
Applications of Quantum Mechanics

1 . Scattering

1 . 1 Scattering in ID.

Objec- > learn about it by throwing stuff.

-H(x) + V(x)Y(x) =E --

object "stuff"
.

Assumptions on the potential :

Localised in space

· VI1-> 0 as X+ IA

· VI = 0 for 1x1 > L.

This assumption means
,

as Ix + 0
,

we have ↑Wr4o() ,
where

-4 = Eto
.

We will have two types of solds.

(i) Bound States (ECO) : localized in a region of space.

- x(X)
Y(x) -> e

(x1-A

= E =-
Properties :

· normalisable% 141'dx > O
.

· I has discrete values

(ii) Scattering States (ECO) :

tikX

↑ (x) ve Kerr
,

ko .

E=
2

zm

Rightmoving : 4(x)weikx ->

- 2kx

leftmoring : 4(x-e E



Properties :

· non-normalisable (8141dx = 0

· kER . (continuous )

Reflection and Transmission amplitude

(a) Scattering from left

C -> transmitted
->

ikx

C

# tekein

-

reflected
re-ikx

In equations, eikx + reike x + - b

Yp(X) ~ I te
ikx

X -> A
-

rightmoving

Here
,
r@K is the reflection amplitude/coeff.

tEC transmission amplitude/coeff.

What can we say about rand + ?

consider

J(x) =- -4)

obeys
=

if 4 satisfies Schr egn.

AtX - - Y,

J(x) =

=· 2k(1 - 1rm)

At X + +y,

J(x)= 2k(t
Then J(x-- 1) = J(x-> D) -

. 1-1r1 : It

=> Irl" +(t) = 1
.



Then R := Ir is prob of reflection

T : = It transmission

(b) Scattering from the right

- ikX

·
r'e

&

In equations
*- -A

4~/kxx+
By using = 0

,
we find

It + Ir = 1.

Sahr · equ only has I LI sol , so let's relate 4R and Y.

Consider

* (e-ckx + repikx-+ (pikx + we
-=kxy)x+y

* (4m
*

- -
*

4x) - I ** (t +
2

ikx
- v

*
+ e

=x) X- A

=1ea X + - U

X - u
.

Then +=
r' = - t

So transmission amplitude are same
, reflection differs by

a phase.

=> R = Irk = 1r2
,
T = Itt" = It'R



Example
Ve = To-aRaxcay · V >0 const.& an

Task : evaluate r .

t. I I V(X)
#
·

M

- all al2
In regions I .

I
. VI = 0 ., then ↑ ↑ > X

the basis of sol" are
-

- Vo

EckX

↑ (x) -e : E-t
In region I .

V(X) =
-Vo

,

then

4(x) - eFigX
· E=-Vo

=>q2= + k"

left scattering

Tr()=
xc - 9/2

I (x) < 9/2

teikx = T x > al

unknown : A .
B

.
r

. t .

Solve by cty of f" and derivative.

YE(X = - a() = 41(x= - a(z)

YI(X = a(z) = Y(x = a(z)

YI(x = - a() = 41(x= - a(z)

YI(x = a(z) = 41(x = a(z)

Resulting two expressions for rit :

(k -q) sin(gal evika
V =

(q2+ k4) singa) + zikqcos(gal

Zigke
ika

t =

(q+ k4) singa) + zikgcos(gal
Comments : (1) soft throw : k+ 0 = v - - 1

, + +> 0

(2) hard/fast throw : k+* - V + 0
,

+ + 1.



S-matrix

S : scattering
ikx

Defe
Ingoing : Light

Ir = e

- ik +

* - -0

E = C X + +y

x - +y

Outgoing: /rightORa X->A

Write Ym = FrO + Er
X- - A X->

↑=O
X- - A

and () - () + s()
,

where S = (1) is Saatrix.

Claim : SSt = 1
-

of : (f)(* ) = (I t=

Claim : S
*

(k) = Sc -k)

Ef : For Ye
.
Y

,
it is true that

↑ (xik) = 4
*

(Xi -k)

So

(4**
(X

,
-

k)=F 1 + S+-k)()4Y (X ,
-k)

(
II

(f) D

Parity Basis

Defi Parity operator P :

Pf(x) = f(-x).



We will see the consequences on S-matrix when

V(x) = VC - x)

invariant under P/symmetric) .

Properties :

(i) If VIX) symmetric ,

then [P .H] = 0.

=> use egenstate of P to organise spectrum/soss.

(ii) P = pt Hermitian => eval XCIR.

Prf(x) = f(x) = X= 1 = X = 11.

(iii) When V symmetric,

TR(x) =

eikx + re-ckx

I kx

X ->-

te X-> 0

-kx
X ->y

=> Yalx) = 1eEx-reik x + v

Il

Y(x) .

=> Ver
,

to ti

With these properties , define

4+
= Ya(x1 + ↑(x) = ya(x) + Yr( - x) even

Y-

= - 4a(x) + 42(x) = - 4r(x) + Yr(-x) odd

and PVI = IY= estates of P.

Example Even parity I
- alz

InVX)
als

#

eikx+ (v +t')e
kx I
· > X

4+
= 4R + Th = I #(eig*

+ e
=gy) #

- Vo

(t +r)eix +e-
ikx

#I
.

and Y (X=
- a(z) = 4E(X = -a(z),

4E(x=-(2) = 4E(X =a()(solve for E ,
(r ++)



Odd parity
- eik + (r ++1)kx

I

Y-

= -Ya +Y = is (eig
*

-

e
- iqY) #! ( - t + r)eikx - j

- ikx
#

E

YE(X = a(z) =4= (X = a(z) 15 ,
(r- +)

Y(X = a(z) = 4=(X = a(z)

Soln :

- + r
= -ele

r-t = eiketan
S-matrix in partity basis :

parity even I+
we -ik( */

Ingoing I parity odd I--sgn(x) ek*

A -ek(x)

Outgoing /Eved 0---sgn(x) eik

( : r()
·

(8) = ~(b)
where M = ( ! ) ,

and

(E) = (E) + 5 (8)
with

= (5) = esM"-(
(r -r')/2 I
+ - (0 +r)/2

=> St - = S. + = 0
,
S++

= E+ r
. S .-= E-w.



Recall v = - r * +/t * = => ReIrtY) = 0

=> (r + +) = 1
. (r-t1 = /

2iS+

So St = ter = e
.

S
-

-

= ter = e*S
,

where So are

phase shifts.

Bound States /ECU)

key : extend keK (before ,
we had ko)

Assume now Vix) = V(-X)
.
With this ,

consider the even

parity sol"

&
eikx + S

++
e=kxx+ -y

Y+
(x) = I

+
+ S

++ 0+
=

e
- ckx

+ S ++
eikxx + 0

Set k = iX
.
x>0 .

&
X -> -A

4+re+Ste *-

-

diverge decay

+
X- -y

I * -> A

remove
Tails

=> Punchline : in order to have a normalisable sol at X- IC,

find situations where St(k) + - looking for poles in K.

We see with this ,

E =E =-

Notes : (1) Repeat argument for S--lodd parity

12) Set k = -is
,

xo
,

then look for zeros for Set.

However ,
Set is a phase. IfSetoily ;

we also have



IS ++ 1= 1 (IvEt = 1)
. Then

St+

Example S++
= r ++

I InVX) #

- alz als
=-eckage > X

q = k+ = k +g
- Vo

Find bound states : Kid
,

then poles are located at

x = g(x) tan()

= tan(

coal
I

Comments :

(1) key that Voso

(2) Repeat for S-- -

(b) Discrete sol" to k = ix.

Resonances

Is there any other into hidden in S-matrix ?

~ VIX)
consider

, e .g. -7 you 'live' for a while

=> resonanceM unstable/metastable
> X State



This occurs when

k = ko- iV ,
ko

,

V 30
.

In this situation
.

E- = Eo-it12

Eo= ko - (2)
,
T-K

Interpretation :

4(x ,+) /)
e

- iEt/t
= g-iEot/t -Tt/zt

e e

detaycharacteristics
of unstable states

Nomenclature :

· T is the width of the state

· T = /T is the half-life of the state .

