
Classical Dynamics

#eva'shaatim of classical (e .

to
,

c =2) physics,

However , it is difficult to describe up1 particles ,
or

systems with constrants
,

e .g. bead must stay on

wire frame.

· Newton's law work best in inertial=
-

frames ,
else needficticious forces : I

Can we find a formulation that's the

same form in all frames ?

These problems will overcome by Lagrangian and

Hamiltonian reformation of classical dynamics.

These formulation
· make the role of symmetry much more central;

e .g. invariants under spatial translations cons.

of momentum.

· make connections to QM much clearier.

Hamiltonian's form Lagrangian
I ↑

Schrodinger picture Feymann path integral
·TheSpace of sol to Newton's eyu itself has

rich geometric structure- > symplectic geometry
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Galilean Space-time

An n-dimensional affine space A" is a set together

with an operation - s.

t.

a - b + R" Va
,
beA", 1.

i

. e. A "Is like M"
,
but no preferred origin

Galilean space-time is

· an affine space
At Points a .

beA" called events
-

· with a preferred linear map + : R + I called time
-

~ -

* -

the time between

t +(b- a) events b
,
a

IR

· If b-at Ker(t) , they are called summultaneous.

By rank-nullity ,
Ker(t) = IRS

, a linear subspace of IR*.

· If b
,
a -A" simultaneous

, then theExtance between them

are d(b , a)=bab-a)
,

where 1
, ) is Euclidean inner

product on IR3.



Inertial Frame

An inertialframe is a vector space IRX1" With the

usual inner product on R3. There are naturally
Galilean spaces with a choice of origin. However, they're

not canonically Galilean.

Consider the transformations IRXIR3 -> RRXIR3

9.: It ,
1) ↳ It + s

, X + c) translations

rotations
g2 : It ,2) It

.
RE) with Re0(3) +

reflections

93 : (t , 1)-> (t
, x ++) Galilean boosts

.

These translations generate the Galilean group
G.

(dim G = 4 + 3 + 3 = 10) . Any 2 inertial frames are

trans not's boost

related by some ge G.

Def A motion (of a particle) is a Ismooth) map : ItI

where IC interval
.

X

-
In I - 3-

-> t Let
The graph (t . xit) ERXIR3 of the trajectory is the

particle's wandline



met

worldline

The Velocity of a particle is -
acceleration =-

For a system ofa particles ,
must specifyn motion

& (t) = (* ,
(t), . . .

, Xn(t) , X2 : It 13
↑ ↑ ↑

13n ·xiR
Here R3 is the configuration space of our n-particle

system.

Dynamics

In classical mech
, a system's dynamics is determined by

R = E: / #, . ... In
,
X, . . .. Xn ,

t)
,

(N2)

where : Mi X , mi = mass of ith particle.

The principle of Galilean invariance says if hilt) is a

solu of N2
,

so is / go xilt)) for every ge Gal.



e .g. If (xiltih solves N2
,

so does (xiCt + s)) USER

=> M: it +s) : Ei((jit + s)
· [ (t + s()

,
+ /

=> milt's = Eil(XiCt) , X (tY )
,
t - 3)

=> Ei(( xj (t) . x 2t)) ,
+- s) = Eil) [j(t) · Yj(t)) ,

+)

So Es has no explicit time - dependence.

e .g. If (xilt)) obey N2
,

so does (Ilt) + 2) V & <IR?.

=> Eil(j - Xh ,
(x; 3) can only depend on relative locations.

e . g. If Exilt)) solves N2 ,

so do h Xi (t) + =+

=> E = Ei((xj - <x
. (j - Xx))

e .g. If (xilts) obey N2
,

so do I RXiCt))

m (R2) = Eil(R(xj-Xk) , R(X - Xi: (2)
If

R(m2) = 1 Eil(x - x, * - Xnl)

Hence ,
Ei)(R(Xy - X() , RIX- X))) = RE (14 - Y

, * -Xil)

Let's consider a Galilean invariant system that consist of

just one particle. Then Gal inv . => E = 0
.

Hence,

p = 0 = Xi (t) = Xo + It rectilinear motion



Now consider a Gal inv
. system of two particles.

mix = E
,
( - x2

,

x - <2)

M2n = Er (X .
- Xc

,

X - x)

By rot. invariance

Es (x - x, X .
- (2) = (X. - * ) f(x1 -2

.
X1 - Yz)

- (x1 = (2)g(x1 - (2
,
Y - (2)

for scaler fo f .g. In particular ,

m
, x · ((x1 - xz) x(X - X)) = 0

so motion is confined to a plane.

-closedsystemetem is one in which the forces are forces

of interaction
,

in Ei = [Eij ,
where Eg is the force

on i-the particle due to j-th particle.

Eij = - Eje [N3)

Eij = - Ejc = (Xi -Xj) f(/X : - Xj) .

(x = <1) (N3Y

Define M = Em (total mass)

Icm: Mix (centre of mass location)

=> Mic : [mix = [Fj) =GEj + Eji) : o



=>
cm

= Xo + Ut

It's often convenient to do a boost + translation - Gal

S
.t . Xcom(t) = 0.

Define angular momentum

1 = <Xi x( = &x x (mixi)

=> i = [xxEi = [x(j)
We have

X 1
* E + X2 x (2 ,

(N (x1 - (2) * Ei

(3)

=> I conserved if (N3') holds.

NM-closedsystem

These often arise from considering only relative motion ,

or

"neglecting back-reaction"

e.g. For a closed system of 2 particles,

-

m. = Fir
, Max = - Fir

-
-

Define = in+ m , m2 reduced mass
M

=

#+ M2

Xr : X1 - X2 relative location

Then Er = X - X = (m +m)En = ME = E(Xr
, Xr)



So we get a closed system for the relative motion.

NB . this relative motion force does not need to obey

Gal inv.

In particular , if M2DM ,, Mem ,
and we can approximate

the motion X . It) = XrIt) in the frame which Xcom(t) = 0.

Energy

Work done along a path from to at to to X1 to t,

is

W=Ed

(N)m

= Imd

= T(t. ) - T(to) ,

(4)

where we define the Kinetic energy TCt)= m * It).

A face is conservative if W is indet of the path
taken -> E = -JV for a f"V : R3-> RR called the

potential

w = - +V . d = V(xi) - Vie |t |



Comparing (*) and It)
,

we see

T(ti) + V ( * Ct , 1) = TCto) + V/A(tol)

Hence the total energy E : T+ V is conserved.

The Principle of Least Action

Consider a (smooth) motion / curve It) with XItr) : Xo

and (til : * fixed .

We define the action of such

a curve to be YoAG
Six] :

*

((est)
,
ECt

, +) de

where the f"L : IR3 xIR3XIR-IR is called the

Lagrangian .

1 We usually choose L = T- V).

S is af" on the -dim space of curves
,
sometimes

called a functional

Let's consider the critical points of this action. A curve

& It) will be the extramum of STI] if

Six + sal-Sta : Olset ***+Sect
Six + Sx] = t

*

Le + Se
,
y + S

,
t)de

· Si + x . + S. dt + O(S2)



=[.( ))+O

= 0

So SS = 0 to first order for every variation S iff

) - = 0

There are called the Euler-Lagrange egus.

E.g. the length 1 of a curve (XIt1
, y(t)) from X to X

in IR2 is

= Fizjn It

The shortest curve extremise this length ,
so need obey E-L

for Lagrangian , or of Fly

=>) = 0=
=> y' = C

= y = (x + D.

Hamilton's principle of least action says that the true

motion of a paticle extremises

Sixt = 12
*

((x , < , +)dt

forL = T- V = m xz - V(x , t)

For this L, EL become

d (mx) + jv = 0 (a j = E)



This is equivalent to N2
,
but gives us a different perspectives.

· Focus is on curves/trajectories ,
rather than forces

· This is more'global' picture .

In QM
, all paths make a contribution.

