show that a comoving scale X today (90 = 1) will exit

the horizon (Hubble radius) at time to (during inflation

and re-enter at to during HBB given by

a(tI) Hi = altu) H(tH) = CX + · (3 .32)

Origin of quantum fluctuations

Heisenberg's uncertainty principle Ax1pct ,
or

AE At ? /2 is relavant during inflation because of the

event horizon 1x = CHI
,

or St = HE

=> SE-f/st ~HI

But energy in a Hubble volume

E = p(CH) =~
with Mpe = /E Planck mass.



So

= (3
. 33)

These quantum fluctuations /const amplitude) exit during

inflation and re-enter the universe during HBB at

t = tr in 13 . 32)
.

After > teg , these inhomogenities can

grow to form structures like galaxies etc. ($5).

4. Thermal History of the Universe

4
. 1 Matter Content of the Universe

*The standard model

· There are 12 building blocks - quarks , leptons , out of which

baryone (protons and neutrons) are made

· Forces between particles mediate by gangebosons-gluors,

vector bosons WF
.
Z

.
V photons - plus Higgs Scaler I

and gravitory Mur .

Bosons and Fermian

Two indistinguishable particles in states bill and bel).

Wavef Y(1 1 2) ·
could be %1) %e) ,

or 42() Hell , but

144 ,2)/
*

= 1412 , 1112

· Bosons are symmetric under 12

Y (1 , 2) = Pr(11 Pe(2) + (2) %(11 =4(211)

If kit , any no · of particles possible · M = 0 . 1 ,
2 , 3.. - -K 141)



· Fermions are antisymmetric 1-2

Y (1
. 2) = P1(k) %(2) - P12) Pe(1)

= -4121)

So occupations is never above unity
.

M = 0 .
1 Fk (4. 2)

This is Pauli exclusion principle.

4
.

2 Laws of Thermodynamics
An isolated system is in equilibrium if its state variables do not

change in timee, e .g. energy E ,
Volume V

,
particle no .

N

(extensive change with system size) , temperature T , pressure p,

chemical potential n (intensive).

For
every macrostate of a system (E, V, N . etc) there are

many possible microstates ,
a very large number 2.

We assume that each of these microstates is equally

likely (principle #).

The entropy S of the system is defined as

S = / logs (4
.
3)

where K = k = 1
. 38 x 10.3 JK" is the Boltzmann's constant.

> microstate

Macostate
> &

.&
E

.
V .
N ,
etc.

·

stat
3
· R

phys.
Thermodynamic microphysics



zeroth law : Two systems in equilibrium with each other have

the same temp . T.
= Tz = T

, pressure
P.

= Pz : P ,
and chemical

potential M . =

MzU.

I#
-

equ

Consider two systems with fixed E. V, N.

E, V.. N ,
D E .

Ve
.

No

The total no
. of microstates of combined system of combined

system
- = R

,R (4- 4)

So entropy is additive.

S = S
, + Sz 14. 5)

Allow exchange of energy E; lat fixed VisNi) ,
so given

E
, for system I

,

we have

Ez = E-E
, (A )

This implies S = S , /E , Vi ,
N

, ) + SzlE-E
,,

V2
, N2)

.

Most probable partition maximises & (and thus S) w . r -

t.

changing E .. e. = 0 It).



ButCE VNEEVN

== = 0
.

So we have

&CEVN=SzE2VN 14.

Define temperature by

=* (4.7)

So
equ requires

Ti = Tz (4. 8)
.

Similarly , for volume Vexchange · define

= P (4. 9)

implies
P = Dz 14

. 10)

Exchange of particles N , define

= -MT (4
. 11)

implies
M .

=Mz 14. 12)

First law : Energy is conserved

dE = TdS - PdV +MdN (4 . 13)
y

·
T

& chem
"heat energy mech work energy

dQ "dW"

This can be obtained from SCE, V.N)

dS: dE+
=I dE + Ed - -N

and rearrange.



Second law : For an isolated system , entrophy change is always

non-negative
AS 20 14- 14)

Chemical potentials : Affinity V; for a general interaction

EviAi = o 14 .
15)

no . of ↑ A species label
↑

particles

is chemical eque /for fixed E, V) from 14.13) implies

EMidNi = 0 (4. 16)

E. g. nuclear reaction p + n> D
, Up : 1

. Un = 1 . Up=

then at egu,

Mp
+

Mn =MD .