Example V(x) = Vo(f(x - 1) + f(x+1) n VIx|

Outside X = #1
,

I # I

↑ (x) ~ eEikx
S

X = - 1 X
=

(
X

Use parity (even

I : Ye = e
=k

+ St(k) ex Xc - 1

#1 : Y= = Acos(kx) | x|

#I : 4 =
e-ckx + Su(k)e

=kxx -

Impose B
. C.

(i) Cty at X = /



(ii) derivative at X = E1
.

(a--a
=Im/imV(x14()dx = 44(), Uo=

Can find

St = eik) -
Location of poles

- ek = -(1- (*)

Take limits :

· U .
- D

,
then sol" to ( */

kn = (n+ 2)π
-

net

· Uo/

k = kn+ kn+
Sol" (n = 0) :

-
1 . 2 Scattering in 3D

Scattering H= + V (2)
.

· - # or- 7 ·

Cross Section

Classical E : energy,
-in

Set up~-b : impact parameterEM---
O : scattering angle .

Black hole



do = bdbd) : cross-sectional area

doe = sinodody : solid angle sphere.

=> ) : differential cross sectioe

Another point of new :

1 = #inedent particles per unit area
, per unit time (luminosity

No . of particles entering do :

dN = 2 d5 : event rate

=paticlesscatered Inta b c

=atteredfa
We can also define

F = /diz E : total cross section

Units :I are measured in units of area.

common unit : 1 barn = 108 m (size of uranium nucleus



Example /Hard sphere , elastic bounce
- o + 2 = π

Rvir-18 R =
We have b = RSinC - Rcose

Then sto=sin

F = J
.
"de) dcso) R4 = +RE = Area of sphere.

Example (Rutherford scattering
In IA DOR

,

Very=, A=
=> zbE = A cut(OK)

=>no
Note : F+ because divergence 0-0 .

because VCr) does not

vanish rapidly enough as r- - effective infinite area of

influence.

1
. 2 . 2 Scattering Amplitude (Quantum

Assume· VCE) = VCO) : central/sph . sym potential :

· VIr+u) = 0

Asymptotic form of sof"

4(k) = e
ikz

- fo. ↑-

incident
->

m
--- .. - -

- -z
in

VCr)
-

& out

↓



Goal : determine flo . p) . Why ? Relate it to

Pincident = eikz Yscattered = I f(0 , p) eiler

Incident probability
↓ P = /in dV = v d+ do

scattered probability I
dP = 14 scattered)"dV = I ddA

= radi

- IfR vd+di

Probability is conserved
, su

= If

Ne : Can also deduce from prob current I.

Partial Waves

Quantify and organize sol" to Schr
. based on boundary conditions.

Schu
. egn :

((r)+ (sno) - (vi) - El) 4(1) = 0

I

assuming 4 Cr
,

0
, p) = 4 (r, p)

Since V(1) = VCr).

write 4(r ,
01
=&Recr Pelcosos legendre

~ Poly,

Ang : s (sino) Perso) = - ((l + 1) Pelcosa).

Radial : (v)- - U(r) + (2) Rehr) =

0.

Ucr Vir
*
E=



(a)(Cri = 0
,
1 = 0 :

↓(v + k') ro(k = 0

=> Rolrs = A ZerBe
(rReCr) obeys ID Schr

- egn).

(b)Ucr) = 0
, plane waves

y2 = 2x + by + 22 - 4 -eFikz

Pincident = Like

How to relate incident (cartesian) with scattered (sph . polar) ?

Fine = eproso

where zercoss , p : kr.
#11

"

y
=

eikz ↓
I

Pine = (21 +) Welp) Pelcoso).
↑ coeff ,

to be determined

To determine Help) ,

use

[d(coso Pelcosal PmCrosa= Sem

Integrate both sides,

S., dicoso) Pmccoso) exproso-SceltS, decoso Perosol Pmkoso) Keep

=> Welp) = Lidcoso Pelcoso) eproso

- Ef, de Pelul e (c = cose)
.

-S de Pell len).

Pe(1) = 1 => [Pecal euy-Side ephtpelas.
Pec - 1) = ( - 1)
- (et(e)-daPela)(e)



So

Mine= (e-Pelos +O()
↓ ↓

outgoing ingoing sph . waves

Combine,

4( = ) = ez +f .. r -> A

-

Fine Yscattered

Define flo= felk) Pelcoso) . (2)
.

Then replace (1)
, (2)

4(r)= (1 -yet + (1 +zife)) PelcsO) + .

From here
,

we define S-matrix

Se := +zife

Can show using conservation of prob .
or ID analogy

Se = eliSe Se : phase shift

=> fe=e'Se sinse .

Optical Theorem

We had

* = / flos12

= (l+(e+ 1) fef Pelso) Pei(coso)

=
F = 2)_ d(coso) d

- S(2lt1) (f)=
(2 + 1) Since

.

(3)

Note flol = &(e + 1) fePelcoso).



f(0) =+(2+ 1) giSh sinSe Pel

=S (2)+1) (cos Se + isinSe) sin(Se)

=> Im(f(0)= &(21 + 1) SinSe
.

Then (3) reads

F = #Im ( f(x)

Comments :

(1) Opt .
thm is a consequence of conservation of prob . (means it

applies for any VCr)

(2) Intuition :

↑
↑
- Mf(0).

fund
> fi ->

-
in

-4 Y

Opt .
thm. = It is given by forward direction.

Example (Hard Sphere)

vari = 1 %
ra

(
A

r > a

Quantum version of the classical example.

For >a
,

sol" to Sahr
. equ is

4(r , 0)= RelriPelcoso)

with (- +2) (rQe(r) = 0.

For
any
1

,
sols jelkr) , nelka) (spherical Bessel fr).



W About jelkr) , nelkrl

·l = 0 : jo(p) = F , nolple-in et,)

· 10 : jelp =-pe

ne(p) = 1 -pl(+)(-)
· As p + D

, jelp-util , help
->)

(r+ x)
· As peo , jelps Help

-Cl-1) ! ple

For us , general sol"

Rehr) = Al (coste jelp)-sindeheps) , p-kr .

· BC : 4 (r =a) = 0
.

· Inspect behaviour as r+ o to read off Selfe
.
Se)

.

E F
.

Empose BC : at= a
·
Rela) = o

=> cost jelkal - Since nelke) = o

=> tanxe = Jelkal/Nelka)· (1)

Asymptotic behaviour

Relrs-sin(p-E + ce +...) (2)

Compare Relp)-(jehrt .. Se-eis

Rewrite (2) in basis of exp.

Relp) -- An e
- int/2eide (c)+ Ever side.

=>LeSe
.
Se = elide

Then

&+ since

where he is sol" to (1).



Analyse F , for that we need to solve (1) .

For 1 = 0
, tan So= = -take

=> So = -ka .

For 10 , Kal . Sel .

tanse
Nate : potential barrier - At surpress higher I in Ce

The cross section as back.

F : Sinc. ...- sin(ka) +... 4a2

Recall classical : F = Ta"
·

Defi (Scattering length) Low K (momental behaviour is "generic

Se-(kas)
ze+

and as is the sufferinglength(relavant scale/size of the problem).

= T Phas

Bound States

Brave : k = i)

4 (5) - S((-119 Ear + Sec( Peloso).
↓

S Zekr
e

I

Bound states are poles
in Selk = ix)

.



Example Consider

VCr) = -VE- v >

ra

Focus on to (s-wave) for simplicity

(I) rca : ( + (2) (r4z) = 0 = Ve =A

(1) ra · ( + k
=

+ VY) (r4) = 0

=> YI = Bitr) +cate
C= 0 by regularity at r=

BC : ↑ (r=a) = YI(r = a)
·
Per-al = Ye (r =a)

=>alka+so) =

tan(
-

+y
= a

Limits : (i) K8 = So + 0 : particle doesn't see potential

(ii) K* V"
,
bacal

,

So - ka)-1) E-(kal

=> as = all - Attractive

&

va - (a+ ...
) =- ... so

Bound states : look for poles. Define

f(k)=aka
+So

20 = eizfu _ -Like
f(k) = -i => tanleta)=

No real sol for KEIR .