I (X
,
t = ( xo

,
to) = /<X , Iti)) Xo(tol /"

where <X. (t . ) (Xoctol) = /dx eiStxi/h /Feymann'sat e
all paths

s .t . X(tol= Xo
,

X (ti) = t ,

We can also easily generalise field theory rather than mechanics,

where EM
[

S = /[ + EF" + ↑DT + Higgs] Eg dix

GR
↑matter

GeneralisedCoords

Suppose we introduce a new coord system g where

ga = g
*
(x ,
t) are smooth fis of .t). For this to be a

good system of words , need

det (2) + 0

so invertible . * : < (g9 , t).

Then = d =g
Let's now consider Lagrangian

L = ((1(g*, + )
,

1 199 · go , +)
,t)



We have

=
- get)

&)=
·
· (2) ·+

Comparing these , we see that

↳ (g) - E =- ·
Since matrix E was non-degenerate , we see

Elta) - E = 0G -) = 0
.

so E-L for g's hold iff they hold for I's

This is a huge advantage . We only ever need to

work out the form of If ((g , ga ,
t) to obtain

motion in our generalised cord system.



Z
M

E. g. Rotating coord systems - : (i)
I

Y
x = x coscot + y Sincot ->

> y

y =

y cosct
- X sin at

z = z L -X
X

The free particle in inertial frame (X . y . z) has

L = [mx) = f m(x + wxX)2

Hence in the rotating frame ,
the E-L become

0=() - E = m(( + wX * )

-m(x + w - wX(w + X')
,

-If 2w + Xi + W x (w XX) = 0ie .
*

-
-

Coriolis centripetal -

Constraints
-

Sometimes we want to force our particle tohe on some

surfa [cId .

e . g. Particle forced to stay in a hoop.

E
IRd



The constraints are called holonomic if we can write

2 = (fr (x . +) = 0
.

v= 1. .
.

., d. s) < ind

for some fis fr that are indpt of X.

lE .g. For motion on Sac 13 , f = x +y + z2 - a
2 )

For each well
...., d-sh

,

the decomponent rector -
is orthogonal to E

.

If the Id-s)xd dim matrix

of , 12x- T

- (
-

: S d - S

- was 12 - ↓

d-

has maximal rank (ie . dim (ImE) = d-s)
,

the

the rows form a basis of space orthogonal to 2 at

each point on E.

(E .g· f
= x+y + z2-a, = (x , y , z) points radially

= at
. /

Then
, by IFT ,

we can find generalised cords that

parameterise the constraint surface [.

1 .g .

gagaspant
, z = also

&



The constrained motion will then be XIg* t) .

To see

this
, consider a new Lagrangian

L'( *. *, Xr
.
+) = ((x , , +)+fr

The ir are Lagrange multipliers. They appear as

non-dynamical variables = 0
.

The E-Legn for L'give

=0 frixit) = 0
,

ie . motio is constrained

and

·=0- Ex = 0

The new term R = Exe are the constraint forces.

They do no work because motion obeys d. . R = 0.

Let's instead use generalised cords 192 fr)
M ↑

fr = 0 defines Eparameterise
E

E-L say
: fr = 0

Elota) - :Ex
so the motion for q's doesn't care about constraints



aY
E. g. A simple pendulum

can describe this system using the Lagrangian to
-

i
L = [m(x2 + yz) - mgy + x(x* + y2 - 12)

·Then the E-L give

x + y 2 = 12

my = 2xx

mij = -

mg + 2 /y

We can solve the constraint xity" : /" by setting
*1 sing

, y = -lcosp
,
where upon

the remaining equ

become

ml/Ecoso-o'sino) = 211 sing (x)

ml (psind + Ecoso) = -

my - 2 xlcoso (t)

COSOx(x) + Since = It) give

mlj = -mysino j =- sing
which is egn of motionleom) along the constraint surface.

We also see

x = 2)(j) = 2x1(8) :
So is just the tension in the rod.

It's much better to use generalised words adopted to the

constraint(s) · Here
,

these are 19% f) - 10 , 8)
·



So our Lagrangian becomes
-I cosp

↳ 10 , f) = Emeph + mylwsp+If (so S
= 0 = f = 0

= m =-mi

= Ftsino
E . g. Beed on a Rotating Hoop.

-w

Beed is constrained to le on a steel

Yhoop of radius a
,
which rotates

m
around the z-axis with frequency W.

y
We can solve the constraints by setting X

X = a sin of cost

Y : a siny sin cot

z = a- a cosy

Using these in our Lagrangian,

T = Em(xi + yj" + z2) = Emaz( +
2

+ 22 sin24)

V = mgz
= mga (1-cos4)

Hence the E-L for generalised word ↑ become

) = E = =-



where Very =mai(-mga cost - ma'no sin 4) .

In equilibrium , the bead must sit at an extrema of

Veff =a /-mgacosy-Emazc" sin
=

4) .

Veff
Verf ~ w = 0

M occo Gla

-

Mir +
an -

Veff a 102 > 9/a

+
-for w29/a , the stable point

is at %.
>0 .

Noether's Theorem

There's a very beautiful relation between symmetries

of a Lagrangian and concerned quantities.

We define the generalized momentum
pa associated to

a generalised word go by p: E . (f . p= = mi)



We also define a quantity figiga ,
+) is conserved along

the motion if

0ga
for the motion get) that solves the E-.

Consider a1-parameter family of motions &"Is.t) with
Q (0

,
+) =

g
& (t)

, SER
.

This transformation is said to be

a symmetry of Lif ·
((Qsit) ,

@ *

(S . t)
. +) = 0

.

Im (Noether's thm) I conserved quantity for each such

symmetry ,
when the E-L holds.

If : 0-=

-
-so

Hence. Elser is conserved if Q , +) =

g
*

(t) satisfies

E- . I



For example , homogenity of space implies our I should be

invariant under constant translations Xilt) +> Xilt) + c

e .g. L
=Em - V(zi-Xj)

Setting QilS . t) = Xi(t) + Se ,
we have a conserved quantity

5 = = ([pi) · 3 .

Since true for all
,

the total momentum is conserved.

#B. This is the special case of the following :

suppose Liggit) is indpt of a particular generalised
Iwood g ,

the EL for g say

=
so the corresponding generalized momentum p: It is conserved.

Such coordinates are called ignorable

E .g. Isotropy ofSpace -> L should be invariant under

rotations of all our particles trajectories. An infinitestimal

rotation act as

Xi(t) ->X(+ ) + SO1x Xi(t)

if rotate by 50 around H-axis (1 . 1 = 1) .
-

Hence
,

* +S
&

& (t) + Xi (t) + SO 1x Xilt)

So a Lagrangian that is rotation -
~

X

invariant obey

* LE + PaxX ,
Xi + 0x X. +)100 = 0



=> (*)+
=> 0 = n . El *x + * +:

LE-L)
-. *
= n: &XiXPz

Since true for any axis 1
.

the total angular momentum

1 = & X: "Pi

is conserved.

There's a more general form for Nether's thm.

Notice that L and L+ fE. t) lead to the same E-L .

S = (1+)t = ((d+ +f
and the boundary term is the same for all trajectories

obeying Selto
, t=

0
. Consequently , it's enough for our

symmetry to preserveLup to a total time-derivative

t

In fact. Noether's thu allows more generallyIto be

preserved up tofly . X ,

+)



Thm (Noether's thm 1) Suppose we have an infinitestinal

transformation

ga(+) ga(t) + su9t) + O(s))

such that

= L(g + suc
, ga + suc

, tils : f1g9 , ga , +)

then Eu-f is conserved when E-C hold.

If : Sana-f)
= (c) + Eaua-
↳4+

=E L(g + su
, g + si

, til
= 0

- E = 0 A

E.g. Homogenity in time implies E = 0·

For such L ,
consider translating all the trajectories in time,

So

q (t) + go(t + s) = ga(t) + Sgat) + 0(5'

go (t)< ga(t + 3) = ga + ) + 5j(t) + 0(5)

Hence, = L(qa + sga , ga + siga) /s= 0
:E

According to Norther I
,
the conserved quantity is

H= go
This is known as the Hamiltonian

,

and represents the energy.



e .g. ( = [mx - V(z)

H = mx . x - (mx - V(x)) = Emx + V() = E
.