4. 3 Equilibrium distribution

Boltzmann distribution
DE

,
V, N

,

Two systems E, E2 etc , but fixed

total E . U .
N (Fix V

, T.M)
Ez

.
Va

.

Ne&
Label microstates for system 1.

Taking N .
= n

. nm-degenerate eigenstates r With evals E""

with

Ein Ec ... Er ... (4 . 17)

Recall (4.4) t = 1
,
Mez

,
so probability pers of microstate will

is

p =

no · of microstates of system 2 DEVtotal microstates



where E = El + Ez . N = n + N2 and ignore fixed V.

From entropy def"

&2 /Ez .N2) = exp)TSzlEz .N2))

- exp(iSz(E-Ef ,
N-n))

So

SalE-Er , N - n) = SalE,
N)-

= const .

- EY+ - My +. . .

Hence in equ ,
we have

pl = const
.

x exp(1mn-Er)

-pun- (4. 19)

where = + and normalisation factor (p-1)

Z
=[exp(sfun-Er) 14. 20)

known as the partition function.

#dealgas : Assume identical partition in one of the discrete

set of energy levels

E, c Ez Es .. (4 . 21)

Y
Es - his I-

th- hm) = In
.,

ne , ... !
n1

El
- n

new rill state
energy level occupation

number

n-particles will -> In
..

12
.
43]

n = M. E-EEs 14
. 22)



Boltzmann-Gibbs distribution factorises

p! -> P(n) : const exp(ECM-E) 1423)

=

(k)
where

Pr(nk) = exp(pnM-Eal/Ex. 14. 24)

and
Ex = Eexp(onqu - Ex))

.

(4
.
25)

This probability yields the ang value of NK.

=pin
=> Ar = kT 14

. 26)

4. 4 Statistics of Bosons and Fermions

Bose- Einstein distribution

Bosons can have UK = 0
, 1 ,

2
, 3, ...

UK
· From 14.

25),

z(ete"==akFer (4.
2)

if(Akl > 1.

Diff using (4.
26)

nic(Ek)=Eu / (bosons) 14. 28.

where gr is the degeneracy /e .g . photons gl = 2 for two

polarisations )



Fermi -Dirac distribution

Pauli exclusion=> N = o
, I only

En=Er
+ eP

Thus14. 26)

=>Mi (Ek)=
+ /

(terminal 14291

E.g. electron gp = 2
, Spin "up" and Spin "down".

Maxwell - Boltzmann distribution

If ground state E
,MKT = * => UK

, ER-MULKT ,
so

eP1
, implies

EklEk) = 9 ..
e-PLEkM) (bosa) (4. 30)

Density of States

Consider momentum estates of particles in a box (V = (3)

# = (n .. n2
. na)

.
niett

In the continuum limit on a shell , p-p + dp .

no· of

e-states is

45p2 dp t = fipldp
Sph .

shel ↑
total states

where

f(p)= (4.31)

In 3D
,

14.
28 - 2) become

h(p) dp=bos 14.



where go is degenearcy and

Elp)=R + 1mc2 (4
.

33)

particle no . (average total

N = Sip) dp (4 . 34)

or number density

n = N/

Energy E is

E = S Elp) #(p) dp (4 . 35)

or energy density

p
= E/V

Pressure P : Consider a slowly changing volume V = L3
,
then

the momentum State pd /L < V-13
,

so

= - Pla (4
. 36)

If egu maintained Centropy const .
dS = 0)

,
then

occupation no
.

does not change ,
so ulp) dp is same ,

and

N remains fixed . (Ehrenfest principle).

So overall change in energy is

dE = %
%

%

dElp) n(p) dp

= dV
.

"

Ecp1 disp) dp
= -- pE(p)n(p)dp -



But dS = dN = 0 . we have
Nis

=
- P by 1st law 14 ·

13).

Hence,

P = 59. pEcpip)dp (4
.
37)

Ultravelativistic limit (kTDmc" ,u)

Elp) = +me = pa

=> pElp) = Ep

So (4·
37) becomes

p = 5)
.

"

Elp) n(pldp = E/3v

=> p = &P (4 . 38)

satisfying (1 . 27) and 12 .
27.

Non-relativistic limit (kTmC2)

E(p) = mc + P3m

with KE = ((p) = p2kzm ,
so pEllp) = zU(p) ,

so

P = =S. U(p)n(p) dp

=> p = =- (4
.
33)

where U is the internal energy (excluding rest mass).