Look at sol" for kid-



When 1+o (Eto)
, equ for B

.
S.

tanva= - - -

occurs when

r
*= (n+ z)

.
neL

B.
S . at

- threshold.

Recall
as = a (1-E) diverses-

Summary :(1) Bound states = poles in S-matrix

(2) Bound state threshold = divergent scattering length/2 -

Resonances

what happens for K = ko-iU
,
E = Eo-iPh

, with

Eo = -(2)
·
T= Uk?

In 3D this happens often

- - Ucri + (2) (rRecry) = 0
.

- -

repulsive adjust St. attractive

potentials will create dips.

what happens to the S-matrix ?

SelEl =eSEi near resonance

what happens to # ?

~ (2l+ 1) Sin Se
.

Note Sin-Se = I (1-cos251) ,
then , near resonance,

CE-E0)" - 42/4
cos 2S1 =

(E-Ed)" + +44 ·
SinSe=+N

=>+1)



-

half-maximum

·

Lifel
n

E

Lippmanns - Schwinger equation

How do we say something when we cannot solve equ exactly ?

Schr equ
:

(- y + V (r) 4(E) = EY(E) .

=>( +E) 4) = Ver P() .

A formal sol

Y(E) = P(E) + JGLU-E) VIE Hell dr .

(1)

where (54+ k = )p(r = 0
.

E=A ,
and

(y2 + k2)G(k - r)) = 23(k -2) . (2)

-

Green's fu

Offline : 1) Construct G

2) See how to obtain approx sol" via (1)

1) Construct GCF-U1)
,
and solve (2) using Tourier transform

G(F -(1) = JG(q) eg

S (E-E) =J eig
Then (2) =>

1-qk



=> G(-1) =- X = u - !
-

X = (x)

c

=-Lidso) !daqis
=-Edge
=-x Jody

In integrand, ~ C

-
- =lit ikti---7

-k
-k- iE

=>6 = S
-
8 + Jo

11
-

24i Res ->O

So

G (F-1') = din -x Jdq e (g)

=-
Then

, formal sol" is (with b
.
c . for scattering).

i.
4 (E) = 2

where choose p( =

eibordS
the scattered part
of wavefo

look at the asymp . behaviour asEL I' Coutgoing

assuming VCI' localised

It-e'l = merF = r-

Ne We are assuming VII') has compact support

4(k ,
1) = eit

-

- z)d3 - e= (=F)v(4(k,))e +.



Write =K ,
the

M
Virta

4(k , 2) = Polkiz) + JdG+

(k , 1 -w) V(I) 4(k , 1) (1)

Assume VIE) has a small param
: V-E , then we can find part sol"

y = % + 24 ,
+ 0157.

Replacing (1),

↑+ 2 =+ 155GV( % +24.
1

.

To order E,

24 .
= (d3r·G +

(k , - - r) V (r) Yo(k . (1)

In this approximation, ~= Ir .

f(0 . %) = - (dr eik V(E) eit
.

'

+ 0(c))

-]direiFv() +...

where
q

= b - k = 1-k'
,
k' = E.

②- Y(q)
. -

Fourier transform

Then
, finally the differential cross-section

= If=)"(V(g)" +...

ThisisCorn-Approximation,

How do we go beyond leading order in s ?

We have (1)

↑(k , 6) = PolE) + Jd"GT(E' - 1") VII")4(k ,* ")



=> Y(k . 2) = Po(k) + Jd3rG+

Ve

- Ja3Sd "G+
Cr-r') VC)G

+

(E -E") VCE") Y(I")
.

= P + SG+V + SJG+

VGTV % + //SG+ VG+Va
+VP +...

This is BeSeries.

Diagramatic now :

4= ..

Example (Yukawa theory

VIE) = A EM(Coulomb M
=

0).

Task : evaluate do/die in the Born-approx.

We need V(q).

(q) = Jabe Cig A Er

= Jude Sadison J. de un eigucsoa
tr

= 29. dr-& (eig-eigr) -Mr. A

q = k - ki
- q = 2k - 2k - k) = 2k (l-cs0) = 4/2 sinE

Then

= ) /Vcqk +..

= (2mA.iSmEsinn) " +.

with KE = IME/hz

Note when Mo, = (·% +.



(1) Curiosity that classical = &M in Born-approx.

(2) What we didGuo) is wrong ! Because V(r) does not goes to 0

rapidly enough. For Coulomb,
=

long-range force

Recr ~
eFi(kr-UIa) log(krI

2. Variational Method

solve Schr
. egn.

· Put bound on Spectrum Hamiltonian

· Method when perturbation thm. fails.

Main idea : Consider Hamiltonian

HIn) = En lus
,

n = 1 , 2, . . . , EndEnt .

We want to say something about En,

Frategy: guess .

Outline :

(1) Ground state energy

(2) J of bound states

(3) ExcitedStates

14) Helium atom.

2
. 1 Ground state energy

We want an estimate forEo g . s . energy.

Thm For anyState 14) .

the expected energy

SET =<41H147 · (4147 = 1 (for simplicity)

then (E) ? Eo.



# 147= an .
· where Glank = 1

,
the

(E) =E an <mIHn]

=[am*
an En Sun

-Blank En = Eo + Elan(En-Ed)E D

Now we can implement strategy /guess

Consider /NK: 1) either normalised or not.

E-I
still be true E > Eo.

Var method : minimise writ . X;
to find an upper bound for Eo.

Most stringant bound- 0
,
then EK*) < Er.

Example H = - + Xi

What is ground state energy ? We approx/estimate

Guess :

propose
14(1).

-
normalisation (% dx 1412 =1

4
+
(x ,a) = ()"4e

-CX

E(x) = <414147 = / dx 4(4)

Fode
*-kili

=>= = 3
.

=> E(t) = 31. = 1 . 081 .

compare to numerical value of ground state E = 1
. 06

.

EK) Er.



Comments : (1) Rayleigh - Ritz method

(2) Seems pretty accurate
,

but we don't have any way to

estimate the error.

(3) If VIX) more complicated, then guesses are more

inaccurate
·

2 .
2 Bound States

For a given VIE)
, if 14K:)] gives EKi) 0 = 7 bound states.

In ID
,

can say more.

Thm Consider a potential VIX)S . t . VIX = 0 for IX13L for

some L
, a bound state exists if % Vix)dx < 0.

: We have H =- + VIX)
.
Use trial f

Y+
(x .c) = (y)"+

e

-<xk

↑

=> E()= x Ve

-xV

limdxV

If J
.

3 dx VIX co = EkI0 - ] bound state . D

2. 3 Exacted States

Estimating En for NEO is difficult . Still , say to estimate E.

To do this
, consider

<N()(0)= 0

where 10) is the true ground state.



This means

142 = &
,

an In).

Then
E =(41H14) = E , + [lank(En-E . ) > E,

Exple H =- + X* Estimate E..

what can we infer about 103 ? Use symmetry :

parity P : X-X . Clearly [H . PT =0
·
this has VIX = VEX).

For any parity invariant H ,
the ground state is also party invariant.

↑o
(x) = 401-X) .

Any odd fr (4(x) = - 4(-x) will be orthogonal to 40. Try

u+ (x , a) = (E)
"

xe-XY

Ex . sheet = E(x) = 3 . 85
.

Numerical answer : E ,
= 3

. 80.

2 . 4 Helium Atom

·

e X1
.
2

H=
xz

Nucleus

If we ignore interaction,
ze

↑(x . (2) = Yal
, m

,

(21) Ynak
, mu
(x2) (z= 2)

-

Hydrogen

In this case
,

E =
-z( + ) Ry

.
By= - 13 . 6 eV

Test : Z = 2
, n. =2

= 1 => E = = -Ry--109eV Terrible !!



We need interaction
, try to solve it approx.

·Perturbation theory
· variational method v.

Guess / tral Y+
(x

.
c)= /do do:

Note : <= 1
,

we have g .

S
. of Hydrogen.

4+ (x , xz
,
x) = 4

+
(x ..
c)4+ (xz ,

c)
.