If I = * (g) with some generalized could gat) ,
then

*=s
L : Tab(q) gagb- V(q),

where Tab =Im 19. .The

H = -L = Tab+I

E. g. Spherical pendulum. : A mass m is attached to an

inextensible rod of Length 1 ,

but is free to swing in any

direction.

L = [mx - mgz + X(x +y + z2 - 1)

As usual , solve the constraint by setting =
X= &sinocosp , y = 1smpsind

,

z= -lcsO
L

X

In terms of these,

L = Eme (82 + since pl tiglcosp .

We see=o and E = 0

=> H = t me" (2 + Sio)-mglcosp Energy)

J : I me" sin-o lang. momentum in a direction)



use conserved quantity J to simplify

m128 = me-myse

=>=
=-eff

where Ueff(0) =
- & cosp+since.

N . B. Can only substitute J into e . 0 . m ., at into the
-

Lagrangian

For J0
,
Neff grow

Fi as 0 -0 .

13p0 O. O
, T

Since = 0
.

H= -L
= ml2 (10 2

+ Vey(01) = E const

Henced , for fixed (E
, J) .

the motion in P is bounded

Of [00
.
0 . 3

.

Hence
,
the motion will oscillate in O as

it processes in p.

To go further ,
we can write

-------- Pl-Veef(0) , Wv - -

----

Or



So

toto dVestle
If we could ,

do this integral . We'd know OCH) and

hence plt) ,
but we can't (except numerically).

The Lagrangian for a Relativistic Particle

In SR
,

a free particle of rest mass m has action

SEE) : -mc)F% de

Ne : if ((c , L = -mc + Im + 0(()) .

For thisL. have

↑== mu

H= · -=m

=
= mYc ?

However
,
this form ofL isn't obviously Lorentz invariant.

Instead , consider the alternative action

SixM) = - mc)
where XM = (ct , 1)

,

< is arbitrary parameter ,
and

You : day (-1 .
1 . 1

.....
1)

.



This action is manifestly Lorentz invariant

XM
However , seem to have an extra d. o .f . (t(t),(t)
This is illusory : the particle ha tomore through

time' . This is reflected in a redundancy of SIXM].

Consider reparameterisations i
-

T + E(t)
,

d +r ·~-

-

/

Ex
Hence

,

S[x] =-mc)
--mc)

S the action is reparameterisation invariant
.

We can use this to fix / since
so we can always set + = +

In this parameterisation .

Sixt
te

= -mc/M
= -me') Fdt ( = b)

and our action reduces to the previous one.



Also notice that using covariant action
,

Pric =may
In fact that we had a redundancy appears here because

not all Pu are indpt :

PupM = mc"

i

. e. E2-p2c2 = mic

charged particle in electromagnetic field
Recall We can describe an EM field in terms of a

scaler potential p and vector potential A.

E = -up-EE
.

B : TxA

For a charged particle of change e
,

mass m

moving
in this background EM field

,
we take

L = [mz - e(p - = . 1)

in terms of 19 , 11 ,
where plx.t) and 1/X ,+)

determine the EM field .

Notice this I has a term linear in velocities
,

so now

f = c = my + e

is
the momentum in the presence of EM field.



This E-L give

0 =) - E

= (mxi +eAi) +ez - exixx)

= mxi + ex + expiA i) +e

=> mx = -e(2 p + 2 Ai) + exi(2A" - (ii)

= eEi + e(Xx()i

since i" = sikyiAt so :A - 2iAi = Eskzk
·

This is just Lorentz force law
, justifying our choice of L

.

Notice that E
.
B are unchanged if we change

A + A + yX
.

( +p - G + 4 .

for any fr X (X .
t)

.

These are gange transformations.

For our Lagrangian , gauge transformation changes

Lit L + ePeX + 1 . 0x)
= L +e

So this is just a boundary term in the action S : /Ldt.
which will not affect the e . 0 . m.



For a relativistic particle , it's natural to write

An = ( - p/ , 1)
.

Then the coupled term is S are xM = (ct , x)
↓

& ( - ep +ex1)dt = )eAut

Again ,
we can write this in terms of an arbitrary parameter

- on coordinate as

e)An d
Hence

, for a relativistic particle , we use

S = -mc) d + e) A
This is manifestly Lorentz invariant ,

as well as redundant

under reparameterisation [It Els) and garge
transformations An An + ex

Small Oscillations

Consider a generic (of the form

L = [Tab(q) gagb - V(gy

for some generalised cords g. The E-L say

(Tabiq) gb) =E



So critical points of V give points of equilibrium.

If we start at some critical point
. ga = q with velocity

ga = 0
,

we stay there
.

We often interested in finding out what happens if we

perturb arounda slightly.

Wron Tabig) is real symmetric ,
and we'll assume

it's the def (so KE increases if ga increases in any

direction) . Who we'll also assume our words are

chosen s.
t

.

the critical point of V is at gi = 0.

Then expanding Ito quadratic order In (ga , ga) gives

L = [Tab(o) gago · V(r) - IV gam.

= t (Tab(o) gagb- Vab(o) qqb) + .. .

For this quadraticL ,
the E-L give

Tablo) g(b) = - Vablo) qb ,

or Tq =

-Vq

Since T is real
, sym ,

the def ,
we have

=
- 1 +

"

VIq
So if we can diagonalise TTV ,

the motion will

decompose into



q(t) = ((t)
,

where [(t) = &Ca eidat ,
where IT" VI Ca=a

Plugging this into equ of motion

f(t) TC = f(t)VE

Thus we solve

I f(t) =
- X f(t)

XTC = VE

for some const . 1.
. To find 1

.

note (XT-V) E = 0 .
Hence,

det(XT - v) = 0
.

This char poly in X has m /complex) sol" ,
the evals of TV.

Call the solv to for a : 1 . . . .. m. The evers are

(daT - V)a
= 0

.

Each sol" has time dependence

fact) = Xa falt) .

The Ge are called normal modes.

Lain : 1 EIR
.

# Tand V are real and sym . I re def ,
then

E (xaT - V)xa = 0
-

Since LaTTCa and LaVa are real and to
, so

↓
a
-Xa = 0 = XcEIR

.

17



If $30 , then

f(t) : A cos(et + P) ,

with 22-X / and WLOG W(0) and 2 integration cost

Alamplitude) and /phase) fixed by initial conditions.

The Wa are called normal frequencies

If Xac o , then we have stable equilibrium .

Otherwise. Fast . Xato unstable·

Example /3 springs and 2 masses

m
KE : T = [m(x* +yz)

PE : V = Ek(Xh + y - <y - x(2) ,
with h

spring cust .

X= y = 0 is
egm ,

and L is already quadratic. To solve,

mTil
-p

Char egn is 0 : det(XT - r) = (mx -k)(mx - 3k) .

S solv are X
,

= k/m and d = 3k/m .

with normal

frequencies c.:: Fam and wait : Som
,
and

normal modes 2 : (1) and En : (t) ·

So oscillations are in phase IC , ) and out of phase.



Example (Double pendulum) #
Under force of gravity ,

mo
. m

L = Iml+ ml"(0 + p + zwsID-00
, %)

+mgl(cosO,
+ COSO2) ·

We expect equ point at 8, = 02 = 0. Then we expand

to 0 / 0: ,
02 , 0 . 02/

V = -meg(2(1 - [0
,
2) + (1 - [04 +

... )

- [10 , onl (ames ameg)(8).
and

T= (0 , ) (meme
Char egn :

0 = det (x4 - v) =mil"(2 (X-9111" - x4)
solved by X=(2-1) 9/1 · xc = (2 +E/g/1 .

Since 1..230,

this is stable egm .

The normal modes and frequencies are

w
.=. = (i wa= · E : ( -t)

.

Again ,
the low-frequency(wi) swings in phase and high-

frequency /wa) swings out of phase.



Motion of Rigid Body

A rigid body is a collection of n 121) particles , whose

motion is constrained S. t . If-5 j 1 : Cig is const.