4.
5 Classical ideal gas

NR gas with Maxwell-Boltzman distribution 14.
31)

, Elp) = mc2 + p. m

Nem-nc)-Bm
Gas is

=Es ePM-mc)



by IBP pre-bp5 = -ztPp(ebp) .
Hence

n= = gs(kT(exp)(u -m(z)(kT) (4. 40)

whereNo=kTysk is the quantum concentration.

Exercise Evaluate internal energy Ulp) = prm

U=VePMmcY9dp(
-PP2m

= ( I (34)
= I N

So

u = E NkT (4.
41)

Note equipartition of energy EkT for energy degree of freedom.

Combine (4.
39)

, we get Boyle's law

pV =NkT (4. 42)

44. 6 Ultravelativistic ideal gas

With KTL mc"PM . using 14.
32) for bosons with Elpl = PC.

My== dp

-(ky-
Integral

In = So my = J(n + 1) [(n+) (k)

Given T(3) = 1 .

202
..., we have

N=3
gs (kT) (boson) 14.43)



For energy density , integrate with E =

Pc.

%
= 9(kT)" Ibosons) (4

.44)

since J(4) = # 4/90·

For fermions
, require

Sedy =Je
= /- dy

= (1-5) In

So using (4. 32).

uf = Ub (4. 45)

and

Pf = 59 (4
.46)

Effective no. of relativistic degrees of freedom

9x =S gi+Ea (4.

47)

with total energy

Pr= gy(T)(kT)" = gy(t)T4 (4.48)

where t== 5
. 67X10%



4. Photon gas and Planck spectrum
consider photons in equilibrium for < 400

,

000 yrs.

· Massless , so Elp) =

pc
= hr. =

p=.

· Photon no not conserved (e .g .

e + V -> e + V + U) ,
so from

146)
, we have Mr=

· Bosons with 2 polarisation states ,
so go

: 2.

Bose- Estein distribution (4.
32) yields Planck spectrum : photons

number density is

h(p)dp + n(r) dr=+) -
(4 .
49)

Energy density
Ecr) du=kT-1

(4. 50)

which is black body spectrum

E(r)n peakdTY
density of

Lu3iStates Y Boltzmann
l

!
O hr = 3kT

kT

Peak of Spectrum (Er) = 0) about

hrpeak = 3kT (4 .51)

The shape is independent of temp.

The most accurately known Planck spectrum is the cosmic

microwave with temp.

To = 2
.7255 10 .

0006 (4
.
52)

by COBE satellite.



Integrate (4. 50) over all frequencies v to obtain Stefan-Boltzmann law

Pr: + (4 .
53)

From (4 .
43)

, today we have

no= 3(3)(kT)3 = 4
.

11 x 108/m3 (4
.
54)

.

comparing to baryons=Prit = 0.24

Why is the CMB Planak spectrum so perfect ?

Decoupling at T = 4000K
,

So it is not in equ now ! Red shifts

of photons
r(t) = At New (4.55)

and dilute Pr & (A)4 ,
means Planck spectrum is

preserved after decoupling with temp.

T(t)=e The 14 .
56)

4
.

8 Photon Energy

First law for photons (Mr = o) is

dE = TdS-PdV.

So

7) S = dE+ PdV
- (4

. 38) P= 9
= d(pV) + 5pv

= EpdV + Vdp

=TidV +4T" VIT)

- (TidV + 3 T VdT]

=> dS= (T dV + 3TdT)= d(TV)



Integrate
S= + V + So

,

but third lawto as T& O => So = 0
, thus entropy density

s = F= (4.57)

Now
, if interaction rate T is much faster than the expansion

rate H
TH 14.58)

The expansion is quasi-static and universe passes slowly through
a cts series of equilibrium states , with the occupation no .

NC VTS = const
,

so likewise entropy SCVT3
= const.

But with V&a , we have TC Ya
,

so photons undergo

adiabatic cooling.

In radiation era 12 . 28)
,

ax+
,

so cosmic time to 'T" and

H= 2 += /effective rel.

E

H
deg . of freedom

~ 2 . 17x10g (4
.

6%)

Particle no. No

Photon no
. No conserved

, cooling with TC · compare to other

species Ms with conserved particle no .

As- = const 14. 61)

key example : baryon-to-photo ratio (4.55)

y= = 5 .