Write

H -z)(
The energy of trial wavef

:

E(a) = /dbx , Ja3x = 4+ (x .. a) 4: (x2 .d) HY+ (X . x) 4+
(X2

, 2)

= - 2xRy+ (2(-z))x (dbx .Jax
the

/x t

(dbx .Jax

= E(a) = Ry( - 2x2 + 4( -z) + ) · Ry=
Minimise

- = 0 + (x = 2-

E(y) = - z(z --) Ry ~ =77 .
5 eV(z =2)

Experimental : Eo--79 .
0 es



Comments :

111 Pretty good estimate , given simplicity of trial wavef"

(2) Compare to perturbation Eper-EC + AE--74. fer

(3)(x = z -

+b
A
screening charge.

3. Solid State Physics

In many solids
, atoms organise themselves in a crystal.- pattern.

Goal : pattern > periodicity&
H = 17m + V(z)

.

-

-periodic potentials

Two main stages :

· First
,

we will consider single e under influence of periodic V.

I
·Second

, many e: - atoms fixed generating VIX) .

10 Third
, dynamics of atums => phonons)

3. ID Band Structure

3
.

1 . 1 Tight- Binding model

site a =N
-

n n n n lattice
- a -- a -

Edea :

(1) An electron sits at one site only
.

Possible states of /n).

=> (n)m> = Sun

(2) Add the lawyer of jumping between sites



Consider

H :En)()---

e-stays on In)

for e-jump/hop

with t : hopping parameter (not time

Since we have N sites
,

we need to specify boundary conditions

at the edges. Simply choose

(N + 1) = 11)

Find evals + estates.

147 = &Ym (m)

where
H147 : E (4).

Find E and Ym.

- Eo4mIm) - + &(4m (m) + 4m/m+ 1)) = [Exm(m)

=> Eo4a-t(Ya+ i
+ 4n - 1) = EXu

Tridiagonal system ,
with sol

In = En
-choice of normalisation

where

E(k) = Eo- 2- cos(ka

Estate :

143=En in

with eval Elk).

Comments :

-

(1) The sol" remains unchanged if kit k+ 24/a.

=> keF*la,/a)
.

Brillouin zone



(2) Sol"delocalises : 143 is a sum over sites and looks like a

plane wave.

- E(k)
(3) S [

i
iEotet Band structure,

I band width = 4t

I --- Eo-zt
I
I I 3

-la iTle k

14) Impose periodic BC

YN+
= Y

,
=> eikNa = 1

.

= k=i= 1
, ...,

w

ic
.
K quantised .

So inside Brillouin zon
, exactly N states

15) For small k
,

ie . KTIa,

E(k) = Eo-2t + task" +...

= Eo-2t+ht.. Me
k is referred to as momentum (looks ho KE).

3
.

1 .2 Nearly free electrons

Upgrade : H= + VW
.

VM = V(x+ a)
·

Toy model :

· treat V perturbatively.
· We will place the system on an interval of length L ,

s .

t.

La = NEI

When VIX = 0
,
estates are plane waves

↑k(x = (x (k) = E eikx

with k quantised multiple of 24/L.



States are orthonormal.

<k(k) = = dx eilk-kx = Sk
,

6 ·

and have energy
Eo(k)=

Add V(x) perturbatively use pest. they

Do we use degenerate or non-degenerate formulas ?

To see what case it is . inspect VIX).

VIX) : Vixtal = Evedtiny/a
nEL

where V = Un since potential is real.

Vn= J. dx VIXe-Hin/a

In non-deg case,

E(k) = Eo(k) + (kIVIk)+ .. (

Inspect <KIvIk"

=> (kIVIk = [JdxV entia eick

=E Un Ga
,
zinc

Then we only have an overlap if

k = k' + 2 (1)

and the spectrum will be degenerate when

Eo(k) = Eo(k) => k = - k (2)

Combining (1) ,
121

.
be careful at

case that you
k= k = -k need to use the

-

degenerate formula.



With this
,
divide the analysis in 3 parts :

(1) Low momentum KTa (non-degenerate·

(2) At the edge : K = Mila

131 Near the edge : K : Mila + 8.

iLow momentasafely (1)

ElkO

- -

big when

(1) applies

= Vo+...

(2) At the edge : K = Mila
,
K' = -

** /2.

We have 1k3
,
1K

. we want to construct the corrected

estates
x(k) + B1k')

( < k(H(k) <kIHIk ( (G) = =(b)
< k' (H(k) < k'H1k17

(Eo(kl + Vo=>
van Evo)(p) = E()
i

Evals :

(E(k) +Vo-E)" - In =

E=V
,
Eo(k)=

AE = 2 /Vn)



(3) Close to edge : k= + S

1k) = /* + 57.
.
(k) = 1 - * + 57

They will mix K = k' + 2/a. Again write 2x2 matrix.

(EOK)
+ Vo Un

* Folk +
vo)(f) = =(p)

Evals :

(E-(Vo + & Folk + = Eo(kl)" = (n1
*

+ &(Eo(k)-Eolk'll2

Then for small S.

Ex = Vo+v.-

At the edge

Remarks :

·

Relationship between E and K is called a dispersion relation.

· No potential => Eo=

· When we added a bit on potential

- low k
, basically no diff .

At the edge we have a gap-

-Near the edge , spectrum is quadratic. -0 .

~ E(k) -
~

2 -
-

[2Vn [2 Un

2
> k

=
->>* Bullon- > 2nd 3rd

3rd 2nd
zme



3. 1
. 3 Floquet matrix

- 4 + V(x) = E4
,

V(x= V(x+a)
.

What can we say
about sol's ?

· Two (I sol
"

· If 4. (x)
.
Y2(x) are sol"

·

then 4
,
1x+ c)

. Ye(Xta) are also sol" -

Since VIX1 periodic

All of these have to be related

Y, (x+a)( 42(x+al
( = Fes (i)

.

(x )

~

2x2 matrix :

Floquet Matrix

Study some properties of FIE)
.

#aim det F = I
.

If :
Take derivative

Y. (x+a) S( 42(X+ a)=FE ((X)

Y. (x+a)
det ( 42(X+ a) Y) = 4, 2x42x) - Pix 4

=: Wronskian of ODE .

Simple to show W'X1 = 0 Icons of prob .

Then det of (**)

W(x+ a) = detF W(x)

but Wixic) = W(x) => det F = I



Claim Tr F EIR -

#: In 1) We can always choose a basis where 4..
42

are real
.

In this basis F is real (T- FERR)

Then if you change basis

F - AF "A

Tr(F) -> Tr (F)- &

With these claims
, say something about evals ,

evecs of FCE).

Evals : 12 - TrIF) X + deF =

=> X= (TriF)-)

Based on TrFEIR ,
have I cases .

& ) : (Tr F) > 4

En this case, = eM9
, X--eida

,
with MeIR.

Estates : linear combinations of 4 .. 42.

↑ (x + a) =
eMay= (x)

. from 1* ).

This tells us that estates not normalisable in this case,

SinceF depends on
E

, it tells us that certain values of

E are not allowed.

C2 : (Tr =)< 4.

Here we have b=eike , 1-- like for some keR
.

and KE [-Ta ,
Tila).

Evecs :

YI(Xta) = etika 4e(X)
.



Case3 : (Tr F)
2

= 4
-

=> x +
= x

-

= =

Take d+ = d
-

= 1 -

=> F = (bi)n(!
, i)
-

↓ not normalisable

Edge of band.

3. 1
. 4 Blocks theorem 12

In both models + Floquet , we saw k . Why ?

Usually in QM , it is useful to look/identify symmetries

Since their operators might have the property [H . Q] = 0

Empl Vix) = 0

· Symmetry : translation invariance

· mom
.

Conserved.

· [H
, PT = 0 Simultaneously dragmalse both.

Now, we have V(x) = Vix+a).

· this breaks the co translational sym.

[H .
PJ +0.

· not everything is lost. We need to formalise

residual trans- Sym.

Def Translation operator

TeP(x) = 4(x + 1)



&aim. Te unitary

Pf : <41Th14) = (dxp*

(x1 Tetix

= Jax
*

(x)4(x+1)

= (dxp
*

(x -H)4(x).

= (dx (T-e(x)
*

4(x)
.