We can move the body's· - rock centre of mass
,

and rotate

the body ,

but not deform it.

It's useful to introduce 2 coordinate system . Suppose the

C . 0
. m . of a rigid body is fixed. Ez

The space frame (a) are our usual 12

fixed Cartesian basis of IR3 :0 -
-

e
The body frame leal is fixed

-

relative to the body ,
ie . Calt)

L

2
·

es
-

rotates along with the body s . t . each particle in the body
has fixedwoords wot the body frame.

[(t) : Valtia = to Calt)·

We'll choose both frames to be right-handed or thonormal.

So

Calt) = RabLt) b

for some Rabit)
.

Ed
Sab : Ec(t) · en(t) = RacRad Ec . Ed

= RacRba
= (RRT) ob



=> REO(3) and in fact RESO(3) ,
since both frames

right-handed .

We have

↓eat = (Rabit)b : (d) Rect

Differentiating the orthogonality condition RRT = I
,

we have

RRT + RRT = 0

So

& = RRT = - RRT = -(ER)T = -R
.

And hence Rab = -Aba =: -Eabe We .

Therefore,

deaLt)
-

- = bas Elt) =
- Eacd WdE = /Ex@)

,dt

where : WhEslt) is the angular velocity (in the body

frame) .

For a general point It) in a body , we have

↓I : (raealt)) = Na = ralwxe

=E = wXr (in body frame) .



We can use this to express the kinetic energy of our

rotating body (with fixed C . 0 . m
. location) as

T= m. .

-[mi() ·(

-&m (w-(.

= m. Wa (Sab-(ilc(i]

= Wa Iab Wh
,

where we defined

Fab= M : (Sab Wi2 - Nila (Vi(n)

is the inertic tensor of the body. ForIts body ,
we

instead use

ya + z2 - Xy
- Xz

- Xy x + z - y ZFab = ) p(r) I
- Xz

- ezx + y
=
)d=

body

We note that I is real, sym matrix
,

so it can be

diagonalised. If the evers of I are called the

principle axes of the body and we often choose to

align our body frame with the principle axes.



We also see
, for any

rector I

lab Ja < = [mi (fic" - Cric)

= EmricsiD ? O
.

In particular , choosing I to be an ever of I,

lab 20 2 = 2 . 12 = X C 0
.

So the evals I
,
12

.
Is of I are non-neg

Example Consider a uniform disc of radius r and mass M.

In this frame
,
Fab = drag ) I.. Ez .

Is) and 1Z

F = Iz=I 3dx 11//II 13

&

Is = )M(x +y4dx /so Is : F
.

+ In)
disc

=I
d

:Mr
- AR and : I:

Parallel Axis Thm
.

If our body is instead fixed at some point plying a

vector a away from C . 0 .

m. The moment of inertia around

p is

Fab = [mi ((-1) " Sab-(Ei-e)a (bi -<(b) ,



where the locations Is are measured w . r.
t

.
the point p.

Hence
,

since [Miri = 0

Fab = Icom.m-22.k : Sab + (i)a = y
+ ((i)y()

-[m(@Sob-Ha
= M

So if the pivot is displaced by
I from c . o . m

.,

I= M(Sob-H

We can also compute the angular momentum

1 = [ x (M:i)

= Sm : fix(wx(i)

= [m : (ki'w - (W : (i) (i) = Iw

In particular , if we align the body frame heal with the

(principle axes
,
then (ii) = E

Notice that in general , IKE , so angular momentum

is typicallya aligned with angular velocity.



Euler's equation

In the absence of torque , 1 = Lait) Calt) is conserved.

Therefore
,

o== L
= d ea

+ La(wxe

So contracting with Eb gives

0= + La (wx2a) · Eb

= db + 1. leax

or in components , using La : Jala
,

I
,
i

,
+ was (Is-12) = 0

In W2 + w
, 2 ,
/I

.

- Is) = 0 Euler's
IWis + W ,

W
.
(12 - I 1 ) = 0

.

&
The symmetric Top

.

If our object is sph . sym ,
lab : I Sab

,

with I: Iz: Is : I.

Then Euler's egh say Wa = 0
,

or i = 0 .
In this case,

the body keeps rotating around the initial axis of
rotation .

A symmetric top has I
.

= In Is (generically)



Then Euler's egn become

Is ws = 0 => W = 0 = Wilt) =1 (cust .)

# i
,

= We r (Ic-Is)

In We = W
.
r (Is - In

Let C : M(E2-Is) / Ic , then

w
.

= 2 W2
,

We = <W
i

=> (w
,
(t)

. Wa(t)) = Wo (sinxt ,
cos at)

.

Consequently ,
the body's rotation "wobbles" (or processes

around the es axis - 1 .
e

. the normal to plane of

symmetry.

The Asymmetric Top

The general case I. < Inc Is cannot be solved in

terms of elementary firs. However ,
there's a simple

construction (due to Prinst) that allows us to visualise

the sol"

Poinso's construction : We have 2 quantities

12 = (2 + Li + 1s & La = Ia Wal
-

LE = w I=
Surfaces of const · E are ellipsoids in the body axes



12

·
- surface of

const . E(L)
.

Jen
-

In this space ,
surfaces of const . 12 are spheres so motion

lies on intersection.

When L = 2EI2 , we have

ZEIz =
"

= Li + 12 + 1 langular man
. )

19

+ 1 + 1 lenergy

=> 0 = (i)) + 1 (*
=> ↳ =L"

defines two panes.

We see :

(i) If we begin with wol perfectly aligned with any

principle axes ,
it remains const

(ii) If we perturb w slightly around either e or es ,
the

motion is stable : the orthogonal 's precess in small

circles·



(iii) The orbits are always closed ,
but perturbation around

intermediate axis (22) are unstable·

Motion of Spinning Tops under Gravity

A top is called heavy if we include the effect of gravity .

Consider a spinning top , pivoted at a fixed point O.

For an asymmetric top ,
E is conserved

,

we

and Es . L is conserved
,

but there are

no further conserved quantity. &in
However , if the top is symmetric /I: In Is) ,

0

there'll be a third conserved quantity.

_
Es

The general case is unsolved ,
23r

but the axisymmetric case

is solved
. It's called the .

A

LagrangeTop.
It's useful to parameterise the motion in terms of ..

Euler Analysis
These describe a succession of 3 rotations that take us

from the space frame to body frame. e
E

Es
"* ese

ei"
S

7 22~!ed ..................7-- -

Ca
- -ede! e ↑ 21

L ↓
-

Zie) La & ei



In full ,
this is

Ea : Rab (42") Rucloci) Rad14Es) Ed

:
cost cost-cosOsigsnY sp cost+cos1 sit sint

1214
.
0

. 4) = frospsint-cos 2014 sand I I- sintsinp + cospcost cost

sirOsinG - Sing cost

sinO SinY &sino cost

coso

Note El = cost &-sinY En

In terms of Euler angles ,
W = RRT

,

but it's much

simpler to note w = Des + Rei + Yes,

w = P binds e + sing cost e + cospes)
+ j(coste - sint2) + Yes

= (psinOsint + Ocs4)@ + (PsinOcost - Osint) En

+ (200 ++)e
Note wi +wi = 0 + %" smip .



Motion of Spinning Tops under Gravity

The Lagrangian of our axisymmetric heavy top is

L : Wa Fab Wp-mgl cos O .

-[I , /w ,
2 + w2) + & Is Ws-mgt cost

- El , (0" + prsino) +-Is (4 + pcosa)- mylcose

Notice :

Since I : E2
, o is ignorable ,

while o is ignorable
always
. Consequently , (P+ , Pp ,

E) are conserved for Lagrange
Top .

Pp = = Is(4 + cos0)

Pp= I, sin + py20 = p=
E = ga -L

= [F , (02 + -sinp) + &Is (4 + Ecose)" + mgl coss .

1 ,02myc

effco)
.

I
must

- [I. 02 + Veff (0)

E = [02 + I
. /bacool +mglcos

where Pp : I
.
b

. Pp = Fa.



To analyse the remaining & egu ,
let u = cosp .