9x10%0 (for +<10s)



4.

9 Recombination

When T = 5000K (about 300k years) , protons and electrons

begin to combine to form hydrogen.

p + e
-

- H + p

chemical egm : Mp +Me- =My +M
= 0 (4. 62)

Charge neutrality : He =

up 14 . 63)

From 14. 40)
,

number density for OR particles is

: =

g : /mikt)-mel
Divide these to eliminate M's in 14

. 62)

&upgemT]expmp+ me -mu)c2(kT)
imisation energy

Here , gr
= 4

, My = mp ,
so using imisation energy I= 13 . 6eV,

we obtain Saha's egu

= (met) 14. 64)

Usually expressed with free electrons.

Ratio : Xe= (4- 65)
-

=> Me = XeUB = XeY M

Exercise Show Sche becomes
-

#Xe =<(3)3 EkT 14. 66)



Xen
everything
imised X1 =

T
free e.

neutral H -
0 . 1- d
-

or 4000O 300 >

T

For Xe = 0 . )
,

can solve to show that T = 3600K (kT = 0 . 31ev)

4.
10 Photon decoupling

Photons and free e-interact via (elastic) Thomson scattering

Chrmeck)
e - + y = e

-

+ y

with the interaction rate

Tv = ne #C (4
- 68)

with the cross-section=met) = 0 . 7x1079m =

photons fall out of egu when

Tr H ,
14. 69)

i

. t. recombination ne - 0.

We know H = 4. 3 x10*To get = 3
. 9 (V ,

r's)·

We compare with

Tr = me Fc = Vegar Fc =

- 4X10+ T > 4000K

I 4x10-
T

-3
-8x104/7723500K

(4
. 70)

TcXT3

~



setting T = H above yields

Thee = 3000K (kT = 0
.
26ev)

with Xdea = 0
. 004 when te = 380

, 000
yes . Ede = 1100.

Decoupled photons maintain their egm . dist
. (4. 50) as shown

in14. 56) with TC.

small residualimisation left Xe = 5X10*

4. 10 Precursor Lepton Decoupling

About t : 1s with KT = / MeV /T = 10(k)
,

the universe is

dominated by rel . lepton species

9x : 2 [V] + & ([eie+] + 6 [V. ]) = 10
. 75 14.73)

small no
. of NR protons and neutrons

Mp + Mn = niny

Total entropy is

S= xT (4.74)

(N . B
.

/MeV = 10
%eV = 1

. 6x10-135)

Neutrino decoupling (massless or UR Species

Maintain equ through weak interactions

e- + re => e + Ve
, e + et cre + Je

,

etc.

With Fermi Cross-section

Er = GET

where -105 GeV withmpc



With interactions

Tre = Me Fr ~0 . 3 GET5 (4.75)

Comparing with H 14.
60).

() = (i) 14.76)

So neutrin decoupling at Traec = /MeV.

Neutrinos still UR gr : Ex6 = 5
.
25

,
so they take

entropy out of thermal bath

= 499

decoupled
-

neutrinos

thermal

bath

↓

To Tdea" TB

For TB> Tudea / neutrinos temp

Tra (4.

77)

just like v , but laterTo differ from T = TV

So add all rel
.

dof

Eg=96 + E 49+ + 59+49a
thermal bath -ecoupledmassless/UR
temp T

species



Electron - position annilation (massive decoupling (

At temp . T below mass threshould Mec" = 0 . 511 MeV (i . e
. kT20 · SMeV)

and et are exponentially surpressed (by 14 . 401)

n = gatmkT)3 exp((n -mcz)(kT)
This is due to annilation

e + e
+
- v + y

This "reheats" photons . As entropy is conserved
, temp .

T of

thermal bath must fall more slowly ("delayed cooling")

g = 3.5

Su = 2
~ conserved

So equil . temp-falls slowly TMeST < The · SCTal : SCT)
Y

=> s(tm) as(ta) = s(TB) a "(tB)
.

y

entropy density

=> 14
.
79)

i

. e . not simply TC 1/a.

Neutrino temperature

Assume TAC The > TdeCTB
,

neutrino temp falls as

I 14
.20



combining with (4
.

79)
. when Tide ,

We have

E- (4) (4 .81)

So today To = 2 :23K = To : 1 . 95K
.