=> Tre = To

=> T = CTel
" ETS = ITe) "unitary . A

Claim To forms an abelian group.

PE : Group : Te
.
The = Tele

Abelian : [Th
, Te .
] = 0. I

-mom - operator.
Raim Te = eilP/h

~
where D = -it

If :

Te 4(x) = eilP/ ↑ (x)
= (1+P++ .. ) 4

= (1 + 1* + j()2 +
... )4(4

= 4(x +1)
.

A

Def A system is said to be invariant under translation if

[H , Te] = 0
.

N : · If [H , Te] =0 & 1
, then [H , P] =0

·

· However , if it only hold for fina
.

nOK
,

then [H
,
PT to

With this
,
characterise evers and eval of Te

.

Te unitary
E> evals are eP ,

OEM.



Convenient to write

Than eikan = Leike)" [Ta)"

Consider [H .Tc] = o - evecs of Th form a good basis.

Estates of Ta.
Ta Yk() = eika Pp(x) = 4c(X +a)

.

we can restrict k-k+ will

ke Fia,(a) 1st Brillon zone

Thm (Block's the ID) Given a periodic potential VI = VIxta)
,

= a basis of estates forH that can be written as

Pa(x) =
eikx UpIX).

where Up(xtal = Un(x)
,
ke [Ma

,
Ma)

·

If : Take estates of To .

↑ (x +a) = eika 4x

Then Un(x) = evika 4p(x+al

- ik(X+a)
Uk(x +a) = e T(x+a)

= e- iky(k(X)

= Uk(x) A

Yp(x)=xUx ,

kE +(,+().

S

plane wave periodic fr

(sol" V = 0) when V+ 0.

(modification due to lattice)

Lattice doesn't dramatically change the e. In particular ,

it is

not localized at a single site.



Nomenclature : K is called the crystal momentum.

Note : K + mass x vel.
-

Re-think : energy spectrum-
Elk)

Elk) M

M i

- ↑ 3rd

- I and
& -

-
:gap .

I 1st band
2 -

I --
-Ta a -k

k
Reduced zone Extended scheme

scheme

3. 2 Band Structure 3D

Lattices

Goal : Describe periodic structures in 3D (20).

3. 2. 1 Bravars lattice

Simplest extension of ID to higher dim

Defi (i) BL is an infinite set of points defined by an integer

Sum of LI primitive rectors.

In 2D : 1: E = M21 + n2@2
,

NEXh
· As

, A2 primitivereas

3D : 1 = (k = d , q1 + n2a2 + n393 ,

4:Th .

(ii) BL is an infinite discrete set of reas where addition/subtraction

of any 2 gives the third -

(iii) BL is an infinite discrete set of points where the

environment of any point is equivalent to the envt of



any other point

Rak : Choice of primitive vecs not unique .
Given ai,

↳:= [Mjaj
withMy has inverse

,
and entries of mij , (Mij)"integer

-> det(m)=1
.

Example (2D square lattice)

& -

& & & ⑨

Xb
& ⑧ &- 6

az ↑ as

P
-

-

· - o 6

#
a

Def" (Unit cell)

1:1 A unit cell is a region of space st.
When many identical cells

are stacked together ,
it files (completely fills) all of the space,

i

. e . constructs 1.

(ii) Are repeated motif which is the elementary building block

of the periodic structure.

Defh Primitive unit cell is a unit cell containing exactly one

lattice point

-

-

& & & &
& ·

obsiseneunit cell , but
& & & ⑨ & ⑨

-

not primitive & ⑧ & 6
& 6

- square
& - 6

& 6



Nes :

11) Primitive cells are not unique

(2) Every PUG has the same area/vol
.

e .g .

in 3D.

V = (a· (a2 xaz))=

where n = density of lattice points

(3) One usually pick Pre that respects sym of 1.

Refr (Wigner-Seltz cell) Given a lattine point ,
the set of all

points which are closer to that given lattice thomany other

lattice point is the WS cell .
This is the conmical choice,

denoted asP.

& & & &

- us cell.& ·

& ⑧ & 6

Bravais Lattices in 2D
.

- classification based on symmetries.

11) Square a) · Reflections X
, Y

10 & 900 not
.

I

12) Rectangle at
·

19) + (b) + Compressed.

-- · lost 90
·

rot.

-
⑧ -o

23) Hexagon · T ·

Reflections X. Y

- 600 rot
-

⑧ & 8 &



(4) Rectangle centred : compression of hexagon,

lost 60 °

rot.

& & &

(5) Oblique :
↳

& & only symmetry is C + -1.

&
~ &

Not all lattice are Bravais.

Example ID.
... . & sa 6 ---

--
a 2a a 29

Example2D Honeycomb lattice

X · Y

Q
R , P inequivalent

⑧ Y ⑥ ⑨

Y · Y

Q
, R equivalent .

⑨

How to describe as lattice .? Add x => hexagon and then

decorate each x by

V =x(
,

) I basis
n =(-

,

%

Bravais Lattice in 3D-based on sym (total 14).

3 common one

(1) Cubic

+, =a
,a

also cube of rol 93

(2) Body centred cubic (BCC)

=



(3) Face centred cubic (FCC)

! al = (y + z) , az= ( +E)
,

as = E( + j).

Vol . of WS = a3
,

also polyhedron.

# : BCC
,

FCC as a lattice with a basis still both BL
.

Reciprocal Lattice

Def Given a BL 1
,
the reiprocal (dual) lattice 1

*

is

1
*

= (kE3 : 60E27 XeM
↓

or eik -f
= 1

Basically
, k = En:i, I => bi· @j

= 2 Sij ·

I = [Edi

In 3D
, easy

to construct

bi= . Eijk AjAk
Reverse to get

a= zijk bibk.

where V* = 161 . (b2 xb311 volume of unit cell in 1*

& V
*

= (b : (b + (3)) = 12/

· N+
*

= v ((** - 1)

Example

(1) Cubic b== =

(2) (BCCI
"

= FCC
,

(FCC)
"

= BCC



Fourier transforms

Consider f(x) S .t
.
f(x + u) : f(x) rel

Q1 : What are properties of FT of fexs ?

Q2 : > of fiel ?

(b) = Sadx ef

= dx ek f(x + 1)
.

-

=f(x)

-
=1(k) S(I)

,

with 1(1) =Ever

Gaim 1(k) = 0 unless KE1*

Pf :

A(k) =&- shift by 81

=gikrotik
If 1 : & 2TT . ·

then 1(k) = 0.

If 6 % E LTLL
,

ic
. KelY

,
A(k) + 0

. I

Claim A(k) = V
*

& S(k-g)
8-1

*

Pf : In ID
.
consider Dirac Comb.

P(x) =&Six-a
(ID ,
1 : r = an

, g-m ,
minez).



j(x) = (dxe -
kx

P(X)

- [Sax elikys(x-an)
m

ikan

= e = S(k)
-

Note& periodic

p(x) =p(x+ a)=
with Cm= exe-*** dx =

,

the

2immx/a

[S(x-an) = t men e
-

Thishints to

V*ES(k-e

P(X= (dk(k)eix
- e

2iTix/a

2innX/a

·

=> U
* =

So in ID
,

1 (k) =&jikaS-
In 3D

,

p(x) =&S

(b) = 1(k) er=
Return to original fur

F(k) = 1(k) S(b)

with SCI) = / d3x -i
**
fiel .



Return to f(x)

fix
=> periodic fr on lattices , are sums of plane waves with mom . on 1.

Brillonin zoe

Def Brillowin zone (B2) = Wigner-Seitz cell of 1* .

Sanity check in ID
.

-all all

1 : ---
·-- ...

a
-ws for 1.

blz

1x:... ·. ....
- ~ WS for 1*
b = 2πa

3D : How to B2 In WSI ? -, ) B2

Procedure : Start with point & in 1*

1st BE : all points closest toa than other points in 1*

2nd BZ : all points where O is second closest in 1 *

Example
·

11
,9

,

,1
·

·HiIn
·

"! il. . Be

Comments (1) As drawn
,

this is called the extended scheme
.

-

(2) Also possible to draw in reducible scheme.

(3) Every B2 has the same volume (area).