Then
, ( * ) becomes

u2 = (1-u) (d-pu) - 1b- aus"

Also p: i :I
c= : m

Motion in O is called mutation . (bobbing up + down

Motion in t is called precession .

One can solve the remaining
a equ in terms of elliptic

curves , but we can understand qualitatively the motion

by considering

f (n) : (1-u2)/-3u) - 1b-an)
"

since fins-lus for mess
,

so fle- -

We're only interested physically in the region net-1 . 1)

and flu) 70 .

f(ll) = -(b - a) 10
.

Also
, we see that

I > o if ucUc = bla

me
the sam,20 if u > Uc

.

nots of flul=0 in UEE , 1] bla



& If U., Un < Uc = bla, so throughout motion

·
- P

② If Uz = Uc
,

p = 0 at U = U2
,

and the motion has cusps .

---------- 42
- toP

1WT ~

-------
-

-

-

u ,-

-> d
This appears fine tuned but isn't · Suppose we release

the Top with 10 but 8 = p = 0 , le
. We spin the top ,

but doesn't push it. Then initially p = 0==

so initially UC ,
and U10 = 0.

Thereafter
,

the top falls under gravity , causing u to

decrease . This causes to increase
,

so the top begins

to precess.

③ If U, ada but Wake ,
then sign changes as the top

mutates.

- .

Un

si to
~

S

-------- Mi-

-> %
.



⑧ Finally , if flus has a repeated root in EC
.
1) , we get

precession without mutation.

----
----- u = 40

.

-

->

P

This is called unform precession. We must have

fluo) = (1-u5) (C-puo)-1b-and)" = 0

f(u) = - 240k-Buo) - B(1-u8) + 29 (b -uo) = 0

from which

C-Buo=and an

=> p= (i) - Eu.fis
That is . we need to give the top initial precession ps.

t.

I
,4.6 - I

s
20 ,% + mgl = 0

This quadratic has 2 real roots for given 40100) if

A = (Iscos)2- 41, cost mgl > 0
,

i - l .

Winglcost
So uniform precession is only possible if the top spins

quickly.



Sleeping Tops

If we start the top at Poles : Es upright) ,

then

a = b
, Gip ,

so we get a double roof at

flu) = (1 - u : ) /C (HU0) - al) = 0

The remainingmote is atUo :* ~ flul

(i) If U o 31
,
the motion is stable

-EsusFinge
. # any region near

n = 1 where flu) > 0.

(ii) IfUo< 1
,

the motion is unstable
,

ful

.perturbing slightly cause the top toinmutate



Hamiltonian mechanics

This is further reformulation of Newtonian mechanics.

If allows us to

· have still more freedom in our choice of coords/

parameterisation of the motion

·

get very close to the formalism of QM.

· motivates sympletic geometry .

We've seen that E-L

-
take the same form under general holonomic word

transformation

199,t)+ 15 g ,
+) .+)

=> ga je
However

,
EI are not preserved under more general

transformations
ga 1+ * (g , g , t).

Occasionally .
Such transformations are useful and it's useful

to put ga , g on a more symmetric fating .
We could

define

Pa = Pa(q ,git) = Ealgit



and write E-L

↓- pa , ga
but to read Hamilton's equ ,

we need to eliminate go in

favour of Pa.

Legendre transforms

Consider -"f : IR-1R and let S :Exf
X1-> f(x)

If 2xSc0 in some interval (a .
b) <R then S is monotonic

on [a . b]
,

so we can invert S(x) to find X (S).

e .

g. fix/
M

~
· S = 2xf

!

l I > X

We define the Legendre transform of fix to be

g(s) = >x(s) - f(x(s)

viewed as a for of s.

Note 259 = X (5) + > & -E = X (S)
,

so we

have Csg = X (s) and Exf = SW)
, giving symmetry

between (f. x) <- Ig .
3). This in particular implies that

the Legendre transform of gis) is again fix) . (Exercise



E.g. If f(x) : * with <31
,
then s = f = X

& -

,

so X = -" · So our regandre transform

g(s) = 3 .
S+.

= sE (1 -z)

· ()
,

or g(s) = A , where: then
It's clear that taking a

2nd Legendre transform will

give back our original fo

In the case of several variables f : IR"-
, we

define Sa = E ( or S = Jf). The inverse fr

thm guarantees that the relations Sa = Soly) are

investible to give Xa = X9(5) in a ubd of XCIRY

provided the Jacobian detb) 10 ·

We define theLegendre transform of fix) to be

g(s) = ( Sax(s)) - -(2)

Again , we have = xb(s) +Sa = x b(S)
.



Hamilton's Equation

We define the Hamiltonian H1f, , +) to be the

Legendre transform of L(gig ,
t) w.r. t . g-p at fixed

(g ,
t) . That is

H(q , f ,
+) = paq - ((q , q(f , q ,

t)
,

t),

where pa- are the usual generalised momenta.

Treating /g . p ,
t) as indut ,

we have

dH=d+ dt

= dpaga+die . Edged)
- godp. -Edge-

Comparing weff of (dpc , dga , dt) gives

-aga
by E-L

i . e.

pa = - , g- ( =
- * )

These are Hamilton's egn.



E . g. L : Emgngbsab-riq)

Pa = Ea = migbab = ga = P

H(p ,q) = Paga- L

=Rapp-VI
=La + VIq) as is familiar-

E. g .
( = [Tab(q) gogb + C(giga - V(q)

Pa:= Tabigb + Calg

=> gb = /T-ab(py-(b) provided T" existe .

H(p , q) = Paga - L

= Po(T
+/
*

<py - 2) - =(Pa- (a) (T
-)@b(Pb - (3)

- Ca(T+)
*

(pb-2b) + V(q)

Altogether ,
this is

H(p . q) = ((pa-Ca(q)) (T
-yab(Pb - <(g)) + V(q) .

For a charged particle in EM field,

L = zmx - e(p- - 1) ,

So we have momentum

p = = m + e



=> = Mn(p - ea)
So the Hamiltonian for a charged particle is

H = f - X - L

- F · (f - eA) - [m · (f - eA)" + ep - m(p - eA) - (A)

= im (f - eA) · (f - eA) +ep

Hamiltonian's equ become

* = /p - eA)

Fr = -e+ -e
For example , suppose E = 0

.

B = B Uniform ,
then

we can choose p = 0 and A : /-By ,
0

,
0) so thatxA : B.

Then
,

H:
+ &

By2
+ py + P

=> px = 0 = pz - py = - e(px + eBy)

mx =

Px + eBy ,
my = py .

m = Pz

This is uniform motion in direction of B
, together

with

Py + eBX = a const . (since eBX =eB(px + eBy)

Px = mX-eBy = 6 const.

=> X =

e* "Rsin(w(t-tol) . y = - E + Bros(w(t-tol)
,

R , to const.



Phase Space

The 199 , pa) are cords on a In-dimentional space

called phase space to· E.

g. for a particle moving in IR",

↑ ER" xIR"E
Y

199 , ja)
whilst for a simple pendulum ,

instead

p = Six i "To↓ ↓

10 , p)
·

XP

We can think of Hamilton's egn as defining a trajectory

V : R + As in phase space , by

V = + + (g *

(t)
, pact) .

The setI VI) of all possible trajectories is called

the Hamiltonian flow .

E. g. Free particle moving in IR.

- P = Rt
-

-
> H= p = 0

,

mx =p .

--

1x x x x + + x x x - p = 0

P
=

--

-E <

X



E.g. ID SHO
-

m =k =

>

& H = Elph + xz) ,
X = p , p = - X

>

pr X

E

&

&

*

E .g. Simple pendulum

H= -mgl cost l

·
m

= p = -mgl sing

->

7

-
>

-3
>

P
Mt
·
-
-↳-

I > I

- T O T

O

Arbitrary physical observables le .g .
H

, L
,

...
) can be

represented by Ismooth) firs f : + + IR. The particular
value f(g(t) . p(t)) of this observable at time + taken

by a given particle is just thisf" evaluated on V.

P
-

-2

-If
IR



As time evolves, if f has explicit
-
- dependence.