4
. 11 Light element synthesis

Neutron-proton ratio

At t = Is (kT- /MeV)
,
neutrons and protons are in egu

through weak interactions

n + rec-

p + e-

n p + e
-

+ Ve (decay
with interaction rate

=mer)" (4. 82)

is "effective" decoupling temp.
To 0 .7 MeV.

Divide NR egm distributions

= ()
*

explMp) - (Mn-mp(c)(kT] = exp)- )(4.

83)

where Q = (mn-mp/c
*

= 1
. 29MeV and assume

Me
lanceE = -10-9) . Using KTD = 0

.7 Mer
,

the

neutrons "freeze out" with

= 14
. 84)

The neutrons decay continues with mean lifetime In = Fits until

t = 100s (kT = 0. 1 MeV) when

-tin t



Deuterium distribution

p +n
D + p

so (4· 40) yeid

* "ep1
where Bp = 2

. 2 MeV.

For Xp-0(1) .
need BolkT = 35

.

it. KT By.

By KT = 0
. 07 Mer

,

denterum forms
,
and past this threshold,

reactions cascade to stable the "He = 28. 3MeV into which almost

all neutrons are captured.

Helium-4 abundance : Relative mass density in"He.

Ye = fle = 4x

1483
The prediction that 25% of ordinary matter is "He is

confirmed by observation.

Yare = 0 . 245+ 0
. 002 .

There are small residual abundances of dentersum D

(DIH = (2 .
62 = 0 .05) x 105) and se

, thus trace "proof"

of Li and Be-heavier elements are made in stars.



Nuclear predictions match for 14.

35) baryon-to-photon.

1
= 6

. 14(20 . 19) x 10
- 10

This is linked to the origin of dark matter and baryon

asymmetry.

5. Large-scale Structure Formation

5 .
1 Traces of the matter density

Definition and Statistical assumptions

We describe inhomogeneities with the density perturbation Scrit)

by comparing mass density Per + /c as

S(r . t) = Git)=- (5-1)

where plt) : <pieti) = * Sv part) d= (5
.2)

So around a hom
.
FLRW background , we have

p(rit)
= j(t) ( 1 + S(rit) (5 . 3)

linear if SE1
,
but can be non-linear.

For galaxies with ne . t = f assume Plc = in with

Plp
= m/m (caveat is "bias" for different ⑮ SV

galaxy types

Galaxy clustering described by two-point correlation for

Ecr) = ( S(kit) SCE'te . t)7 (5
.4)

=t (p(rit) p(u + y ,
+)) - 1

where r = (t) T2
S18V



This represents
the probability

P(1 .
2) = (1 + 5(ra) SV , SV

in excess of random of finding one galaxy in SV , and another

in SV2 separated by a distance r2 : /F
,
-El

Note that Ble) = ECIE) assumes that

· indut of I' by statistical homogeneity
· indpt of I' by statistical isotropy.
We also use ergodic hypothesis

C Sensemble of -> 1) spatial average
realisation (large vol-realisation

variance : 52 = (S4Et)) = 5 (r : 0) · Usually defined as
-

2 = [SR 15.5)

after smoothing with a window fr a lengthscale R.

Speit) = J dr'Wr(ll-r) S(Eit) (5 .
6)

e
.g. with a top hat

Wm(r) = /3/4tR3 (const . VCR
(5 .2)

⑧ r = R

Measurement of JR on a non-linear scall R = Sh"Mpc = /2Mpe,

With h = Ho/100kmsImper = 0
. 6)

, yield

I
0 . 83 1 0

.
02 (Planck(

(5 . 8)2 =

0 .
78 10 . 02 (weak lensing



Fourier space

S(k) = Sdeik
. x

15 . 9)

S(z) =Je (5- 10)

Since Sl*) real
,

we have S
*

(k) = S(-1)

Derivative :- > ↳
-

Spatialtranslation : S(r+ 1) + S(k) like

-Lirac2 fh : S1(1 - 11) ->I

can timthe d gh) EfC =g I

Sph-Sym. firl: fill) e
"**

-

Take M
= = cost = <b . r = qkr ,

k = 14)
.

v = 11 .

firs : 2/ef(k) Ide link

= /krfek) die (5 , 12)

Power spectrum

This is FT of two-point correlation 5(r)

P(k) = Sal (r) eihor

= 4H/r An 3rd (5
. 13)

i

. e . how much power
there is on a given lengthscale tak.

log P(k)1

-
·oo1 daid lse



Dimensionless power spectrum

52 (k) := P(K) (5- 14)

which is power per log interval

JP = its(P(k) kidk dada
= SP(k)k3 dllogk)

i

. e. effectively we are using a window
"

1k = k.