Band Structure 3D

Bloch's thm

considering an e with

H = fam + VIE) , Vil = Ve + 1)
,
Kel

.

Thm (Block's thm) Energy estates for this Hamiltonian take the

form
Y((x) = eit *

Uk(* )
.

with Up( + 1) = Up Ved

If : Use symmetries ! (translations byE1)
Define Tn translation operator.

Tu f(x) = f(x + r)

Properties :

(1) To unitary -> evals are phases

(2) Abelian group
-> TrTr = Tree ,

[Tr
.
Tu] = 0

·

(3) For LE1 ,
we have [H, Tr] = 0 => can label estates of H

by estates of Th .

Task : characterise evals
,
estates of Tr

.

Tr4 = C (E) Y
,

with accleral

TrT4 = <(UcF'Y

I14 => c(()c(r)) = c(n + (1)

Th4 = c (1+r 1) Y
.

Choose 1
: A: (one primitive rectal

c(ai) = e2i0 ,

P: EIR
.

then :Enicert[

of 1*



Then estate satisfy
T P(x) = ed. Y(x)

Then look back to statement in Block's thm :

Un() = e

- "* =

Yh(*)
-

-

estate of Ir

- ik - (x + ES

Tr Uz(z) = up( + e) = e Yk(x +1)

= e- =

P(x) = Up *)
-

Alternatively ,

an estate of Tr is of the form

Yp() - gi * Up(A ).

with Uc(El = Uc(X +1)
-

A

Defh 1 leval of T2) is called the cristalmomentum.

Property : let k' = 1 + g with q1", then eval of in unchanged.

· Reduced zone scheme : choose I to lie in 1st B2 =
many states with

the same b and different energies

Yb
,

n ,
n : band index

· Extended zone scheme : GERd
,

but if k = k + g , ge1 *, we

have same crystal mom.

Tight -

Binding model 3D

4 = (d)(1) = Ste(( (k + a) + (2 + a) (1)
.

- -

e-can only be jumping to other

at I site states
, simple choice

.

2.8 . a are nearest

neighbours



This gives an example of a Hamiltonian with persodia potential.

Sol" to sys :

141kK=ei estates

E(k) = Eo-Estacostal evals

Where IE 1st B2 since

eilkeq) = like
,
where get

*

Ne : BC of ta states are not localised at one site.

Nearly free electron

Consider VIXI = V(z + 1) and solve evals using ptheory,

In the free theory (V = 0)
,

We have plane waves

< /k > -eibox
,
Eo(() = /m

In pert . theory ,
we need

(((VIk) = 1 (3xei(-1) .

=

V(x) = Vk-kW S
& ~ y

v: volume V : potential
-

ET UngI with q
: k' -I

=> Va non-vanishing only if q : k'-ke1*

Corrections to evals : two cases

(1) Non-degenerate

E(k) = E(k) + (kIVIk)+
GE1

*

Applicable for low k modes
.



(2) Degenerate states.

IfE
(k) and Ve to thei

=>-L'en *
k" = (k + q)

2
= 2k -

q
+ q = 0

=> k=- Eq + 11
,

with K , 9 = 0

In drawings ,
consider square lattice

& & ~K
1

*

⑰
⑥

· D
Conclusion : we have degenerate states at the edge of B2.

To find corrections
, 14) = <11) + B1k).

IIS (4) = E))
-

(Eolk S Vig
=

Vo Ea)
Evals :

El = Eo(k) = /Val
&

gap at edge of B2

Ne : Be careful at special points (usually corners) of B2.

In square lattice ,
this occurs

,
e

. g .

(Ita , Ita)



Scattering off lattice

How do we know that solid are described by lattice ? Experimentalist

shinning lightIneutrons) to materials

Before : scattering for a single atom.

-

Hi *

Yv

Pre-int[ei**
+ flpp) every asto

- -

incident scattering
amplitude

: Ifp

New : many atoms

-

incident -Eit
wave

target :
VIA : VI + 1)

From Burn approximation,

f(0. %) =- Vlg) ,

where F(q) = /dixe
*
VII)

, qG-kE = - b)
b

We know :

1) scattering amplitude is controlled by FT of potential

(2) FT of periodic t's have non-trivial
prop.

V(q) = Alq) Stg)

with 1(q) =Ce , Sig = (pd'x'*
*

VIE )
, get*

-

UPSHUT: Scattering only take place if K-IE1
*

(laue condition)



Another
way to argue

this

- 6 VS
.

-> In
Then for the target displaced

↑(x) vek
. (X - B)

+ f(0,4)
vo
iR [e't *+vR

If we ignore multiple scatterings from each site

fa 10 , 4) = flo,pl& e , q:

=> fulk , (1) = f(k , (1) &e
:ge

Est
Also arrive to lawe condition.

Then when you take a picture (shine light) of a solid , you

see the reciprocal lattice .

Example Square lattice, 1
*

⑧ & * &

⑧ ·

ga
&

·
·

⑧ o &

Bragg Condition

Rewriting of Lave condition

1-k" = qe1 *, k :
!

= k'coso

Combine both
,
(-k2 = *** g : 2k sin



Rewrite in terms of 1 data (instead of 1%

11 g ·
= 2πn

,

net.
,
rel , get *.

-> read off separation between layers in lattire

q=

where d is the magnitude of a primitive lailed

(2) Trade frequency for wavelength (x) .

k= 2π/X
-

=> n = 2 d Sin

For H= 1,

7

& T

· · J o ⑥ &

1

d ↑ &

· · . ** ·

Extra distance travelled by beam is 2x = 2) Sind2
.

then Bregg

condition is the assurance of wave interfering constructively.

Structure factor

fu(kok') = Alq) Sg)
structure

factor.

In many materials , we have BL + basis

= Enidi + di
,

S(q) = [fill . I'll egd



Electron Dynamics in a Solid

Many particles (e) in the presence of a lattice.

Assumption : ignore interactions between e-

↳
effective description- Landan - Fermi description

&

Freesystem Enteractions
-

Spin ,

->charge , turn unchanged
momentum

on

mass, changed
->

magnetic moment effectively renormalised

Ferm ; Surface

Gal : understand many et in solid

Q : How many e can we fit in a B2 ?

&im : # of states in a BZ = N , where N is the no
· of lattice sites (1)

If : Consider a lattice 1 , with a finite no . of sites

-E1
, = Enidi

We restrict Oni < N:. Then

N= N,NzN3.

Since the system is finite ,
need to impose Ba

↑(x + Ndi) = 4() ,

i = 1 . 2 . 3
.

(1)

We also have Bloch's thm

Y() = eit
*

Mp() (2)

(1)
,
(2) => eiNigi : -

= 1 restriction on 1
.



-> k =E , Mic ,
bi

& sits within B2
, hence in ane zare

,
OM: <Ni

=> # states in a B2 = N IWINs = N
.
(no

- of States). A

& : How will e-organise in B2 ?

We will use

(i) Ignore interactions between e-

(ii) Pauli exclusion principles : no two e occupy same estate

(iii) We have a finite # of available sites in B2 .

Focus on (i) + (ii) first. If e are free /V= 0) · and we place them

in a box
.
E-

, with ke nick.

We also know they carry spin :19)
. (H).

How do free e-organise themselves ?

rkz

1-

4d
To > k

-

ly"
Ball that describes occupation = Fermi sea

Surface - = Fermi surface .

States on Fermi surface have

· Fermi momentum : thi

· Fermi energy
: EF=hE



How does lattice change this ? What do we know about lattices ?

·

energy spectrum splits in bands

· Each band can accommodate IN es.

One more fact/terminology :is are donations from atoms , each atom

donates ze- : valency.

In our system ,
hence we will have zNe"forN atoms in lattice.

Example ID ,
z = 1 . rE
-

-
Fermi surface

-
IN states] [F--z = 1 : fill half

> band
k

Because band is half filled -> metal
.

Iwe still have available

states. If a current is applied , e- can move easily) ·

ID
.
z = 2 ~E
-

1st option -
~

insulator : BZ filled~2N states [W
k

and option ~ E

Instates metal

>

I



Example RE= 1
,
consider square lattice .