#
-

This motivates us to define Poisson brackets
.

For any pair of smooth f" fig : D + IR,

Ifigh :E-ga

Therefore, If , Hy +E

The Poisson bracket obeys :

· <f . g) : - (g . f) Lantisym)
· If ,

<g +ph) =< /fig) + &(f, h) .
<

, PEIR ( linear)
· Ifigh) : /fighh + ghfihl (Leibniz rule (

·If , Ig . hi) + 19 , h .f() + 1h .
/f· g1) = 0 (e)

E.g . (ga , py) = San

↑
c .f . Dirac's quantisation took 1

.
7+ t

.3

E .g. = (g · H = Hamilton's

= Sp . H) :
- Eg I eqn



# Poisson's thm) If fig are both constants of the

motion .
So is high

E : /figh) = (Ifis)
. H) + Elfigh

= (If
. H1 . g) + If .

1s
.
41) + 189) + Hist

- I
. 9) + If , 11 = 0 17

Often Ifig) is not algebraically indpt of fig themselves.

Suppose H has no explicit time dependence ,
then

- (H .. 1 = Eg -E
is a rector field on to that generates time evolution.

since E = (f . Hh = -(Hif) (for t =%)
.

-D
"

-
-

We say the Hamiltonian is the ↑
= -

-

+*
Xgenerator of time evolution.

r++
y

+
1

TYXx ↓

Suppose we translate our system in configuration space ,
so

199 , (b) + 1g* + 19 , Pb) for some constant rector & ,
then

f(q , f) 1 + f(q + =, q) = f(q , q) + c +0

Hence
, for infinitestimal translations in direction &

,

we have

St = <E = If , capal = <Ifipal

This shows that - 1Pa .. / = Ega generates translations in

config space . We call-Spa· 1 the Hamiltonian vector field

associated with Pa.



Again , Pe itself is the generator of these translations.

Under an infinitestimal rotation of our system,

q q + Sn x q + O(S'
angle 1Sa(1 .

# f + S1 + 1 + O/S ,

axis I

f(q , f) i+ f(q + S1 x q , p + Sn + 4)

So St = Sclaxq) · + St(axp). +

= Sn . (qx+
= So If , U . 1)

,
where 1- q

*

p

Thus A - L is the generator of rotations around the

↓ axis.

To any (smooth)f" Q1E ,f) on phase space . we can associate a

Hamiltonian Vector field - SQ .. 1 which tells us how the

system changes under a transformation generated by Q.

Im (Noether's thm /Hamiltonian version) SupposeE =0
,

then Q is conserved iff

0= = 10 . H1:
where C is a parameter along the integral curve of

- 10.. 1
In other words

, symmetries of 1 E conserved quantity & .



E. S. If H invariant under rotations,

(H
. 1) = 0 -> I conserved

E.g. If H invariant under translations of configuration space,

(H
, f) = 0 =>

P conserved

E.g. (H . H) = 0 trivally ,
so energy is always conserved.

if Et = 0
.

Dirac's quantisation

Suppose fig .
h < (P(t) S . t. fig) = h

.
Dirac thought

quantising this classical system means finding self-adjoint
operators F, j , n on (3/1

, dg) s. t . [Fig] : it

However, ...

# /Greenwald-ran Hove) This is impossible in general .

Liouville's Thm

Suppose a system evolves in time via Hamilton's egu.

then after a short time St,
- p
-

(g*(t) , pyct) 1 (go(+)
, pylt) = (g* +St - ps-st)

ga + Olst'

Suppose initially our system occupies some region Ro <4.

that evolves to a

regim Re under Hamiltonian flow.



Let V be the volume of Ro ,
i

. e.

- P
V= Vol(R) : Sig Sp

= Sq. ... sqsp ... Spr
After a short time St

,
the region

Rst has volume

↑ = Sig Sop : 151 SupSg ,

where J = ( 25/qb 2/2p (2j/2qb zpc/p
We have

5 :

3 +

stu SS( -ga (
= Im + St SI + 01stY

Therefore
,

Since 151 : 1 + St tr(S5) + O(St2) ,
we have

V = v(1 +st(p) = V

This is Liouville's thm - the volume of any region

&C is preserved by time evolution
.

For example , we could have a phase space prob .

dist.

Plq , fit) normalized st . 1 p8· dig dif = 1
,
where

↑ represents the prob density to find a particle at (q ,p) <P .

at time +



Then houville's the gives

0= (p P(q ,f .+)dqd

·Jpg) did
= (p((p . 4) + E)dqdp

If particles are neither created nor destroyed ,
this holds

locally
,

So we have houville's egn

Ef =
- (p , +)

This can be viewed as ctyegn y on to

8 + T . j = 0
.

where j is the prob current on phase space ,

i

. e.

j = (pg2 , (pa)

Then

= + - j =+ (pga) +PaPPa)

-) -p
=
- + 1p , H) = 0

.



* The Bohr-van Leeuwen Thm Y

Often
,
we're interested in time-indept (E = 0) dist.

For example ,
( see stat . mech . ) If a system of particles is

constrained to have total energy E , ie.

(pH(q , f) ((q , p) /3 = E
,

but is otherwise free ,
then it's governed by the Boltzmann

dist.
p(q . f)=Hpgl

where T is temp, and K
, ZIE) const.

E. g. If the particles are free within a box
,

then

H(q ,):

If the particles are electrically charged ,
and the system

is subject to a magnetic field , then

H1qp) = dieA(q)
The magnetic moment Mi due to a charged paticle is

Mi = gix ji = e(qxj)i,
s for the whole system ,

the total magnetic moment in

some direction A is

A .M =
e 1 · (fix) = e[(xqi) ·(

= E



Hence
,

on average ,
we have

<EA = ((z :A) p(q ,) ding dNP

:)[(1xqi) · (fi-eA(q))e-Elfi-eAqI)"RmkTdEd*

F

= 0 .

since integrand is an odd fr of gi : fi-eAi .

Hence
,

there can

be no net magnetic moment in classical dynamics.

This is the Bohr-ran Leeuwen thm.

Magnetism is a quantum phenomenon.

↑ Poincare Recurrence*

Suppose our system is confined to a bounded region of 1.

lE .g . if the system has fixed energy E
, with Tco , V bounded

from below
,
then it cannot escape to regions where VIqIcE)

.. Es

Suppose our system is at some point /gr , pol -> to at t = o,

then for any open regim Do P containing 180 , Po),

=> some point (g , pr) < Do which eventually returns to Do
.

P

-me Di
evolution

X

D.T Dr : K.



If : Let Dy be the time evolution of Do after time IT for

ke No
. By Gouville thm

, Vl /DK) = vol (Dol · So if

Die Dy = p , Vk ,
k',

vI(D) = vol (D) = In+ vol(D

As n ->0
, this diverges , contradicting our assumption that the

system could only explore a bounded region of
P.

Hence
,
7 some Dr

. Dr with Don D, + P .

D

Hamiltonian evolution is reversible
,

so we can trace these

regions back to find Do a Di 0.

This is Poincare recurrence thm
.

& &

J J

& & & &

-&
&

- T &
-

: -

&

&

S

-

&

&

S

& &

g

t = 0 kT

----

this could be

longer than age of :
universe.

(k : k)T for K'-K1 .



Canonical transformations

Because 19 , f) are on a more symmetric footing in H's

equ ,
we can do more general coordinate transformations than

the holonomic transformations qa(g , +) that preserve the

E-Legn.

Let y : /ga · Pb) be zn-cords on ↑ (C : 1 . .... 2n)

A transformation y"rY: Y/y , +) land + ++ + )

is called canonical if it leaves Poisson brackets unchanged,

in the sense that

If· gly : If , gly

for all f. g eC
"

(p)
.

To understand this
,
note that

Ifig):
where ed = /% ) · Note that : - En

,

=

Viewing flylY) ,
we haveso the

Poisson bracket is

Ifigly=rs

This is equal to Ifighy iff

·



or equivalently .