This is scale-invariant if

121k):+ const. (5 -
15)

ie .
We have spectral index n= l lequal power on each

lengthscale) known as the Harrison-Zeldorch spectrum.

This is a prediction of inflation for premordial perturbation.

Pi(k) = Ak
-4

= Alk (5 . 16)

and that SCE
. t) is a Gaussian random field.

(8(2)S(k')7 : (2)3 S13(k + 11) P(L) (5 ..7)
A Dirac delta

5

5.3 Newtonian Dynamics

Equation of motion

Consider a flat (k = 0) FLRW model on subhorizon scales rH+

(v) with comoving cord

F =alt) (5 . 18)

X

physical Comoving

In a grav potential I,

=- =

-D 15 . 19)



· Homogeneous background x = const

E = Hr = ax= X = * = Hx(5. 2)

where I conformal time di = adt

i = 2 = =- =- 15- 21/

The background potentialI is

E =
- EH'x =

(5 . 22)

with X = /x1.

In a matter-dominated universe (Ma = 1 for Tep > + < (1)
Poisson egh (1 . 14) implies

* a p (5 . 23)

· Inhomogeneous universe I cust.

I = Hu + ax = H + X

Hubbflow petrel

E=H'z + Hx' + tax"

=
-a

--- P .

where I = E +

PopeculiarX

background

Hence
,

X" + Hx1 =
- x

x P - (5 . 24)

With Friedmann egn I-a , the perturbed Poisson equ (1 . 14)

with 15 .3) P
=Pm(l + 5) becomes (matter eral



*p- EapmS=-Mo Ha (5. 25)

where Amo : file
to

Here
, we assume Som is the most

important component ,
not Spar , Spe.

Canonical momentum for "comoving X" :

f = amu (5 .26)

where I = X'

q = m(a'z + ax") = am(z(x + xi) =
- am 3 b)(5 .

2)

* Fluid equations in an expanding universe *

Consider phase space distff(X , P ,
T) where

dN = f(x . f . +) d3pd3 (5
.

28)

is the particle no .

in phase space vol
. dp ,

dx (see e
.g . equ.

dist" 14
. 32) who spatial dependence) .

NR dark matter obey

the collisionless Boltzmann equ

00
= 0

15 .
29)

vanishes by Conville's tha that phase space is conserved

along trajectories (no interaction) ,
ie. = 0.

· Density P(t , +) = (d f(x,t)
(5. 30)

· Velocity
Vi .T)Iso



Moments of Boltzmann egn
15 . 29) yield e

. 0 . m . forp and

(zenth) S&**E +Jd + am 0: /d
-

total derivative
- (p) + 0: vanishes p = o

.
o

Now substitute p= (I + 5) Yields the cty Cusing pm equl

S + 0= (F(1 + S)) = 0 (5. 32)

Now take the first moment (dP 15
. 29) to find the

Eregn or momentum conservation egn

Y + x= + (2 - 4x)) = - xxy
-+]xp .

(5 . 33)

where a pressure term has been added and astropic

stress is Ignored.

velocity decomposes into scaler (compressional) and rector

crotational) part
V = Vi + 11

withx = 0. 0+ = 0

Take divergence
0 = x - k = Jx : V 15 .34)

and curl

w
=(x x = =x

x X+
15 . 35)

Linear perturbation egu

Assume S
, I small and discard2nd-order terms (1S , 1 :J:)

to find
15.32) = S' + %x. = 5 + p = 0 (

(5 .33) => v1 + 7) = - 34



Decompose ↓ -> O , W .

Scaler : 0' + 110 = -75pIhmS (4)

Vector : w + 71w - 0 =>
Wa

+ (5
. 36)

as rotational modes are surpressed as the universe expands.

Comparing ( * ) and It) , we find

8" (x , T) + H(t) S'( ,
+1 - Edmit) IE(t) S(xit) = 0 15 .

37/

y ↑
Hubble damping grav. attraction

We need to solve this to find SIXT)
,

or equivalently,

S(k , 1) evolves and grows.