1st

Bz
:

IIII I l we

A

-I If V = 0 IfV FVe
Note : Ferml-surface always hits a edge of B2 at 90 %

z= 2

A =IN option I Option 2

Elli 'II11
u -

V = 0

Emin of 2nd B2 Emin of 2nd B2

< Emax of 1st B2 > Emax of 1st B2

Metal/conductor Insulator

Note : Semi-conducto
-

Er Er
11111/ 1 . 1 . 1 ..% . 1 /

FS FS

/11/11/14)I(I 194119171919 il

T= 0 T > o

Insulator Metal
.

Dynamics of Block's electrons

Idea : implement&asi-particle picture.

"electron" : Block's e--effective description
of the collective



Consider a system ,
where a single Be has energy EIA

, KEBZ.

& aim Average velocity is ?=E

E : In QM , and velocity defined as v= (41-i 147·

From Block's than
,

↑(k) = echo*

Upl , Uk + 2) = Up(*), EBZ

and

HM() = E(k) Ye .

This implies

He Upl = E(k) Wolk) ,
(1)

with H= (i) + VIEL
,
He= (i) + ()" +V() -

Consider

Hoq = He+

E(k +q) : E(k)+E

Replacing on (1) :

:U
= <Up is +1)(UkT

= < 4) -i+ 14k)

=>= A

&aim : A filled band carries no electric current .

If : A single Be : j = -e1(k)· Total current is

[T = 2(-e) Jez v

↑
Spin

for occupied/filled band .



=> j =- = 0

because energy is periodic. I

Claim A filled band carries no heat current (transport energy

Pf : Kinetic theory ·

ja =CT = :
nedensity - End

-

KE per
particle

For our model.

JaT = <(pzEX

=2Es
- = 0 Il

E Insulates conduct neither electricity nor heat.

Defi The effective mass tensor mij

mj == the k1
If sys . is isotropic , maj = m

*

Sij

Useful defo due to what we learned

fromManyfreea
E = Emin+ 1k- Emink ...

Apply this to light-binding in ID.

E = Eo-2+ coskal = Eo-2t + tark" +...
> m=

=
min



We Funny things happen with Mij-

nE

m
*
<0

-

--m+

-

I*
>0

>

k

Semi-classical e - o . m .

Suppose we apply an external force to the solid

E = - JU(A)
,

where U(X1 : potential , e
.g .

electric field.

Assumption :

11) UI) is small

(2) Semi-classical view : v= - consider wave

packets .

Assumptions (1) implies

-
ET = E(t) + U(k)

.

Total X ↑

energy lattics external.

↓d = 0 conserve

=>
=> I + yu) = 0

=> h =- - = E

2nd law for particles in a solid .



Rewrite as

m
+ d =m

=di
- di sij List,as

=> m=

=> E = m*

Then when we solve for sys,

V= E = t

Example An e- in a cust. E field E .

E = -eE

= hk = - e

=> k(t) = k(0)-Et .

Study further in ID ,
where boundary is

E(k) = - C coska)

Set K(0) : 0
,
then we have

V= sk)=/

Particles more back and forth : Block's oscillations.

Curiosity : applied const. E field -> outcome is AC current.

-

seen in optical lottines
&

fragile : material has impurities.



Holes

consider a completely filled band and we excite one or

M

g

excitation, e.g .

light .

··&
Hole occupied

First look at current

I = 2(-e)/
Recall

0 = (2 = Joccupied + Junoccupied -

=> j =
- 2- e)occupied = 2e) uped

=> Holes behaves as a particle with te

We have now a fictitious particle with the which we call hole.
-

Energy hole : near the top of the band

E(k) = Emax + 1-Kmaxk +.

↳ with m
*

< 0
.

As the hole moves away from the top ,
it costs more energy .

This suggests to write

Enole = - Elk) =
- Emax+ -Kmax."

with Mode : -M
*

>0 : effective mass of the hole
.



Momentum hole : we removed a state with I

Whole =-I
.

velocity hole :

Whole== unchange

EoM :

E = m* -e

== Mude &

E-E = Made dete
Again holes behaves as a particle with the charge.

Lesson : in materials
, more convenient or natural to think

in terms of the hole . But there are no the charge !

All charge is carried by e-with (e) .

Curiosity : this resembles in QFT the appearance of anti-particle.

3.4 Phonis

Until now ,
in studied solids

, we fixed the positions/ dynamics

of atams. They only play a role by defining 1

=> Vi+ ) = VI)
.

21
·

Dynamics of atans => phonous . Only do in ID.



Classical Vibrations

Example monoatomic lattice in ID

·

-
a

The 4th atan is at pos" Xn
,

with n = 1
,. . .,

N.

If sys in egu,

Xn = na

Next we will assume there is an interaction of the form

[V(Xn-Xn-1) (nearest neighbour

A small deviation away from egm , we will have.

Un (t) = XnIt) - na .

and then miln
=

X -x
&

H = [Prkm + (Un-Un-1) +...

withI the effective spring const. (not wavelength)·

Solve for sys .
EoM :

·

=
- x(2un - un-

- Unti)on Un

The sol" will take the form

Un = A expl-i(colki + + kna)) (IS

↑ amplitude , arbitrary but small

Cattice will impose constraints on the Sol".

1) B2 : sol invar under k-> k+ k)

2) periodicity : UN = U
1.

k= l
,
1 =
-
, . . . .
E

Sub (1) into EOM :

mc21k) = 1 (2-like - e-<k)



=> mc2 = 4) sinc (E)

= w(k) = 2 sin1))
.

This is the dispersion relation.

W

-
- Fla Hak

At small k+o.

colk) ~Fak (relativistic dispersion)

=> w = Csk +
...

where Cs= a is speed of sound in the solid.

Quantum vibration

In classical theory
.

Unit) = Xe(t)+e eiket-kenaeilwet-ken)-
↓ ↓

centre of Amplitude
mass motion (const .

)

(l =0)

ke= 1
,
l= N, . . ., N12.

We= /sin(E)1 .

Pult) = min = polti + ed-imwede e-ilwe-kenal + incode
* eicwet -kenal).

(3)



Quantum theory : promote Unit) · pult) to be operators.

In Schr
. picture (t=0)

,

[Un , pn] = it Suni
,

[Un
. Uni] = [Pripus] = o (1)

Then Le becomes operators ,

and write Ce
" -Let

Understand the reparaission of imposing (1) on Le , Get

First invert (21 ,
(3) at t=o

,

w

(2) : & uneikena = w(xe + c )
n =

(3): preikena-iNwe-

: Seikena (mountin)
=>

de = Immer Seikena (maec-ipr)

then from (1),

Ee
,
<]:

New
See , Ee , <e] = [ht , Gi] = 0

Rescalinga=ew ar
=> [de

. Get] = See
,
[ae

,
Ge] = [at

,
at] = 0

A system of N harmonic oscillators.

The Hamiltonian then becomes

H= Stwe late + )= water
d I

zero point
CoM motion energy
M =Nm

ignore
-

the decoupled harmonic oscillators.



· Ground state 107 ,
it obeys

allo = 0 X1 = E = 0
.

· Excited States :

· Single particle state

1 ke) = 9510) - E = twe
, p : tike

.

called phones.

· multiparticle states

14- 107 , netE te

Superposition of phones.

From atoms to fields.

We initially had UIX= na) = Un-
-

ets' discrete

From discrete point of view,

min = 1/2un-Un -
- Un+ 1)

In the continuum

pu =-s

where p-m/a ,
x= a = c = X'/p.

The dynamics are derived from action

S = (dd() -* ] (t)

Now UIxit) /field) contains the dynamics.

() (A) is a QFT in (1 + )-d
, where Unot] is a field

and describes the collective of all phone



(2) Quantisation of fields result in particles. Here the particles

are phones -> all fund. particles arise from quantisation of

a feeld.

4. Particles in a Magnetic Field

4. 1 Gauge Felds

Recap IB EM :

E = - op
-- p : scaler potential/Gange

B = JxA. A : vector potential felds

The Lagrangian for a particle in the presence of E, B is

L = [mx +X A -

g(() .

=> EoM :

m = = g(E + t * - 1) [1]

Set < = 1
.