JRJT = &
,
with Jc :E

#) Higly :Esis

Us : High

IE) Choose f = YV/y , +) . g
: Y S(y , t) ,

then

(YYS]:
- (YYYS/y = 2

At each point yep , the matrix Jay)EGhon(IR) .

For canonical transformations JRJ" = &
,

so

JESpen(IR) < Glan(IR)
,

where SpanIR) is the sympletic group.

In the original courds,

58- I
So the condition JCJT = 1 becomes

( IQ9 . Q
eg ,p 10)[Pc

. Ps hcg. ps



E.g. Suppose we swap' positions and momenta by defining

a =

F ,

1 = - q,

GQ/p
Then 5 = /10 <P(p) = (1)

.

-e in

this case.

Since JhJT =-e ,
this transformationon

is canonical . Hence
,

it's really just a matter of

convention what we think of as a "position' cordinate
and what is a "momentum' coordinate.

We
say cords (92 Ps) obeying usual Poisson bracket

relations form a canonically conjugate pair.

Hamilton's egn and canonical transformation

I's equ say Dr. under a canonical

transformation yo is Y
<

(y , t)
.

we have

↓
-

Since JRTT = &
,

we have Jo : 2557)"
,

so

&



Hence , for canonical transformations with no explicit +

dependence , we have

ja-rat =r

Generating Functions

There are several
ways to construct would

transformations that are guaranteed to be canonical.

Recall we defined a Hamiltonian rector field associated to

f(g , p) as

(f.. 1 =: Dr -E
u 7

-
->-This obeys properties following from properties of -> Y

↓

the Poisson bracket :

· Dyig) = hf,g) = - DgHf)

· Difitl (g) = Dy
.

19) + Df
.

1g (linear in f)

· Df (g.
+g2) = Dy /gi) + Df 192) (linear in g)

· DfIgh) = (Dfg)h +

g Dy(h) (Leibniz rule).

· [Df . Dg]h = PflDgh) - DgIDyh)

= If
, 19 . 479-1g .

S fini)
= 9hf . gh , 4/ ( by Jacob , identity
= Difigg (h) .

Df <x DIf
. g) .

=> [Df . Dg] = Difigh ·

Pg"
, Dg

Df



To construct a canonical transformation , pick any fact (P).

Then define Y&y .
s) by

Y
&

/y ,
s) = e-

S

Pf(y)=Bya

This will be a canonical word transformation for any sel.

Eys) =-
=

- Dy Y ty , s)

=- 4f .
Y< y , s)) = <44(y , s) . f) .

( #)

Also
, Yaly , 0) =

ya
. Y(y , S

These transformation ya-Y&y,s) is ↑canonical for every choice of If .
s).

-
To see this , note ji

o 14 ,% : (1) 14
= (/Y <

( .5) , f) ,
4) + 142 . /YPys) . fll

= (15+y .
s)

. YPy.5/h . fl

has the same form as I now for the fa

1Y , Y91 /y .
S)

.

Hence
,

we can solve this 1st order

PDE as

& Ya (y , 3) . YPly , s)) : e-SDf(Y <

/y . 0) , poly ,ol
- esPf (ya , yel : espf (m) = roP



Hence
,
146,497 = RCP if Y = esPf(ys) ,

so the

transformation is canonical
.

E.g. Choose P : IR( (g , p) and pick f :

up for some

const . a. .

Then

Dy = (f . . ) : - Eg
So we have

Q (g . p) = e
- SP
+(g) =

esag (g) =

g + sa

P(g . p) = esf(p) = exg(p) = p .

So f-up generates translations which are camical

word transformations .

In particular , if we choose flgp) = Hig . p) to be the

system's Hamiltonian
,
then (relabelling S1+ t) , the

transformation

Q (g · p .
t) = etDigg) · P(q . pit) : e

+ PH(p)
is canonical , Since /Y(y ,

+)
, H) ·

This is just time

evolution by Hamilton's egn.

E.g. Consider SHO with m = 1 = e , so H : <(p2 + q2).

Then Dr = gp-pE and under time evolution/

Hamiltonian flow .

Q (g . p . t) = e- tDHq
=1)



-- ( -p)

So

Q(g . p . t) = q cost
- psint ,

while

↑ (g . p .
t) = post - quint ,

which are indeed new pair of canonically conjugate cords

on P.

Hamilton's Principle of Least Action

Another way to generate canonical courd transformation

uses the Hamiltonian version of the principle of

least action .

We view the action as a functional S = S[q. ] and write

S : / 11g , g(g . p) .
t)dt = [ (pq - H(q .p)d+

Extremising wort. Changes of the curve in please

space ,
we have

0 : SS = (
*

(a + PaSg - E Sq- Spot i

= I (ga-E) Spa - (p + Eg) Sqadt
+ PaSq/I



So if Sgiltol : Sqlti) = 0
,

we extremise by setting

go = E Pa :
- Ea 14's egu)

However ,
there's more freedom , because now we're extremising

over curves in phase space. Since all our curves begin

and end at the same two points in phase space ,
we

also have Spalto) = Spalt) = 0.

19 1. P , )

Thus
, we can add the total time

derivative of any FEC"(P) E
Igi , po

Sit S +1 F ,pitid

This will not change the form of the egus of motion.

Suppose we have two coord systems (ga . 9p) and IQa , Pb)

on P
,

with Hamiltonians H1g. p) and

K(Q
.
P) = H(gIQ , P)

, PIQ , P1) .

These lead to the same

e . 0
.

m . if

PdQa- kdt : Padga-Hdt-dF(g . Q)

Here
,
F

, is called the generating f" of the first kind.

lAlso dQ"= dt etc) . We have

dF. = EdgQ
so comparing gives

(Pa+a) dQa + (H - k)dt = (pa-ga)dga .



For these to hold
,

we should define

Pa : -E , Pa= land k = H)

Pa:= Palg ,
Q) , so invert to get Q = Q(g . p).

E.g. Choose F. =qQ ,
then

Pa =- = -q , pa= = Q

i . e. (Q9 , Ps) = (pa , gb) so this switches momenta and

cords

Instead of viewing our generating fo F on depending

on both sets of words , it's sometimes helpful to

think ofF2 : Elg ,
P) in which case it's called. a

generating fr of the second kind. Here we have

dF2: dga+
and collecting terms now gives

PadQ"-Kdt-da = (pc-dq-Hd
=> d <PaQY-(@a+FdP = (Pa-E)dq(k-Hd
We now define Elg . P) = F + PaQa

=> Pa= Q: K(Q ,
P) = H(g . 1)



E. g. Consider the generating fr

Elg .
P) = 18 Ful de

p
=E=v

= tan)
,

ie
. g

: EPsinQ
, p

= EP cos Q
.

In particular ,
this transformation is useful for SHO

,
since,

with M = 1 = C
,

It sho (g - p) = t(p2 +qz) = P
.,

so that in the new words ,
K(Q

, P) = P.

Hence
,

in the (Q
, P) cords · It's egn become

Q = E = 1
.

p =z = 0

So P(t) = const
,
Q(t) = +- to

.

(g . 1) (Q
,
P)

-

-

-----
--

-

-



Integrable Systems

In the previous example , we found a wood transformation

(qa · ps) + /Q9 , [b) S
.
t

.

in the new coods
.
H = H(l).

These are called "action-angle" cords· Any system where

such a transformation is possible is called integrable.

A thm of Liouville states that such a transformation

is possible iff I n algebraicly indpt conserved quantities

Ia : pen-IR that obey (Ia .
Fb = 0

.

These

constants are said to be in involution.

In action-angle cords
,
H = HCI) , we'll trivially

have I= 0
,
while ja= Wa

,

which

is also const.

=> past) = wa(t-to)

That is
,
we'll have "straightened out the flow in P" .

g , p

-⑧ -
-

-

-

If
->

O

Integrable systems are very special. However , every ID

system whose It obeys = 0 is integrable (trivially)·



E.g. Suppose H1qp)= + VIq) and we'll suppose the

motion is bounded (ie we have H = E with E-cig V(q1)
~ VIq)

---------------E
↑nu

I

G 18

The motion will oscillate back and furth between(9 .. 82).