With cosmic time to

j(x , +) + 21+ (t)S(z, +) -St) = 0 (5. 38)

Matter dominated era : between Tep > T < T1
,

NR matter

is dominant with hm : 1
. Recall EdS (1 . 29),

acti : (El43 , to = Ho · Om =At
In conformal time,

a = (4/t0)" ,
To = <H0" = 240

1 t = to (4to)3
We take

alt : (t/ti) ·
H=e

so perturbation egn
15 . 37) becomes

S" + Es - ES" = 0
(5. 39)



Seek power sol" S = -P

B(b -1) + 23
- 6 = 0 = B

= 2
,

- 3

so general sol" is

SIX . ) :A (5 .40)

decaying modewhere A , B arbitrary. (a) Inoglect

So we have growth at time I given by leguir . as FT).

S ( =,T) =All) A(k) (5 . 41)

where Tog>< In.

The maximum linear growth is

#= 15 .42)

X P
(2 . 31) (3 . 4)

After which non-linear effects take hold if S = 1 . 69
, we

expect the true virialised inhomogenity to be about

Sm = 178 (spherical collapse model

55. 3 The Jeans length

The Euler equ
(5. 33) includes the effects of non-zero

pressure Pm Pm with sound speed

Cj = 15.43)

with ES Pm =

compu ,

we have C = cm
.

In Forner space,

we have

=Tx P(x , +) = = TX(P(t) + SP(x ,+)

- Spit): i



So Euler (5 .
33) linearsed to

0 + 710 = - Erm22S + CsS

Combining with continuity (5 .32) or (A)
, we find

S" + 7)S' - (ERmF1- C5(2)S = 0 (5.44)

We define the Jeans wavenumber Lomoving

kj=m (5 .45)

and a Jeans length (physical

15:=) (5 .46)

In conformal frame , k=k in matter

era Mm = 1
,

I = 2 t ,
so Jeans length becomes

xy= sat = All est.
-

cat horizon

i

. e .
sound speed horizon.

· For short wavelengths/ < X> (k> ky)
,

the density

perturbation oscillates with free
202 = L-4TG 35 .48

So with Ki ky , we have

S1k , +) = Alk) cos (ut +p) (5 .49)

with time averages

(Skit)] =
i

.

e
. there is no net growth.

· For long < XJ (kkj) ,
then grav. collapse at

Egrav = 1/Fhpilch (5.50)

which proceeds unimpeded outside the sound horizon.



The Jeans mass is the minimum mass that can collapse

at time to

My (t)= PmHt) 15. 51)

Example (Baryons and photon decoupling) For tatde 14.
71) .

baryons (protons) ,
e- and photons in egu .

Photon sound speed

dominant P-5P ,

but baryon-photon fluid has p-pr +Pr ,
so

sound speed

Cj = d= (f)

with Pr = Poola3 . Pr = Prolat ,
So

matter-include
oldi

~ include neutrinos

Thus (#) gives

3 = (1 + 0 . 2 Enh (5 .52)

until recombination when baryons rapidly leave eque

p + e
=

- H

For +atdec
,

a NR ideal gas has PCpV with adiabatic

index

V = 1 + F= of freedom

So
c== = 6000) (5 . 53)

since TC a
t

decoupled NR gas.

So at totdee ,
is dramatically falls from Cs = 1 . 8 c with

MJ = 10 No down to C2105c ,
M5 -10 "No



Cr

sound S oscillating L

Baryon

--------at
a

complis-speed
Co growa g rar · collapse

I &

teg Tdez

For tytder , baryons fall into potential wells from CDM
,

and structures start to farm.

5
.
4 Density perturbation across cosmic epochs

Horicon-crossing timescales

Newtonian analysis 15
.
37

,
5.
44) is valed on sub-horizon scales with

comoving mode kI ITCE ·
or physical scales

↑

comoving
horizon

x(t)= CH(t)

(sometimes K = 2MaH(c)

Horizon-crossing for mode k occurs at

Th= (5 . 54)

lar in cosmic time solve altu) HitH: for th) .

key other lengthscale is crossing at equal matter-radiation

T = Tog · Define

key (5 . 55)

growing

mode
k >

So a

natHBB
t : trenecting- los r



Sub-horizon growth (Newtonian K 2/2)

Radiation era (tc Tep)

Use (5.
37) for NR matter in the rad

.
era

.

With act,

7 = E
.

S"+ - Zey = 0
(5. 56)

where we have used

2-m(t)=aPlate -

with Reg : Pro/dno = Pro/tro

Taking [ Tog , we can find approx .

sol"

S(k
,
) = All (1 + Eg) + decaying mode (5

.
57.