Canonical momenta :

p == mx + gA-depend
on A

A does no work in the sys.
Hamiltonian : ↓

H = X f - L = im (f -ga) +qp) = 2m = + qp)

EAmple E = O
,
B = 10 , 0 , B)

.

mi = gBj z = const ·
=>

mij =
- gBx =>

x (t) = Xo + Rsin(Wilt-tos)

m2 = 0
y(

+ 1 = zo + Rcos(Wilt-toll

where Xo
. yo ,

R
, to const

., W=



Gauge Transformations

A and of are not unique . Under trans

↑ 1-p = p - 2x
, gange

gange parameter ArA = A + 7x
I transh

J

With < /x ,
+) a smooth for E and B unchanged.

Ne :
11) EOM unaffected by gauge trans"

(2) Lagrangian trans

L = [mE + g * A
-gp L = L + qx - x + qz+2

- L +g
-

boundary term in action.

can be removed/x(X . + + =b)+ o

(3) - unaffected

↳ does transform under gauge transh

=> In classical theory , gauge trans are redundancies
.

Schrodinger egn

In 9 . theory , we impose

[Xi
, Pj) = it Sij ,

[xixj] = [pi . Pj] =

and

f - - it)
.

Then Hamiltonian

H=m (p-qA)"+ qq = zm) - it] - qA)" + gy.
and TDSE

it* = 14
·



Convenient to introduce covariant decorative.

D+ 4=+ 4

D: 4 = -A4
Then Schr

· egh becomes

its D-4 = - th24
·

DF= DiDi
.

Note : In GR , JV = 2V + TV
.
Here P-g(P ,

Ail
.

-

What happens to Sch
. equ if we do a gauge trans" ?

Look at Hamiltonian

4 t? H'
= Em (-ih]-qA) + go

= UHU" +U+,

where U = exp(t)) ·

We can see that if

in* =14,

then

it = 1'4'

where 41 = U4 = :
:

80/4 .

Nes : 111 4'4 differ by a phase. -> under g .t, prob. (1414)

are unchanged sys is gauge invariant.

(2) If H is time-indept , it is natural to consider time-indep.

gauge trans"
H- > UHUT

.

=> energies/evals are unaffected .

(3) Covariant derivatives transform nicely
.

D+ 4 -+ eig/t De4
, Dix -eigat Di4 .



4.

2 Landan levels

-
need A

Solve Suregn in a simple situation.

Consider B = 10 . 0
,

13)
,

B cost.

E = 0A A = (0 .

x B
,
0) (Lad

of
gange

In this
gange ,

Hamiltonian is

H = Im (px + (Py -gBx)" + Pz)

We want to determine wavef" and energy evals.

[pe . H] = 0
. [py . H] = 0.

=> evals of Pay are good choice
, but

[px . H] + 0
.

=> 4(2) = gikyy ikzz X(x) .

Pyt=kyY ,
Py =-i by

P24 = kzY , Pe = -itGz
.

Replace 4 in Hamiltonian

H4 = EY

=>Im(px + (tky - gBx) + take) 4 : E4 .

Rewrite as

FIX = Ex .

with [1 = Impr + m(x-kyl)" ,
and

- Harmonic oscillater

WI centre shifted

Wr = E cyclotron frequency

↳ magnetic length .



Therefore , we have

E = his (n + E)+ no. . .

-

Landau levels

Up to normalisation.

y(x) = Ha(X-kyti) e-(x-Kye)
"Ils

& Hermite poly .

Important to note Elnike) indpt of ky - big degeneracy

Quantify this degeneracy.
For simplicity , kz = 0. Place the sys.

on a square.

-
↑

-
L

Waref" extends in
y .

localizes in X.

Ly finite -> Ky= n
,

net.

↳x finite -> localise around kyls . We can only have Oskys
Combine both statements

=> ocns
=> total no. of states N = LA) degeneracy !

This number is huge. If Bro.1T
·

Arkm2 -N-10



4. 3 Attaronor -Bohm effect

Laim A quantum particle can be can be affected by A even

in regions where B = 0.

classical : convenient relabelling that
x introduces redundancies

Gauge fields

->
quantum : essential !

To see this
,

consider the following

-nnd

C
z B

g
B = 0

---7 -

↳
const .

P1 : Although B = 0 , A to Since

& A-d = = /B . d) = BA = E. magnetic flux.
C

One choice of A is

A=
With this

,

H=
m
(pp-gAp)"=-it

Eigenstate
↑: eit net

because 4 has to be single valued.

energy eral

~affected byEnergy :

E= (n-) choice of A
.

where Eo = zih/g is the quantum flux.



Ne : If I : n Eo ,
then energy is not effected .

&t 2
:

Isn't this all a gauge artifact ?

10 - A = 0a=
In this case

, C=
=> + 1 - 4 = eig4tp =eP(81)4

.

I
not single valued unless

& = no

Lesson : two types of gauge trans".
-

· Trivid-when a smouth and single-valued

· Large - not single-valued and change the physics.

There is a global condition 4 ,
which then differentiates

between trivial and large gauge trans" . It is an example

where topology enters in QM : when Hamiltonian are smoothly

connected or not.

H = U
"

HU . U= e84t .

Example Double Slit expt.

Isolenoi 3
Q : Is the interference pattern affected by the solenoid ?



A : Particle obeys

H4 = Em (-it - -@A)" 4 : E4 .

subject to boundary conditions. Formally
,

↑ = expl /* A(x)) · dx : ) F(x) .

compare paths P
,
and P2

,
the phase difference is

10 = /p ,

E-d= - E(pA-d

= A .d

= /3 . d) =

4.
4 Magnetic monopoles

Dreams of a theorist+ pretend that magnetic monopole existe,

then pretty things happen .

Hypothetical :

B=/ - d = g (magnetic charge/monopola

This
goes against 7 . B = 0

,

B = TXA
.

still , push this and consider a single magnetic monopole.

/Pet
A-B effect : wavet"changes around loop.

Here
,

C = ec A -d = led 9 ,
where i is solid

angle that supports S. if gexists



But now
,

we could have also done.

= ( .
B .d = - (9 .

consistency says eigelt = eigult - :89/h =1

=> 89/h = 2πn
,
HELL . (Divac quantisation) .

Caution : how can we here have B = TX1 and % . B +0 ?

What's happening is using a singular A .
To see this

,

consider

AN B=
But cheating since singular at O=

Try to fix by defining on North hemisphere , and then

As =- =xA= E -

Still
,

= A+ind God,

with X = gP/2t· not single valued
,
hence a large gauge

trans"· Alternatively ,

we are seeing an effect of a large g .
t.

↑ -> eigct4 = gg = 2 int

4.5 Spin in magnetic field

In EM
, magnetic fields like to couple to ang. mom.

Force : E = 0 (2 · m)

Energy : u = - B . m

where
m is magnetic momentum /dipole expansion)



In currents : m =-E)bx]

point particle : m = -X = , L :

and mo

In QM , have some intrinsic ang. mom. - Spin

For e-
= E ,

where I are Pauli matrices.

In classical mean , H = - m · B.

In QM,

H=-
where we introduce

g is coupling between spin and B (not

magnetic monopole).

In QFT
,
this term arises "naturally" , there

electron : ge = 2

↓
proton :

Sp = 5. 5

I Differ a lot from 2

neutron : gn
= -3 . 8.

=>
p. n not fund. particles

Spin precession
Consider & g = -e

, g : z
, with

H :E . B
, B : 10

,
0

,
B)

,
Baust.

= eto)
Estates

H H= 17
·

H167 = -t 17
,
W=



En general , spin of particle might point in i

= /smocost
,

Sinc Sing ,
cost)

B
Then

142 = eith cost 1) + eP song) Eon
which is an estate of E

Now if we evolve 147

it 14) = 1147

=> 14(t)) = eiPleiWit/ cos + eiPh-TWt/ SinEIN)

So effect of B is to make 14) precess .

Last thing : H = -m . B also has an important effect for

hydrogen atom.
↑

m=m(1 + ges)

· proton moving - create B
.

· external B

=> En = -E + (me + 2 mg) i (Zeeman effect)
↓ 4 =

-l , . , )