On phase space ,
the orbits will look like

p view orbits as
a

-< a graph p
:

Pelf).

8, = G
>

-EmCE-V(g))*
claim : I= 8 pdq = Ef /Area enclosed by orbit-

If : We know for this H(g . p) ,
that p

= mg ,
so

at=
g
i. e. at =m

=> Od=tag
=>=

· Em Sig dg

↓ defrmtE-vegit do



= Spdq
=2

and therefore. w , so =W.

To justify exchanging the derivative and integral ,

note

that as we change E ,
the curve pla .

El changes and

the endpoints g ., g2 of the orbit change.

Sq : (V) "SE so the part we

M

new region

neglected (i. .e . area of the
,in1991912 /I

IB"new region") is
g+Sq, g,"gitsq?

~ /8 ,

FmIE-vigI) (*) "dE
g, +Sq ,

~ #MIE-vig,
+ 2) I " SE -O(SEY

G. + 28

since by def" E-V(q) +o at the endpoints.

Hence
,

we are justified in exchanging

EPdq = 9 pdg.

This def" of action variables also extends to higher

dimensional phace spaces.

If we've founda constants of the motion Calg . indpt ,
in

involution)
,

then the orbits must look like /Sh and we've



foliated the phase space with these tori.

=>

->⑬I OES'M

>

-

In 4d phase space of an integrable system,

I = 0
,

02 = cost -
We define the action variables -
to be F

>

In=dq Pad
where Va are the non-contractible curves on our fori.

E. g. Action-angle variables for the Kepler problem.

If VCF =
- E

,
then angular momentum is conserved and

the motion ↓ It) < IRS is confined to the plane [Ct) : 1 = 0
.

Let (r , 4) be 2D polar cords on this plane

The Hamiltonian in the plane is

in r

H=-
~ VCr)

S
The motion is periodic in bothp and r...and these two angles give us our

two

action variables.



Fp =& podr + pad=p d
= p &

of cycle

Fo = o Pod = Ea
e

po de
rcycle

We have pa = 2m(E + 1) - E
: zmIEl(-1+r)

= zmIEl (1 - E) ( E -1)

where run+rmax = - ,
Umurmax:

Hence
,

Ir=( )(- 1) de

- El (mtmax - Farmay (

=Ek - Ip .

Rearranging ,
this gives In + Ip = kE

,
or in other

words,
H(l) =-2

for the Kepler problem.

We see the corresponding angle variables obey

= =

wp . - =

wa

for fregs in the angular and radial directions.



Since this Kepler H = H/Ir + Ip) , we see Wp = Wr .
This

is the fact that the orbits are elliptical in the Kepler

problem.

Adiabatic Invariants

Suppose that the Hamiltonian depends on some parameter xIt)

which is very slowly varied ((w) . A quantity
I (pig , x) is called an adiabatic invariant if for every
170

,
7 %30 S .

t.

1 I (p (t)
. q(t)iX(t)) - [ (p(o) , q(0) ; X(01) < 12 ·

Vt 10 ,
112) and all & 10

, 50).

claim : The action variable I= pdq in a 2D phase

space is an adiabatic invariant.

To see this
, note E = X and

I://Exet - V (g , xct))) dg .

So

I: +
- ) X

We know that
,
at fixed parameter X,

=wi
for orbit period T(x).



For the remaining term
,

note our
-P

orbit in phase space changes as

we vary
the parameter

We have

: Pag
-edq

- gdtSo

=TWdt (by His e

Also
,

on our orbit .
H(p, g,

1) = E ,
so taking a gives

o
where p

: NtmIE-VIxig)) .
Hence,

=- E
ht

combining both terms
,

we have

I =( .*dt) X
-- ( **)

consequently ,
so long asI varies sufficiently slowly that it's

approximately const . over a period of oscillation ,
we'll have

I = 0 .



E.g. suppose a particle bounces back and forth between

the walls of a rigid box. V(X)
M

0XCa
Vix = 10 /w , Y
If the collisions with the walls ( W

&
are perfectly elastic

,
then the

↓ a
phase space orbit'sare

mu

i
I : Efpdq:

and this quantity will be an adabatic invariant. In

particular , if the separation between the walls is slowly
varied

,

the velocity of the paticle must change as

vit) = V(0)
E. g. Suppose we slowly the length 1 of a simple pendulum.

Hinglo "
l

m



~ Po

I : I & pdq:
where a: b :El

> 0

=> I = EF = E ,
where with

We can write the energy in terms of the amplitude

E = me Pax
Hence

,
as length of pendulum is altered ,

the amplitude

will vary as Ele = mgk 13 Pax stays const.

=> Omax(t) = Omax (0) · (G13



* Field Theory *

A co-vector /or a 1-form) on a space M is a

collection Walx) dx"where Walk for a = 1 , . . .
. n =dim/M)

and Idxa) are a basis of the cotangent space to M

at X
.

A rector field on M is likewise an collection Vaca

Vectors and correctors are naturally dual by the pairing

(V
.
c) i> V*(X)Waix) : M -> IR

.

Similarly ,
a 2-form is a collection Wab(x) dxandxb ,

where dxandx" = - dxb1dXC
,

so Wab(x) = Wiabj (x

and hence consists of (2) indpt . f's . We can generalise

to p-forms

Pab ...
d(X)dxa1 ...

1dxd

consisting of (1) fas .

The space of p-forms is denoted &PCM)
,

and is A-dim

vector space. There's a natural map ,
called the exterior

derivative
d = 2P -> RPT

E .g. For a 1-form A : Aalxdxa
,

we have

d : A+ dA : GaAb dx
*

1dx?

= &(2aAb-2pAc)dxandxb
,



E . g. in E-M
. F = dA is shorthand for

Fab = JaAb-ZbAa
.

Importantly,
d =

= 0. since

d'W = Jabb Wad
...

edX *

1 ... ndx2. = 0
.
,

since Jatp = Jada.

In EM ,
this is gange freedom AwA + d)

., which

leaves F : d(A+ dx) = dA + d2X = dA .

Now let's consider an action Six = /LIx ,
x)dt.

This is a fi on the space M of curves In "our" space

IR3
.

Let s be the exterior derivatives on this space of

curves. When the e . 0 . m .

hold,

SS = / (back e0 . m . ) Sxdt + 1)S
-x =p

It follows that

0 = 5 = Sp - Sx
In other words

, Sp + Sx(ti) = Sp + Sx(t)) so long as

1 . 0 . m . hold in between Its ty)· This is

w = Sp1Sx
the sympletic form on space of sol".

· Sw =0

· w : Was dyandyo , was : (d



The inverse of w is the Poisson bracket

2" =- - Eg
Wildf, dg)=x

In mechanics
,
we've considered Lagrangian/actions defined

along the ID worldline of the particle. In field

theory ,
we have further integrals .

I world line

mech : X : I- IRS

find : P: +R
1)

An : 13 -> 1
&

"

Fis IR

R

S[D] = (p &24p-v(d)dix
So the action is a t" on the space of all field

configurations. The Et egus say SS = 0.

SS = /Cusc-5pd *

X

- Rop + App
= ) - (20mp + 2) Spd +

x + (n2pspd3x
-

Hence
,
the e.o . m . (for Splaf = 0) give

22p-- E
at each X

* EIRIS
.

E .g. VIp)
= 0 = 22n %= 0 wave equ.

· V1) : Emp = 22nd = -m2d Klein-Gordon egn.



If we express P(XM :/* eic P(ku) ,

then these

egus require

k%

kn = E2 - kok = m2
.

The field momentum density is: = p. . Again , if our

boundaries are slices of constant time,

thentheboudaytee
I
+1

We get a corresponding sympletic form and Poisson bracket

(P( , t) , M(y , t)) = S'(z -

y)

In QFT , we can canonically quantise the system to give

[p 1x . t) ·
i ( y . + /] = it S3(x -y)

QM QFT

g(t) ↑ (x , t)

p(t): π(zt)=

[ , p] : it [P(x , +) ,
π(xit)] = it S3(x -y)

Y (g) #[P]
.