-

growing mode

So deep in rad .
era

,
S = const . With no growth

until < : Teg.

(See improved analytic sol in Ex4Q5)

Matter era (Teq << Tul (see 35 . 2)

key linear growth (5 . 14)

S(k . t) = A(k)Alk)Alk)
-

= D(z)

growth rate

yields grav . collapse and structural formation.

Caveat is delayed collapse of baryons Teg > +< Th.



Acceleration epoch (tec<To

The last term ZRmit becomes negligible ,
so (5

.
37) becomes

S" + Is = 0 15 . 58)

with sole
S(kit) = A(k) + B(k)/alth (5 - 59)

ist Tecaying

So accel .

Switches off "linear perturbation" growth.

* Initial Conditions *

Assume inflationary fluctuations for there is good observed

evidence (see $3 .4) with the following properties :

·Scale-invariant in metric or potential fluctuations

Pp(k) = A =/k3 15. 60

Istrictly Aks-4
, so (5 . 15) variance A* (k) = P(K) = const

=> n = 1)

·Gaussian ,
so described by P(K) only

· Albatic with SR= SM() All particle species are

created togetherre. g .

no of photons is fixed relative to

DM particle, ie.R = cost

But Prada" ana
*

E Sprd Sum (linearising).

Also Prais -> Spa & San .
hence (t)

-



Superhorizon evolution (k2π/ct)

Require relativistic perturbation theory

For K2T1/c-· potential fluctuations are "foren".

d(
So from 15-60).

↑ (k .+) = P(() = A/132 (5 .62)

up to horizon re-entry In = 2/2.

Exercise Use perturbed Poisson egn
(5. 25) to show : const.

-

in matter era.

* Ade : Superhovizon evolution (T < TH = 2/ka)

Consider two regions expanding at rate H :

-
critical ~ overdensity

↑ density
(flat)

p + Sp
k = 0

NSK curvature

#2= H= (p+ Sp)-

Subtract to find curvature

Skc" = a (x )

Constant on superhorizon scales (TCTH = 2/ke)

· Matter era Smdax +
"

· Radiation Sr < a'< +



Relativistic Poisson equation include pressure

* =Ep+3)=

which has a perturbed part I : + P.

* p = (1+ 3w)p Sa = =(1 +3w)Skc(t)

const .?

The potential of is constant on superhorizon scales,

Sm(k
,
THI=A

Umatter (
where : 12it crad.

so P= Al = (5) (*Ctes" Al
= () "Begk

,

where Bog : FEEgA to normalise at k-key
.

Transfer functions

collate these results into a sol" of perturbation egn called a

transfer fu

P(k) = D (zep) Th (k) k "Pylk) (5
.66)

X ↑ ↑ ↑
↓ inflationary

fluctuationPower spectrum maximum transfer convert
today growth factor for specific ↑-S

Test In k

· Radiation era modes (kKeg . Th< Teg)
At horizon-crossing In = 2/kC < Jeg from 15 . 65)

, we have

P1Klin = "Begk = PCK)
Ten

(5 . 67)



since effectively no growth (stagnation).

For Teg > T>

Teg , we have full growing mode (5. 41) .

3 = (g)

P(k) = (E) "Begk = P()to (5
. 69)

because growth is surpressed int < To

Substituting TH = 2T/ · Teg
= 2/keg
,

P(k)lt = (e) (e)
"

Boyk = D"Ballckee) (t)

· Matter era 1kkeg , TheTeg

At T : In
, we have

P(K)/n = (E) "Bes k
which

grows fromThis is altel/actul.

P(k) /to = Plat = (i) "Back
· "Be (H)

.

Power spectrum

P(k) = D' (zeg) T" (k) Begk
k kkeg

= (i) Be I k/k3K keg
with transfer fu

k < key
T() = (let locked

with lapparant) suppression for kokeg ,
no growth in rad-era.



T(k)
~

I P(k)
-

I

ku smoothed k
↓_

baryon acoustic↓ transition Oscillation

↑ 1-2 3
I - suppression I

in rad . era

I I

& &

ker logk ker logk

where key = 0 . 015 h Mpc) . Smooth transfer at k-key
,

obtained from Ex .
4 Q5.

Baryon acoustic effects imprinted Tpo = look" Mpc.

* 5 .
4 Cosmic Microwave Sky

(See notes)


